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Zasanie 0.1 The little shepherd saw flying storks and shouted, I think, there are 100 of them. The
older shepherd replied much less, if there were twice as many, and a half as many, and a quarter
as many, and if you were to fly with them, then 100 of them would be with you. How many storks
were flying. in the sky?

Solution

i e

; ¥ i
Picture Joseph Chelmoriski (1849-1914). Storks

2 xmore of them+ half of them more+ quarter of them more+1 = 100

8xquarters + 2xquarters + lxquarter+1 = 100

11 x quarters =99, 1 quartererc = % =9,
1 quarteer =+ xof them
The number of storks = 4 % quarters = 4 %9 = 36.

Answer : The number of storks is 36
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0.1 From the author

The script ”Mathematics for Primary School and Secondary School” was developed on the
basis of several decades of work and the author’s experience in various educational systems,
mainly in universities, but also in primary and secondary schools in Poland and Africa.
Thus, this text is not a textbook for primary school. However, as a comprehensive material,
it covers the content of mathematics in the basic and extended program of the scholar at
the second and third stage of education. This compilation of the entirety of elementary and
high school mathematics can be particularly helpful as material for individual study.

Tadeusz STYS Warsaw November 2023
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0.2 Introduction

The material presented in the script ”Mathematics for Primary and Secondary Schools and
High Schools...” exceeds the core curriculum of mathematics taught in primary schools and
largely includes topics in the mathematics curriculum taught in high schools . Naturally,
this extended range of subjects allows the selection of advanced subjects with a degree of
difficulty at the level of primary school students with greater predispositions and interests
in science subjects. In the script, the reader will find many interesting algorithms, theorems
with proofs, and examples outside of the basic math curriculum at the second and third
stage of learning.

A systematic description of natural, rational, irrational, algebraic and real numbers and the
properties of arithmetic operations on these numbers are given in Chapters 1 and 2.

Arithmetic and algebraic expressions as basic concepts related to algorithms and their cod-
ing in programming languages are described and clarified by many examples in the chapter 3.

Numerous examples dealing with simple and compound percentages are given in Chapter
4. Chapter 5 covers basic knowledge about arithmetic and geometric sequences and series.
Prime numbers and their properties make up the most important and interesting content of
Chapter 6. It mainly covers the following topics: Fundamental Theorem of Arithmetic, Eu-
clid’s Algorithm, greatest common divisor GCD(a,b) and least common multiple LCM(a,b)
of natural numbers a, b.

The representation of numbers in computers in floating decimal point and arithmetic oper-
ations on numbers with a finite number of digits with the analysis of absolute and relative
errors are described in Chapter 7..

The divisibility features of integers and the division with remainder congruence supported
by numerous examples constitute the content of Chapter 8.

The general principle of creating numbers in binary, decimal, octal, and other natural-base
p > 1 systems is described in detail in Chapter 9.

Chapter 10 is devoted to polynomials, the simplest class of functions of fundamental impor-
tance in mathematics and its applications.

The simplified multiplication formulas, Newton’s binomial and Pascal’s triangle with nu-
merous examples are described in Chapter 11.

Chapters 12, 13, 14, 15, and 14 are devoted to elementary functions which include linear
functions, rational functions, square root functions, exponential and logarithmic functions.

The 17-th chapter is devoted to plane geometry - planimetry. The scope of planar geometry
includes structures with a ruler and compasses for flat figures, and unitary relationships in
triangles, rectangles, parallelograms, circles, and regular polygons.

Chapter 18, Spatial Geometry- Stereometry, describes the following topics:

1. Cartesian coordinate system. Points and vectors in space.
2. Parametric line equation
3. Prisms and rectangulars, volume and surface area

4. Pyramids, volume and surface area



5. Solids of rotation: cylinder, sphere, cone,
included and area.

Among the spatial solids we distinguish regular and Platonic solids. Regular solids have
all congruent faces. Platonic solids, which include only the tetrahedron, cube, octahedron,
dodecahedron, and icosahedron, were considered in ancient times by the Platonic Academy
(427-343 B.C.) to be ideal figures.

Chapter 20 is devoted to trigonometry of knowledge about the measurement relationships
between sides and angles in triangles. An important part of this chapter is the charac-
terization and analysis of trigonometric functions defined in a right triangle and on the
trigonometric circle.

Chapter 19 of Combinatorics is very interesting and important in applications, mainly in
computer science. Combinatorics includes concepts such as factorial n! of a natural number
n, permutations in n-element sets, combinations and variations in n-element sets.

Chapter 21, descriptive statistics, important in primary education, describes concepts such
as statistics, diagrams, correlations, means and medians, standard deviations, and variances.
The calculus of probability deals with the study of the laws governing random phenomena,
i.e. those phenomena whose course or result cannot be unequivocally predicted. Random
events and their probability of occurrence are explained in detail in chapter 22.

Tadeusz STYS Warsaw November 2023
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0.3 Greek Mathematics

For a thousand years B.C. during the Greek Empire, the Ancient Greeks assimilated the
achievements of many Middle Eastern and Indian cultures in the fields of Astronomy, Archi-
tecture, Medicine, Mathematics and Physics. The Greeks became the best teachers leaving
behind well-documented Mathematics and Science literature. An important part of them
activity was the organization of the Schools of Philosophy, Mathematics and Science in
Greece, Egypt and Mesopotamia.

Tales of Miletus (625-545 B.C.)

founded the first Ionian School of Astronomy, Mathematics and Philosophy.
Pythagoras (569-500B.C.) from Samos

i i
founded a co-educational Mystical School of Philosophy and Mathematics in the city of Kro-
ton on the Ionian Sea. Pythagoras, a music lover, created the foundations for determining
the pitch of sounds, author of the Pythagorean Theorem on measurement relationships in
a right triangle and triangles of Pythagorean numbers a, b, ¢

a®+ v =¢2

Euclid (330-275 B.C.) Dean of the Department of Arithmetic and Geometry at the University
of Alexandria (330-275 B.C.E.) has gone down in history as one of the greatest ancient
mathematicians.

Author of the books Elements of Arithmetic and Geometry. Euclid’s geometry is still taught
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in primary and secondary schools.

Euklides

Euclid (330-275 B.C.)

Archimedes (287-212 B.C.) the son of the astronomer from Syracus announced the well
known Law of Archimedes, formulated the basis for the calculus of the infinitesimal. In
the Middle Ages, Newton (1642-1727) and Leibnitz (1646-1716) developed the idea of an
infinitely small calculus. The results of their research on the bill infinitely small had a
significant impact on the further development of mathematics and science. Namely, Newton
and Leibnitz created the foundations of differential and integral calculus. Calculus, is taught
at polytechnics and universities as a compulsory subject.

Archimedes (287-212 B.C.)

Many other Greeks of merit entered the history of science for good. Among them, Plato
(429-428 B.C.), the founder of idealistic philosophy, and Aristotle (384-322 B.C.), a student
of Plato and a teacher of Alexander the Great.

Plato founded the famous Platonic Academy in Athens. After Plato’s death, Aristotle
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founded his own high school in 343 B.C.

4

(Plato and Aristotle)

Let’s mention Socrates (469-399 B.C.), the father of philosophy and a lover of mathematics,
who has been proclaimed the teacher of all time.

Socrates was a historical figure. Socrates did not leave any writings. All we know about him
are the accounts of his students: Plato and Xenophon, as well as the accounts of Aristotle
and Greek historians
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Chapter 1

Natural numbers and integers

1.1 Introduction

The concept of natural numbers and simple arithmetic operations have been known since
about 50,000 years ago. We know this on the basis of archaeological and historical discov-
eries.

On the other hand, the first systematic description of natural number arithmetic was de-
veloped by ancient Greeks in the Ionian school of Thales (625-545 BC), in the Pythagorean
school (569-475 BC), on the university of Alexandria by Euclid (330-267 BC) and by
Archmedes of Syracuse (287-212 BC)

Number theory is still an inspiring subject of numerous works published in the leading writ-
ings of number theory. In the last few decades, wide applications of number theory have
been observed in the design of computer systems in cryptography and data protection, and
in the creation of new algorithms for administration and social programs.

1.2 Natural numbers

The set of positive natural numbers is denoted by the symbol
Ny =1{1,2,3,...,m,...} (1.1)

By convention, zero is included in the set of natural numbers. Then we denote the set of
natural numbers with the symbol

N = {O 1.2.3 n }setof natural positivenumbers N+(1 2)

x

0 1 2 3

set naturalnumbers N

Numeric exes. Natural numbers

1.2.1 Properties of natural numbers

Obvious properties of the sets of natural nambers N, and N.



The set of natural numbers N, is the subset of natural numbers N, we writeN; C N.
The sum of the natural numbers m + n is also a natural number. Thus, for any natural
numbers m,n € N their sum

m+neN

belongs to the set of natural numbers.
It means that the set of natural numbers is closed due to addition operations.
For example, for the numbers m = 7, n = 5, their sum

m+n=74+5=12€e N

12 is a natural number.
The addition operation is commutative for any natural numbers m,n sum

m+n=n+m

For example, 5+3=3+5=8¢€ N.

Similarly, the set of natural numbers is closed to multiplication operations and the multi-
plication operation is commutative

Namely, the product of natural numbers m * n is a natural number.

So for any natural numbers m,n € N their product

mxn €N

belongs to the set of natural numbers.
That is, the set of natural numbers is closed due to multiplication operations.
For example, for natural numbers m = 7, n = 5, their product

mxn=7x5=35& N

is a natural number. The multiplication operation is commutative for any natural numbers
m,n product
mxn=nxm

However, the result of subtracting natural numbers is not always a natural number.
For example, number difference

3-5

is not a natural number, but the difference 3 — 5 = -2 is an integer. We will discuss integers
in the next section.

1.2.2 Examples

Example 1.1 Calculate the sum of 10 consecutive natural numbers
S10=14+24+3+44+54+6+7+8+9+10

using only one multiplication operation and one division operation.

Solution:
Let’s write the sums in reverse order and add the equal sides as follows:

S1o = 14+24+3+44+54+64+7+8+9+10
S1o 1004+9+8+7+6+5+4+3+2+1

2% S = 114+114+114+11+114+11+11+11+11+11

10 ingredients sums




Where do we calculate the sum of S1¢g using one multiplication and one division.
S10=10%11:2 =155
Example 1.2 What is the general formula for the sum of n successive natural numbers
Sp=1+2+34---4n

Give an example of the application of this formula using only one multiplication operation
and one division operation.

Solution:
Let’s write the components of the sum in reverse order and add the equal sides as follows:

Sh = 14243+ +(n—=-2)+(n—1)+n
Sn = n+(n—1)4+n—-2)+---+3+2+1
2«5, = m+D)+Mm+D)+0+D)+--4+n+1)+(n+1)

n ingredients sums

Where do we calculate the sum of S,,.

nn+1)
Sp =
2
For n = 10, we calculate Siq
10* 11
Sio = ; = 55

1.3 Integers

As we know, in the set of natural numbers, the subtraction operation is not always feasible.
For example, there is no natural number that would be the result of subtracting 9 from 5
because the difference

5-9

is not a natural number.

Negative numbers.

Opposing numbers are two numbers lying on the number line at the same distance from
zero but on opposite sides of zero.

Negative numbers have the property that their sum is 0.

Thus, —m is the opposite of m then

-m+m=20
For example
for m =7, number opposite —m = -7, then 7+ (=7)=0

Likewise
for m = =9, number opposite —m =9, then —9+9=0.



On the number line we have natural numbers marked on the right side of zero, and on the
left side of zero we have marked opposite numbers to natural numbers.

opposit numbers natural numbers

-3 —2 -1 0 1 2 3

Integers are marked below on the number line

integers

All natural numbers and all opposite to them form the set of integers
We denote the set of integers with the letter C', write

C =i, =5, —4, =3, =2, =1, 0, 1, 2, 3, 4, Bureerererrererreeeann. }

Example 1.1 On the number line, mark the numbers that are opposite to the given natural
numbers

Below, on the number line, we see natural numbers
0,1,2 3,4, 5
and opposite to natural nmbers

0,-1,-2,-3,—4,—5

-5 -4 -3 -2 -1 0 1 2 3 4 5

. Integers
1.3.1 Examples and questions

Example 1.2 The difference between zero and successive natural numbers

0-1 = -1, 0-6 = -6
0-2 = -2, 0-7 = -7
0-3 = -3, 0-8 = -8
0—4 = —4, 0-9 = -9

o
|
o
Il
|
o
o
|
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|
—
S



Question 1.1 Calculate the difference

0—11 , 0—16
0—12 . 0—17
0—13 , 0—18
0—14 , 0—19
0—15 , 0—20

Example 1.3 Check the difference

5-10 = -5 , 10-16 = -6
6-12 = —6 , 11-17 = -7
7-13 = —6 , 12-18 = —6
8—14 = -5 , 13-19 = -6
9-15 = —6 , 14-20 = —6

Question 1.2 Calculate the difference

1-10 , 1020
312 , 11-21
5-—14 , 12-22
7-15 , 13-23
9—16 , 14-24

1.4 Addition and subtraction of integers
The set of integers
C =i, —5, —4, =3, =2, =1, 0, 1,2, 3, 4, Bevrrerrererrn }

is closed for addition and subtraction operations. That is, for any two integers m,n € C
sum
m+neC

and the difference
m-necC

of these numbers is an integer.

1.4.1 Examples

Let us consider some examples of adding and subtracting integers.
Adding a negative integer ntoaninteger m , subtracting the opposite number —n from m



54(-4) = 5-4 = 1, for m=5, n = —4,
—5+(-4) = —-5-4 = -9 for m = -5, n = —4,
8—(=7) = 847 = 15, for m=38, n=-2
—8—(=7) = 847 = -1, for m=-8 n=-T.

1.5 Multiplication of integers
The set of integers
C =i, —5, —4, =3, =2, =1, 0, 1,2, 3, 4, Bevrrerrerrrrrn }

is closed of with respect to multiplication operation. That is, for any two integers m,n € C
product
mxneC

of these numbers is an integer.

The product of m xn > 0 of integers m,n € C is a positive integer if m > 0, n > 0 are
positive or m < 0, n < 0 are negative, otherwise the product of m *n < 0 of the numbers
m >0, n<0orm<0, n>0 is negative.

Example 1.4
4%8 = 32, for m=4>0, n=8>0,

(=6)x(=7) = 42, for m=-6<0,n=-7<0.

1.6 Division of integers

Note that the result of dividing integers is not always an integer 1.

For example

9:2:4%, but 9:3=3

Thus, the set of integers is not closed due to the division operation.

The quotient of m : n > 0 integers total m and n # 0 is positive, if if both numbers are
positive or both are negative, otherwise if m > 0,n < 0 or m < 0,n > 0 is the quotient of
m :n < 0 is negative.

Example 1.5 The result of dividing dw ¢ positive numbers is positive. Namely, let m = 8
and n = 4

m:n=8:4 = 2,
Example 1.6 The result of dividing two negative numbers is positive. Let m = —8 and
n = —4. Then
m:n=(=8):(-4) = 2,

Similarly, dividing a positive number by negative is negative. The result of dividing a
negative number by positive is negative.



Example 1.7
(-8):4 = =2 for m=-8 n=4
8:(—4) = -2, for m=8, n=-4

Question 1.3 Clalculate the value of the expression of arithmetic expression

(1) (-8:4414:7)—(9:3-6:2)

(i) (—18):3412:3—(15: (=5) — (16: 2))

(iii)  ((—24):6+12:3) — (15 : (—5) — (16 : 2))

1.7 Even and odd numbers

The set of natural numbers consists of two disjoint subsets from the subset of even numbers
and the subset of odd numbers. We write
Even numbers

n=2k for k=0,1,2,3,..;

So we have an infinite sequence of even numbers
0,2,4,6,8,10,12,...;
Odd numbers. We write odd numbers
n=2k+1, for k=0,1,2,3,..;
So we have an infinite sequence of odd numbers
1,3,5,7,9,11,13, ...;

Note that even numbers are divided by 2, while odd numbers are divided by 2 with the
remainder of 1.

1.7.1 Examples

Example 1.3 The sum of three consecutive even numbers is 84. Find these numbers.

Solution:
The consecutive even numbers are

2n—2, 2n, 2n+ 2,
Their sum
2n—2)+2n+ (2n+2) =6n =284

We calculate n:
2n —2=2x14 — 2 = 26,
2n = 2% 14 = 28,
n+2=2%x14+2=230

Check: We calculate the sum of three consecutive even numbers

26 4+ 28 + 30 = 84.



Example 1.4 How many different two-digit odd numbers can be made from the digits
1,2,3.7

Solution:
Odd numbers made up of digits 1, 2, 3 have unity digits 1 or 3
All two digit odd numbers and different, which have unity digits 1 or 3, we write in the

table
11 21 31

13 23 33

From the table, we read that there are 2 x 3 = 6 different odd numbers formed from the
digits 1, 2, 3.

Example 1.5 How many different three digit odd numbers can be made from the digits
1,2,3.7

Solution:
Odd numbers made up of 1,2, 3 have unity digits 1 or 3
All three digit odd different numbers that have unity digit 1 or 3, we write in the table

111 211 311
113 213 313
121 221 321
123 223 323
131 231 331
133 233 333

From the table, we read that there are 6 x 3 = 18 different odd numbers formed from the
digits 1, 2, 3.

Example 1.6 How many different two-digit even numbers can be made from1,2,3,4,5,6,7%

Solution:
Even numbers made of 1,2, 3,4,5,6,7 have three unity digits
2or4or6
Let’s write all the different two-digit even numbers that have the units digit 2 or 4 or 6
12 14 16
22 24 26
32 34 36
42 44 46
52 54 56
62 64 66
72 74 76

From the table, we read that there are 3 % 7 = 21 different even numbers formed from the
digits 2, 4, 6.

Example 1.7 The sum of three consecutive odd numbers is 51. Find these numbers.
Solution: The consecutive odd numbers are

2n+1, 2n+3, 2n+5.
From the equation

2n+1)+(2n+3)+ (2n+5)=6n+9 =51.



we find n

6n+9=>51, 6m=42, n=42:6="T1.
Let’s calculate three consecutive odd numbers

2n+1=2x7+1=15,
2n+3=2x7+3 =17,
2n+5=2x7+5=19.

Indeed, the sum of three consecutive odd numbers
15+ 17419 = 51.
Example 1.8 Find the sum of 10 consecutive even numbers
Sio=2+44+6+8+10+12+144+16+ 18420

Solution: Let’s write the components of the sum in reverse order and add the equal sides
as follows:

S1o = 244+464+84+10+124+14+164+ 18420
S1o = 204+ 184+16+14+124+10+8+6+4+2
2% S0 = 224224224224+ 224+22+ 22+ 22+ 22+ 22

10 components sum
Hence, we find the sum of S7g using one multiplication and one division.

10 % 22

Sio=10%22:2 =110 or Sip = =110

Example 1.9 What is the general formula for the sum of n consecutive even numbers
Sp=2+44-+2n—-2)+2n

Give an example of this formula using only one multiplication operation and one division
operation.

Solution: Let’s write the sums in reverse order and add the equal sides as follows:

Sh = 2+ 4+ 6+ e+ 2n— 24 2n
Sp = 2n+ 2n—-2)+ (2n—-4)+ ---+ 4+ 2
2%S, = (2n+2)+ 2n+2)+ 2n+2)+ -+ (2n+2)+ (2n+2)

n components of the sum

Hence, we find the sum of S,,.

g, = ML) 20D

For n = 10, we calculate Siq

Sio = =10%11 =110
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Example 1.10 Find the sum of 10 consecutive odd numbers
Sio=1+3+5+7+9+114+13+154+17+19

Solution: Let’s write the sums in reverse order and add the equality side by side as follows:

S1o = 1 +34+5+7+94+11+134+15+174+19
S10 = 194+17+154+134+114+9+7+54+3+1
2% S = 20420420+ 20+ 20+ 20+ 20+ 20 + 20 + 20

10 components of the sum
We find the sum of S1¢p using one multiplication and one division.

10 %20

Sio=10%20:2 =100 or Sy = =100

Example 1.11 What is the general formula for the sum of n consecutive odd numbers
Sp,=143+---+2n—-3)+(2n—-1)

Give an example of this formula using only one multiplication operation and one division
operation.

Solution: Let’s write the components of the sum in reverse order and add them with equal
sides

Sp = 1+ 3+ 5+ o+ (2n=3)+ (2n-—1)
Sh = 2n—-1D+ (2n-3)+ (2n—-5)+ -+ 3+ 1
2% 85, = 2n+ 2n+ 2n+ 4 20+ 2n

Hence we find the sum S,,.

2
25, =n*2n, Sn:n* n:n>kn:n2

2

For n = 10, we calculate Sig
SIO =10%10 =100

Example 1.12 Prove that the algebraic expression
a®+(a+2)(a+2)+(a+4)(a+4)+1
is divisible by 12 for every odd number of a.

Solution:
Since the number a is odd, then for cerain n

a=2xn-—1

Substituting
a=2%n—1

to the algebraic expression, we will get
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a*+(a+2)(a+2)+ (a+4)(a+4)+1=
2xn—1)2xn—-1)4+2*xn—-1+2)2*xn—14+2)+
24n—1+4)2xn—-14+4)+1=
dxnxn—4xn+1)+2*n+12*xn+ 1)+
2xn+3)2xn+3)+1=
(Axn?—dxn+1)+@*n?+4xn+1)+@*n2+12xn+9) =
12%n? +12xn+ 12 =

12% (n?+n+1)

=+ 10+

For every odd number a = 2 xn — 1, this expression factories 12 times (n? +n + 1). So this
algebraic expression is divisible by 12 for each odd value of a.

1.7.2 Questions

Question 1.4 How many different two-digit even numbers can be made from 1,2,3.7

Question 1.5 How many different three-digit even numbers can be made from the digits
1,2,3.7

Question 1.6 How many different three-digit odd numbers can be made from1,2,3,4,5,6,7%
Question 1.7 Calculate the sum of 15 consecutive natural numbers
Si5=14+24+34+4+5+6+7+84+9+10+11+12+13+14+15
using only one multiplication operation and one division operation.
Question 1.8 Calculate the sum of 9 consecutive natural numbers starting with 10
So=10+124+134+144+15+16+ 17+ 18+ 19
using the formula for the sum of n consecutive natural numbers.
Question 1.9 The sum of three consecutive natural numbers is 45. Find these numbers.
Question 1.10 The sum of three consecutive even numbers is 120. Find these numbers.
Question 1.11 The sum of three consecutive odd numbers is 180. Find these numbers.
Question 1.12 Prove that the value of an algebraic expression
n24+n+1

is an odd number for any natural n =10,1,2,3, ...;

1.8 Exponential operation

Multiplying a number by itself several times, we calculate its power.
For example, if we multiply the number 2, we get its next powers

20 =1

21 =

2% 2 = 22=
2%2%2 = 23=38
2%2x2%x2 = 2¢=16



Similarly, if we multiply the numbers 3 by ourselves, we get the next powers

30 = 1

3! = 3

3%3 = 32=9

3x3%3 = 33=27
3%x3%x3%x3 = 3*=381
3x3%x3%x3%x3 = 35=243

Each number a # 0 raised to the power of 0 is equal to 1.
For example

1°=1, 5°=1, 6°=1, 79=1, 14°=1, 259°=1

Generally, we write ny, product of the number a # 0 in the following form

a’ =1, 20 =1
axa.xa=a", 2%2..%2=2"
N——— ——
n—factors n—factors

So, we call a the base with the exponent n of powr a™.

Question 1.13 Calculate the powers

40 = 4t = 42 =
5 = 5 = 5=
102 = , 100 = 100 =

12

Arithmetic operations on powers. The following operations are possible on powers

1. Multiply powers with the same base
aP x q? = P14

for any p, q.
For example, for a = 2, p =3, ¢ = 5 we have

23 %25 =235 =98 — 956

2. Dividing powers with the same base

P
@ —
— P9

a’ ’

for any numbers p, q.
For example, for a = 2, p=>5, ¢ = 3 we have

2°:2°=2"""=22=4
3. Exponentiation of powers with the same base
() = ar,

for any p, q.
For example, for a = 2, p =2, ¢ = 3 we have

(23)2 _ 22*3 — 26 — 64



4. Power of the product of numbers with the same exponent
(axb)" =a™ xb"

is equal to the product of power g.
For example, for a = 2, b = 3, n = 3, wehave

(2%3)% =2%%3%=8427=216
5. Power of the quotient of numbers with the same exponent

a, a"
equal to the power quotient.
For example, for a =4, b =2, n = 3 we have

(4:2)3=4%:2"=64:8=8 or

Example 1.13 Calculate the value of an arithmetic expression
23 % 34
22 % 33

Solution. Performing operations on powers let’s calculate

23 % 34
Question 1.14 Calculate the value of an arithmetic expression
(i)  52%2343%2 %23 — 4% %52

22 %32 452572 -2%6%x8—1
32%52 -23%x42 43

(i)
Answer (ii): 12
Question 1.15 Calculate the value of an arithmetic expression

33 %23 — 32422
3%x234+2%x3
Re: 6

1.9 Numbers divisible by 2,3,4 and 5

e Numbers that are divisible by 2

0,2,4,6,8,10,12, 14, 16, 18, 20,22, 24, ...;

we write in general form

n = 2k, for £=0,1,2,3,..;

Q=%

13
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Example 1.8
124:2=62, or — =62

316:2 =158, or —— =1264

Numbers divisible by 3

0,3,6,9,12,15,18,21,24,27,...;
we write in general form
n = 3k, for £=0,1,2,3,..;
Clearly, the numbers of the form 3x &k, k£ =0,1,2,3,...; are divisible by 3, when

3*1{7

3xk:3=k
* , or 3

k

for each natural £ =0,1,2,3,4,...;

Generally, the number n is divisible by 3 if and only if the sum of the digits of n divides
by 3.

Example 1.9 n = 54 is divisible by 3 because its sum of the digits 5+4 = 9 is divisible

by 3.
54:3=18, bo 3%x18=54

Example 1.10 n = 756 is divisible by 3 because its sum of the digits T+ 5+ 6 = 18
is divisible by 3.
756 :3 =252 bo 3x%254 =756

The divisibility test of n = a1a¢ by 3 has a simple justification for two-digit numbers.
A two-digit number has the tens digit a1, and the second ones digit ao.

a1a0:a1*10+a0:a1(9+1)+a0:9*a1+a1+a0

The first component of 9 * a; is divided by 3 bo

9%ay:3=3a;, or = 3a1

If the second component of the sum a; 4 ag is divided by 3, the sum is also divided
by 3

Example 1.11 The number n = 57 has tens digit 5 and units digit 7. So the sum of
the digits 5+ 7 = 12 divides 3 and the number 57 also divides 3.

We do
57=5%10+7=5%(94+1)+7=5%x9+5+7,

(5%9+5+7):3=5%9:3+12:3=5%x3+4=19
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e Numbers divisible by 4

0.4,8,12,16, 20, 24, 28, 32, 36,40, 44, 48, 52, ...;

we write in general form

n = 4k, for £=0,1,2,3,..;

Clearly, the numbers of the form 4 x k, k£ =0,1,2,3,...; are divisible by 4, since

Ask A=k or XF_y
4
for each natural £ =0,1,2,3,4,...;
e Numbers that are divisible by 5.
0.5, 10, 15, 20, 25, 30, 35,40, 45, ...;
we write in general form
n = 5k, for £=0,1,2,3,..;
of course, the numbers of the form 5x k, k=0,1,2,3,....; are divisible by 5, because
5%k:5=Fk, or 5;k:k

for each natural £k =0,1,2,3,4,...;

The divisibility of n by 5 can be found using the test:
The number n is divisible by 5 if and only if its one digit is 0 or 5.
Example 1.14 N = 50 is divisible by 5 because its one digit is 0.

50:5 =10, bo 5%10=50

Example 1.15 N = 265 is divisible by 5 because its unit digit is 5.

265:5=53, bo 553 =265

1.10 Dividing numbers by single digit numbers with re-
mainder
Natural numbers that satisfy the divisibility test for 2 or 3 and 5 with the remainder 0, we

say they are divisible by 2 or 3 and 5. However, there are many numbers that do not satisfy
divisibility tests, then we execute dividion with remainder.



1.11 How to divide numbers with remainder

Consider the following examples

Example 1.12 Divide 13 by 3

13

—
1B Byl 1
3 3 N 3

The number 13 divided by 3 is 4 with the remainder 1.
We divide the numbers according to the scheme

4

13 :3
—12

1

Answer: The number 13 divided by 3 is 4 with the remainder of 1.
We write the result of the division in the form:

13=4%x3+1
Example 1.13 Divide 53 by 8
53
—T—
53 6*8+5*6+§
8 8 8

The number 53 is divided by 8 with the remainder 5.
We divide the numbers according to the scheme

6

93 :8
—48

5

Answer: number 58 divided by 8 is 6 with the remainder of 5
We write the result of the division in the form:

53 =6%8+5

Example 1.14 Divide the number 85 by 9

85

——
85 _ Deogd . 4
9 9 N 9

16
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85 is divided by 9 out of the remainder of 4.
We divide the numbers according to the scheme

9

8 :9
—81

4

Answer: 85 over 9 is 9 with a remainder of 4
We write the result of the division in the form:

8 =9%x9+4+4

Generally, we write that the number n is divided by the number d with the remainder of r
according to the formula

Example 1.15 We divide n by d

n

——
no k*d—l—rik_‘_r
d d - d

The number n divides by d with the remainder in r.
We divide the numbers according to the scheme

Answer: n divided by d equals k with the remainder in r
We write the result of the division in the form:

n=kxd+r

1.12 Dividing numbers by two-digit numbers with re-
mainder

1.12.1 Examples
Example 1.16 Divide 78 by 42

——
78 42 + 36 36
49 42 49




78 is divided by 42withtheremainder 36.
We divide the numbers according to the scheme

1

78
—42

36

142

The answer: 78 divided by 42 is 1, remainder 36
We write the result of the division in the form:

18

78 =142 4 36

Example 1.17 Divide the number 1190 by 25

1190

—_——
1190  47%25+15
25 25

1190 is divided by 25 with the remainder 15.
Now we divide according to the scheme

47

1190
—100

125

190
—-175

15

Answer: 1190 over 25 is 47 with a remainder of 15
We write the result of the division in the form:

1190 =47 %25+ 15 or @
25
Example 1.18 Divide 1995 by 17
1995
——
1995 117%17+6
7 17

1995 is divided by 1Twiththeremainder 6.

15
=4 —
7+25

15 3
47+ -

=4 e
3 5

6
117+ —
+ 17
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Now we divide according to the scheme

117

1995 17 17th ranks 19th once, write 1 above dash

—17 1% 17 = 17; subtract 17
29 to dif ference 2 add next digit 9
—17 17th ranks 29th once, write second 1 above dash
- to dif ference 12 add next digit 5
125 17th ranks 125 seven times
—119 7% 17 = 119 write 7 above dash
6 remainder 6

Answer: 1995 divided by 17 is 117 with a remainder of 6

We write the result of the division in the form:

1995 _ ., 6

1.12.2 Questions
Question 1.16 Do a written hyphen

(7) 2546 : 3, (6)  5796:9
Question 1.17 Do a written hyphen
(7) 455 : 13, (#¢)  18011: 31
Question 1.18 Do a written division of the remainder
(1) 2547 : 3, (18)  5766:9
Question 1.19 Prove that asasaiag is divisible by 3 if and only if the sum of the digits
a3+ o +a; +ap

is divisible by 3. Provide a necessary and sufficient condition that the number asasaiag is

divisible by 9.

Question 1.20 Find the smallest integer greater than 2018, with the sum of its digits equal
to 11.

Question 1.21 Prove that the four-digit number asao25 is divisible by 25 for any digits
gz, 2.

Question 1.22 .

(a) Write down the set of numbers divisible by 3 with a general formula. Write down &
consecutive numbers divisible by 3.

(b) Write a general formula set of numbers divisible by 8 with remainder 1. Write 6
consecutive numbers divisible by 3 with remainder 1
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(c) Write a general formula for the set of numbers divisible by 3 with remainder 2. Write
the first 7 consecutive numbers divisible by 3 with a remainder 2.

Question 1.23 The brothers Antek, Bolek, Wacek and Sta received a total of PLN 400
from their father for school purchases. Bolek spent 4z more than Antek, Wacek spent less
than Bolek, Sta spent the same as Wacek.

How much did each of them spend on school purchases?

Question 1.24 There were cows, sheep, chickens and geese on the farm. Sheep were 2 times
more than cows, geese were 4 times more than sheep, there were 6 times more chickens than
geese. Together they had 124 legs. How many cows, sheep, chickens and geese were on the
farm?



Chapter 2

Rational and irrational numbers

2.1 Fractions

The quotient of two integers p and ¢
numerator
p
- ;q#0
q
~—~—
denominator
from the ab
is a fraction where p is the numerator of a fraction and ¢ # 0 different from zero is the
denominator of the fraction.

For example, the fraction
numerator
=
5
8
~—
denominator
has the numerator p = 5 and the denominator ¢ = 8.
Note that the numerators of fractions
11 1 1 4, 1 1 1 1
TR S U LA AU
are equal to 1, but the denominators of these fractions are consecutive numbers 1,2,3,4,5,6,7,8,9
However, the fractions given below have different numerators and denominators.

1 2 3 4 5 9 11 10 11 12 13
273 47 5 6 7 8 97 100 117 12
Among the fractions, we distinguish proper fractions and improper fractions.

Fractions are fractions
numerator

p
Era— p<q q#0
~—

denominator

21
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in which the numerator p is less than the denominator gq.
Similarly, Improper fractions are of the same form

numerator

p
Y p>q q#0

denominator

but their the numerator p is greater than the denominator gq.
We also write improper fractions in the form mized numbers distinguishing the integer part
For example, improper fraction

5

2

we write conventionally in the form of a mixed number 2%,

5 1 1
94 - —9=
2 + 2 2
1 2 3 4 5 9 11 10 11 12 13
273 4 5 6> 7 8 97 100 117 12
Among the fractions, we distinguish proper fractions and improper fractions.
Proper fractions are fractions
numerator
p
. Pp<a q#0
—~—
denominator
in which the numerator p is less than the denominator q.
Similarly, Improper fractions are fractions
numerator
p
. Poa q#0
—~—

denominator

in which the numerator p is greater than the denominator gq.
We also write improper fractions in the form mized numbers. Denoting the integer part
For example, improper fraction

)
2

we write conventionally in the form of a mixed number 2%,

Example 2.1 Replace with improper fraction

to a mized number
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Do the division by excluding all of this fraction

2
4=242 =2
9 +7=2+

N~

9
From where the improper 1 is equal to the number mix 2%, wewrite

Example 2.2 Replace the hash number

to an improper fraction

Given improper fraction we write it the sum of the whole mixed number 1 add the fraction

—, as below
4
1 7
= ~ =
13 1+3 4 +3 443 7
4 4 4 4 4 4

2.2 Adding Fractions

Adding fractions with the same denominators. Fractions with the same denominators add
the numerators, leaving the same denominator.

Example 2.3 Add fractions

+

== Wl N

+

== W~ N
+

Example 2.4 Add fractions

w

3 5 1424345 11 3
+ _= —_— = — = 2—
4 4 4 4 4
Adding singles with different denominators. To add fractions with different denominators,
find a common denominator. This may be the lowest common multiple of the denominators.
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Example 2.5 Add fractions
1 1 3 2 342 5

2 3 6 6 6 6

common amultipleof 21 3 equalto 6

1+1+2720+15+24720+15+24759
3 4 5 6 60 60 60 )

common multiple 3, 4 © 5 equalto 60

1+375+1275+12717
45 20 20 20 20

common amultipleof 415 equalto 20

Zasanie 2.1 Replace with the fraction

24
5
to a mized number
Zasanie 2.2 Replace the hash number
4
5=
9

in the fraction

2.3 Subtraction of fractions

Subtracting fractions with the same denominators. Subtracting fractions with the same
denominators as follows:
we subtract the numerators and leave the same denominator

Example 2.6 Subtract fractions

11 1-1
2 2- 2
2 1 2-1 1
33 3 3
4 2 1 4-2-1 1
5 5 5 5 5

Subtracting fractions with different denominators. By subtracting fractions with different
denominators, find a common denominator. It may be the lowest common multiple of the
denominators.



Example 2.7 Subtract fractions
5 1 5-3x1 2
9 3 9 9
common multiple; 9 i 3 equals 9

33 21 2%33-21 45 9

25 50 50 50 10

common multiple 25 ¢ 50 rwna 50

5 53 15 15 15

14 2 2 14-3%2+5%2 14-6+10 18

common multiple 15 5 ¢ 3 rowna 15

253 126 2x253—-126 _ 506 — 126 _ 380
500 1000 1000 1000 1000

common multiple 500 ¢ 1000 equalto 1000

Zasanie 2.3 Subtract fractions

5 2
@ 579
12 7
b = _ L
(®) 5 5
Zasanie 2.4 Subtract fractions
@ -3
4 8
43 23
b R

2.4 Multiply fractions

The operation of multiplying fractions is very simple.
s
Fraction B, q # 0 multiplied by the fraction o # 0 according to the scheme:
q

numerator times numerator, denominator times denominator

p S pxs
1T e q#0, t#0

Example 2.8 Multiply fractions

(a) g*§72*47§
Y 35T 3%5 15
3 5 3%5 15

10 21 10%x21 210
© T35 = 3098 = 573
13 25 13%25 273
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Zasanie 2.5 Multiply fractions

—~
S
~—

*

—~
=
=~

*

O3 Wl ot
[S1S VL ING

2.5 Division of fractions

The operation for dividing fractions is very simple.

The fraction B, q # 0 divided by the fraction ;, s # 0 according to the scheme:
q

numerator times denominator, denominator times numerator

D s _pxt

0T grs q,s#0, p,t#0

Example 2.9 Divide fractions

@ 2 4 2 5 2¢4 8
2.4_25_ _8
Y 3 57347 3%5 15
5 1 (=5)%3 10
o) 2op=23 1
9 '3 9x3 12

(©) 10 21 10%25 250
© 13725 13%21 273

o 3
@ =2:(-2)
@ -2:(-3)

Let us note that rational numbers also include all integers

e —5b,—4,-3,-2—,-1,0,1,2,3,4,5, ...
Generally, for integers p and ¢ # 0 fraction
p

3

q

is not an integer, if ¢ # 1. For ¢ = 1, the fraction is an integer. The set of all integers
together with the set of all possible fractions form the set of rational numbers.
The set of rational numbers is marked with the letter W and we write

W = {g : for integers numbers piq # 0}
q

We can easily check that the set of rational numbers is closed because of the four arithmetic
operations addition, subtraction, multiplication and division by numbers other than zero.
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That is, for any rational numbers wy,ws € W the result of four operations is a rational
number w
1
wy+wy €W, wi—wy €W, wixwy €W, — €W, ws #£0.
w2

For example, for

2 3
’LU1:——€W, ’LU2216W

3
sum
2 3 2x4+43x3 849 17
’LU1+’LU2:§+Z: 2 = 2 :EZEW.
is a rational number
For
1 2
’LU1:—§€W,’LUQZ§€W
difference
1 2 1%x3-2%x3 3-6 3 1
O R
is a rational number
For
wl——EW,wQ—EEW
product 5 3 9.3
*
e T TR R
is a rational number
Also, for the numbers
’LU1—§€W,’LU2—%€W
quotient )
5 2x4
wivz=g =gy =g el

is a rational number

Let us observe that the set of rational numbers is dense everywhere. It means that, between

two different rational numbers w1, wo there are ?many” other rational numbers, for example
. . . w1 + w2
their arithmetic mean ceW.

Moreover, the set of rational numbers W is the smallest numeric set closed because of four
arithmetic operations. Namely, let’s assume for a moment that the rational number x does

not belong to the set W, (x ¢ W). Since each rational number has the form 2 for some

integers p and ¢ # 0. That is, there are no rational numbers outside of W.

Rational numbers are represented as points on the number line

4 1 1
-3 22 4.1 -1 o9 1 7

Number line of rational numbers

wlot

SIS
[\

[\Sl[S
w
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2.6 Irrational numbers and real numbers

So far we have learned about the N set of integers, the C set of integers and the W set of
rational numbers. We know that in the set of natural numbers, two arithmetic operations
are possible, addition and multiplication, while the result of subtracting or dividing two
natural numbers may not be a natural number.

The set of integers C' is an extension of the set of natural numbers N. So all natural numbers
belong to the set of integers, we write N C C. In the set C' integers, three arithmetic
operations add subtraction and multiplication are possible, and the result of dividing two
integers may not be an integer.

The set of C rational numbers is extended by W. So all the integers belong to the set W
of rational numbers, we write C' C W. In the set W of rational numbers all four arithmetic
operations add, subtract and multiply and divide.

Note that in the set of rational numbers W the inverse of exponentiation is not always
feasible.

For example, there is no rational number & whose squared is 2. Another equation

2 =2

there is no solution in the set of rational numbers.
Indeed, if there were a rational number

r=L q#0,
q
with the greatest common divisor GC'D(p, ¢) = 1 then this rational number would solve the
equation
(2)2 =2 and  p? = 24>
q

Then the integer p would be an even number, that is, p = 2k for some integer k. In this
case, ¢ would also have to be an even number, that is

q=2s

for some complete s.
As a consequence, we have the inequality GC'D(p, q) >= 2, which denies the existence of a

rational number in the form of an irreducible frac =, where the greatest common divisor of

the numerator p i denominator ¢, GCD(p, q) = 1.
Another extension of the sets of numbers

N, C, W

is the set of real numbers R in which the inverse exponentiation is doable.
The set of real numbers includes all rational numbers and all irrational numbers such as

V2, W, VT, Ty



Va2 = ||, therefore v4 =2, but — 2is not the square root of 4

Number line of real numbers

The set of real numbers is denoted by the letter R, wewrite

R={.... —m,=3,—V5,-2,—v2-1,0,1,v/2,2, V9,3, 7...;}

2.6.1 Questions

Question 2.1 Clalculate the value of an arithmetic expression
(3+3G -3
2-3)(1+3)

Question 2.2 Clalculate the value of an arithmetic expression

4 7.1 1 4 7.4 7
5M(= 4+ —)(= 4+ — 2o tyZio b
[(5+10)(5+10)+(5 10)(5+10)]

Question 2.3 Clalculate the value of an arithmetic expression

1,2 5 2

—(=+15):(z—-12
Question 2.4 Calculate the value of an algebraic expression

a b.,a b
36(5 + )3 =)

fora=3 andb=2
Question 2.5 Perform arithmetic operations

axb, a—>b b:a

fora=3+V7, b=4-2J7

Question 2.6 Calculate the value of the expression

67 — V27
Question 2.7 Prove that \/3 is an irrational number
Question 2.8 Prove that /7 is an irrational number
Question 2.9 Find the values of the a and b parameters for which
avb = V50 + V128 + V162
Question 2.10 For the harvest
A={zx: —co<z <5} and B={z: 2<z<9}

Mark on the number line the alternative sets A — B i and their conjunction A ~ B.

29
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2.7 Absolute value

Absolute value of a number x is the distance of the point z from the origin 0. Therefore the
absolute value of x is always non-negative.
The absolute value of z is defined as follows

Definicja 2.1
x, when x>0,
|z| =
—x when x <0

For example, |5| = 5 because 5 > 0, and | — 5| = —(-5) =5, if z = =5 < 0.
Also the absolute value of x is given by the formula

|z| = Va2

Absolute value plot of real numbers |z|

Va? = |z
V4 = but — 2 nat is rootof z
' ' T

—2 —1 0 1 2

Plot of absolute value y = |z
Let us observe that absolute values |x|, satisfy the following inequality

2| <a, ifandonlyif —-a<z<a,; a>0.

Indeed, we note that

2| <a, if z<a 1 —x<a, thismeans —a<z<a.

Let’s mark values x that satisfy —a < x < a.

—a 0 a

Interval <z < a.

Similarly, the interval [a, b] beginning at a and ending at b, that is the set of points x lying
between the points a and b as set

[a,)]={z € R: a<x<b}

The length of the interval [a, b], that is the distance of the point a from the point b, is equal
to the absolute value of the difference [b — al.



Example 2.1 Solve the equation
|22 — 3| = 5.

Mark the solution on the number line.
Solution. From the absolute value definition
20 —3=>5, when 2x—32>0, to x =4,
|22 — 3| =
—(2x—-3)=5 when —-2x+3<0, to z=-1,

Letus see the solution x = -1 and © = 4 below on the number line.

r=-—1 0 r=41

Solution: z = —1 or z = 4.

Example 2.2 Solve inequalities
|z — 3] <2.

Solution. By definition, absolute value inequality
|z — 3] <2.

it is equivalent to double inequality

—2<zr—-3<2, or 1<zx<5.
Answer: 1 <z < 5.
Example 2.3 Find the set of points that satisfy the inequality

e —1|+]z+ 1| <1.

Select this set on the number line.

Solution. From the definition of the absolute value we find

31

1. for x+1<0, lt+1l]=—(x+1)=-1-2, and |z —1]=—(x—-1)=—-1—2

e =14+ jz+1=1-2z—-1—2= -2z <1,

when x> —3 then inequality no has solutions

3

2. for -1<z<1, |Jz—1=(x—-1)=2—-1, and |z +1|=—-(z+1)=-1—-=x

e =1+ ]z+1ll=2—-1-1-2=-2<1,
when —1<xz <1, theninequality istrue for —1 <z <1
3. for x—12>0, lt—1=2—-1, and |[z+1|=x+1

le =14+ ]jz+1=(—-1)+ (z+1) =2z <1,

then inequality no has solutions

N~

when z <
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Answer: The inequality
-1<x<1

is true for for all values |z| < 1.

Let us note that the distance of each point x € [—1, 1] from the point —1 plus the distance
of this point x from the point 1 is equal to 1. Thus, the inequality is also true for z = —1
or x = 1. Then the equal sign holds.

Let us mark the solution in the number line

|z+1] |z—1|
= fes ~N
¢ ¢ P
-1 0 x 1

|t — 1|+ |z + 1] =1 for every z € [—1,1]

2.7.1 Questions
Question 2.11 Solve the equation

|3z — 5| = 4.
Mark the solution on the number line.
Question 2.12 Solve the equation

|22 — 3| = 5.
Mark the solution on the number line.
Question 2.13 Solve the inequality

|z — 5] < 2.

Mark the solution on the number line.
Question 2.14 Give the set of points that satisfy the inequality
|z] + |z — 2| < 2.

Select this set on the number line



Chapter 3

Arithmetic and algebraic
expressions

Let’s start with framing the concepts of arithmetic and algebraic expressions.

Definicja 3.1 A sequence of numbers connected by four arithmetic operations: addition,
subtraction, multiplication, and division by numbers different from zero is called algbraic
exTpressions

For example, the expression

3x44+6:2—2%x3
23 4+32-8:2

is the arithmetic expression consisting of a sequence of numbers

numerator : 3,4,6,2,2, 3,
denominator : 2,2,2,3,3,2,8,2
combined with arithmetic operations
w4, o =k 4 =
We define algebraic expressions similarly. Namely

Definicja 3.2 A sequence of numbers or letters connected by four arithmetic operations:
addition, subtraction, multiplication, and division by numbers or letters is called algbraic
exTpressions

For example

ax4d+x:2—2%x3
3432 -0b:2

is the algebraic expression consisting of a sequence of numbers and letters

a,4,7,2,2,3,1,3,3,3,2,b,2

with arithmetic operations *, +, :, —, x,/, * +, > —, ;: Their take form of arithemetic
exsspretion for a =3, t =16, b=_8.

33
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To evaluate an arithmetic expression, we execute operations in the followig order

first we perform multiplication and division operations.
second we perform additiona and subtruction operations.

The order of execution of arithmetic operations in an arithemetic expression can be changed
by parentheses

3.1 Questions
Question 3.1 Clalculate the value of an arithmetic expression
(a) 12+14+24
(b) 50—24-38
Question 3.2 Clalculate the value of an arithmetic expression respecting the order of oper-
ations
(a) 18—16+2x%8
(b) 5x6+24:3
Question 3.3 Clalculate the value of an arithmetic expression with parentheses
(and) 3% (4+6) —2%(3+5)
(b) (50 —40)*2—(104+6):2
Question 3.4 Clalculate the value of an arithmetic expression
525 2% 432 %23 — 47 %52
Question 3.5 Clalculate the value of the artmetic expression

33 %23 — 32422
3%x234+2%x3

Re: 6

Question 3.6 Clalculate the value of an arithmetic expression

2 3 2 3
L x2S —£x2
5 2 3 7
_*_+_*_

Question 3.7 Calculate the value of an arithmetic expression

1.2 _ 1.3
3*5 " 3*3
2,1,3_4
3kgti*3
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Question 3.8 Clalculate the value of an arithmetic expression with parentheses

Question 3.9 Clalculate the value of an arithmetic expression with parentheses

(rg-3rPEri-tad
Gr v D i)

Question 3.10 Calculate the value of an arithmetic expression with parentheses

(<2-4s93r2-dsd
GG i)

3.2 Algebraic expressions

! Remember that apart from arithmetic expressions, we have algebraic expressions. In
algebraic expressions we allow letters, symbols with variable value. Thus, an algebraic
expression is a sequence of numbers and letters joined by the arithmetic operations of
addition, subtraction, multiplication, and division.

Example 3.1 Simplify the expression

CL2—6L

—(a+1), a>1.
a—1

Solution. Taking arithmetic operations, let’s calculate

SET A CET B CE TE3)
_ (a®> —a) —[a(a+1) — 1(a+1)]
a—1
a?—a—[ad*+a—a—1]
N a—1
_ad?—a—a®+1]
N a—1

- l—ai l—ai 1
T a-1 1—-a '

3.2.1 Questions

Question 3.11 Calculate the value of the algebraic expression for the value a = 2

*

+

*

wla |wlo
o [=|aln
o lwlwla
wlo |0 [w

* *
Question 3.12 Calculate the value of the algebraic expression for the value b =1

*

+
R IISHISIN]
* *

[SHISH SN
(SIS SN
wlc oW

*

L Algorithms take form of algebraic expressions
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Question 3.13 Calculate the value of $¢ of the algebraic expression for the value c = 3

*

wla [wio
*

o I=|uin
+

o lw|wla
* *

wlo [0 [w

Question 3.14 Calculate the value of the algebraic expression for a = 2

(3-9G-9
G+piE+y)

a

Question 3.15 Calculate the value of $¢ of the algebraic expression for b= 3

(
(

Question 3.16 Find the value of the algebraic expression for ¢ = 1

*

*

N

~—
wlc oW
*

*

+
N ISHISIE
* *

Wl forw
~—

~—

wlcH oo
SN [l
~jw|olc
*
wlc oW
—
~—
[SUISH SN

* &+

—~
*

+
~jw|olc
* *

Wl S w

~—
—~

N

~—

Wl S w
*

*

+
o o=
* *

wlcH [orw
~—

~—

[SS[SA SIS

*
SN [

[SHISH SN

—~

3.3 Linear algebraic expressions

Algebraic expression of the form
axx+0b

is called linear due to the variable x, and given coeflicients a and b.

For example
2xx+1, where coef ficients a=2, b=1

—5*xx+4, where coef ficients a=-5, b=4

3.3.1 Questions

Question 3.17 Write a linear algebraic expression with coefficients

(1)  a=35, b= —-25

13 15
(iit) a= 5 b——E
3.4 Linear equations
Equation in the form
axx+b=0

or any other equation that can be simpkified into this form is called a linear equation with
respect to unknown z and given coefficients a and b.

The solution of a linear equation with the unknown x is each number when is substituted
for x satisfies this equation.
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Example 3.2 Consider the linear equation
2¥x—4=0, x=2, since 2%x2—-4=0, for a=2, b=-4

—3xx+3=0, z=1, since —-3%x143=0, for a= -3, b=3

Example 3.3 Solve linear equation
2c—1=0, a=2,, b=-1.

Solution.
We transfer the number —1 to the right side, changing the sign to the opposite and divide
both sides of this equation by 2

20=1]:2

This is how we find a solution

1
Substituting x = 3 to the equation, we check that the obtained solution satisfies this equa-
tion.

1
Namely for z = 37 we have
1
2r—1=2--1=1-1=0.
2
. 1 . . .
We see that the solution z = 3 satisfies this equation.

Example 3.4 Solve linear equation
54+ 3 =3z + 5,

Solution.
We write the number —3 on the right side and —3z on the left side

S5r—3rx=5-—3 or 2xr=2

We find the solution
r=1

Substituting x = 1 to the equation, we check that the obtained solution satisfies this equa-
tion.
Namely for

5x1+3=3*x1+5 8=38

We see that the solution z = 1 satisfies this equation.

General scheme for solving a linear equation.

ax+b=0,
a#0,
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Question 3.18 Solve the equation
(i) 3x-12=0
(7i) 5x+20=10

3 5
(i) Jrtg=1

(iv) 152+29=7

Question 3.19 The little shepherd saw flying storks and shouted, I think, there are 100
of them. The older shepherd replied much less, if there were twice as many, and a half as
many, and a quarter as many, and if you were to fly with them, then 100 of them would be
with you. How many storks were flying. in the sky?

B

Jozef Chetmorniski (1849-1914). Storks

Question 3.20 Franek read a book of 25 pages a day. He read the entire book within 3
days.
Calculate how many pages does this book have?

Question 3.21 Marysia bought 3 notebooks of 7 zlotys each. Kazik bought a ball for PLN
10 and a watch for PLN 35.

How much did Marysia pay for 8 notebooks?

How much did Kazik pay for the ball and the watch?
O How much more did Kazik pay for purchases from Marysia?

Bolek is 2 times older than Stefka, who is 7 years old. Olek is as old as Bolek and Stefka
together.

(a) How old is Bolek?
(b) How old is Olek?

Question 3.22 There were crows on several trees. Janek said to his father Dad,
I see a lot of crows in trees, I think there are 100 of them.
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Father answered John, if it was twice as much and a half as much, then it would be 100

crows.
How many crows were sitting in the trees?
Question 3.23 Simplify the algebraic expression

CL2—6L

a_l—(a—l-l), a>1.

3.5 Inequalities

Let us see on the number line values of the variable x greater than zero.

x>0

Acute unequal x > 0 of positive values of the variable x

Let us seethe number line those values of x less than zero.

<0

Acute unequal z < 0 of negative values of the variable x

Let us see on the number line values of the variable z, that lie between the number 1 and

the number 2.

——
. . . . 3 .
-3 -2 -1 0 1 2

x variable values between 1 and 2

Let us see on the number line values of the variable z, which lie between the number -2 and

the number -1 or the number 1 and the number 2.

—2<x<—1 1<x<2
—— ——
. P S . P O .
-3 —2 —1 0 1 2

The value of the variable z in between —2 1 —1 or 1 i 2

when —2<z<-1 or 1<x<2
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3.5.1 Examples and questions

Example 3.1 Solve the inequality
3(z—-1)<2(z+1)

Mark on the number line those values of the variable z, for which the inequality is true.
Solution
We do multiplication on the left side by 3 and right side by 2 of the inequality to drop
brackets. Then we get inequality

3r—3<2x+2

Always, we transfer the x variable to the left side of the inequality with the opposite sign,
and the numbers to the right side of the inequality also with the opposite sign to find solution

3r—2x<2+3, solution x<5

Let’s mark the solution < 5 on number line
x<b

Acute inequality z less than 5

Question 3.24 Solve the inequality
(i) 2z—-1>1
(i) 4x—6<10

Mark on the number line those values of the variable x, for which the inequalities (a) and
(b) s are true.

Question 3.25 Solve the inequality
() 3Bx—-1)—22x+1)<4(x—1)
(5) 3(x—2)+4(x+2)<2x+10

r—1
r+1

(iid)

<1 for xz# -1

Mark on the number line those values of the variable x, for which the inequalities (i), (ii)
and (iii) are true.
3.6 Decimal Fractions

Fractions with denominators 10, 100, 1000, ... we write in the form of decimals Every fraction
can be cnverted to decimal.
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% = 0.1, ﬁ = 0.01, 000 — 0.001.
or 3 5
S= 03, o = 005,
35 735
1000 = 0.035, Tooo 0.735,
3 12
2E = 2.3, 10@ = 10.12
We have reciprocal relations, we convert decimal fractions to ordinary fractions
1 1
0.1 = 15 0.01 = 100’
1 3
0.001 = 1000’ 0.3 = 10
5 35
0.06 = 100’ 0.035 = 1000°
735 3
0.735 = 1000 2.3 =
12
10.12 = 1()@.

We can convert every fraction into a decimal.
The first simple way to convert a decimal fraction is to write the fraction next to the
denominator, 10, 100, 1000, ... This way is simple only for selected fractions.

3.6.1 Examples and questions

Example 3.2
1 1
T_I5 0 gy
2 2x5 10
3 3x25 75
17 4w25 100 0
327*202@:14
5 5%20 100

15 15%4 60
250~ 250+4 1000 200

The second way to convert fractions to decimals is to divide the numerator by the denomi-
nator.

1
Example 3.3 Convert 1 to a decimal.

Solution. Divide 1 = 1.00 by 4. Note that the zeros after the point do not change the value
of 1.
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So we do the conversion following the scheme
0,25
1,00 :4
- 0

Answer i =0,25

Question 3.26 Convert fraction to decimal

3
(4) 5
g 37
(44) 50
. 253
(#i) 250

i) =
) =

37
(#i1) 150



Chapter 4

Percentages and per mille

4.1 Persentage

p% percent is a fraction of i with the numerator of p and the denominator of 100.

100
For example
1% one percent is a fraction of ﬁ = 0.01 with the numerator of 1 and the denominator of
100.
25% is a fraction of % = 0.25 with the numerator of 25 and the denominator of 100.

100% to caloéé % = 1 with the numerator 100 and the denominator 100

We calculate p% percent from the value a

p% * a=-L xa

100
as a fraction of the numerator p and the denominator of 100 of a.

4.1.1 Examples
Example 4.1 Calculate 15% from the value of a = 60
15 1560 15%x6 90

15% * 60 = ﬁ*&): o0 - 10 — E—Q
Example 4.2 Calculate 25% from the value a = 3000
2 2
95% 3000 = — + 3000 = 22+ 3000 _ 1000 _ 75

100 100 100

Conversely, if p% * a percent of the value of a, we calculate the value of a

Example 4.3 30% percent of a equals 600. Calculate the value of a

Solution.
2ex]

43
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30 600 600 %100
30% x a = 600, — *a = 600, QZW:%

= 2000
100 100

4.1.2 Questions

Question 4.1 Calculate 75% from a = 2000

Question 4.2 Calculate 15% from the value ’sci a = 4000

Conversely, having p% = a a percentage of the value of a, calculate the value of a given in

the following exercises

Question 4.3 50% percent of the value of a equals 800. Calculate the value of a
Question 4.4 30% percent of the value of a is equal to 5000. Calculate the value of a

Question 4.5 The price of a square meter of fabric for window curtains was 50 from. First,
the price was increased by 30% then decreased by 10 % per square meter. How much did the
customer pay for 10 m? of material ?

Question 4.6 The price of the material together with 7%V ATwas 107 USD. Material VAT
taz rose to 22%. How much was the material with all VAT? How many percent did the price
of the material increase?

4.2 Per mile

Promiles are fractions with a denominator of 1000.
p%% per milli is a fraction of with the numerator of p and the denominator of 1000.

1000

4.2.1 Examples

Example 4.4 1%% one percent is a fraction of = 0.001 the numerator 1 and the de-

1000

nominator 1000.

2
25%% is a fraction of 1080 = 0.025 with the numerator of 25 and the denominator of 1000.
. 1000 . .
1000%% is the total of 1000 — 1 with the numerator 1000 and the denominator 1000.

We calculate p%% percent from a

p%% * a:wpﬁ*a

as a fraction with the denominator of 1000 from a.
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4.2.2 Questions
Question 4.7 Calculate 15%% from the value of a = 3000
153000

15%%*300021000*30002 1000 =45
Question 4.8 Calculate 25%% from the value of a = 3000
25 25 % 3000
2 = = =
5%% * 3000 1000 * 3000 1000 75

Conversely, having p%% * a a percentage of the value of a, we calculate the value of a

Example 4.5 30%% percent of the value of a equals 600. Calculate the value of a

Solution.

600 600+ 1000

30
1000 30

30%% * a = 600, = 20.000

a =600, a=

30
*
1000
Question 4.9 Calculate 75%% from the value of a = 2000
Question 4.10 Calculate 15%% from the value a = 4000

Conversely, having p%%*a per mille of a, calculate the value of a given below in exercises

Question 4.11 50%% per mille of a is equal to 800. Calculate the value of a

Question 4.12 30%% per mille of a is equal to 5000. Calculate the value of a.

4.3 Compound percentages

Let us introduce the following notations
e K - initial capital
e K, - capital after n years
e p - annual interest rate
e 1 - number of years of savings

After the first year of saving, the capital K, will increase by p%

Ki = Ko+ Koo = Ko(1 +

L)
100 100

After the second year saving ’s your capital K; will increase by p%

_ P P BRY
Ky = Ky + K, 100 Ki(1+ 100) Ko(1 + 100)
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Generally, using the principle of complete induction, if after n — 1 years of saving, capital
increases by p%

p n—1
Kn, = Ko(1l+ —
! O( 100)

that after n years saves
p p
K,=K, 1+ K, 1— =Ko(1+-—=—)"
1+ 700 o(1+ 1 OO)
In this way, we got the formula for the final capital after n years of saving

p
K, = Ky(1+ —=—)"
o +100)

4.3.1 Examples

Example 4.1 Calculate how much capital 150.000 will increase after 10 years, if the interest
rate p = 5%.

Solution. Using the formula, we calculate

5
K10 = 150.000(1 + ﬁ.0)10 = 150.000 * 1.05'% = 150.000 * 1.62889 = PLN244, 334

Answer: Capital 150.000 will increase by 94334PLN for 10 years if the annual interest rate
is p=>5%.

Repayment of the loan. Similarly, we calculate the compound interest on the loan.
After the first year of repayment, the capital Ky will decrease by p%

p p
Ky =Ky — Ko—— = Ko(1 — —
1 0 0100 0( 100)

After the second year of repayment, the capital Kj will decrease by p%
p p P 2
Ko=Ki—-Ki—=Ki(1—-—)=Ky(1 - —
2 = I = Kaggg = Kall = 55) = Kol = 355

In general, using the principle of complete induction, if after n— 1 years of repayment, the
capital decreases to the sum

P \n-1
Kn, = KO 1— —

then, after n years of repayment, the capital will decrease to the sum

p p
K,=K, 1—K,_1— =Ky(l—=—)"
! 1100 ~ Kol = 1gg)
Thus, we obtained the formula for the final capital 1 after n years of paying off the loan.
p
K, =Ko(1—-—=—)"
o= 759/

Example 4.2 Calculate how much credit will decrease on capital PLN150.000 after 10
years of repayment. and after 150 years it will pay off if the interest rate p = 5%.

Solution. Using the formula r, we calculate

5
Kip = 150.000(1 — 7:5)™ = 150.000 « 0.95'® = 150.000 « 0.598737 = PLN89, 810

5
K150 = 150.000(1 — ﬁ)150 = 150.000 * 0.95'°% = 150.000 * 0.0004555 = PLN68.33

Answer: After 10 years, the loan will decrease by 60, 189.5P LN. However, a fter150yearstheloanwilldecreaseby
149,931.67 PLN.



Chapter 5

Arithmetic and geometric
sequences and series

Arithmetic and geometric sequences and series are an important part of primary and sec-
ondary school curricula.

In this chapter the properties of arithmetic and geometric sequences and series are described
and supported by exercises.

5.1 Arithmetic sequences and series
Let us consider an arithmetic sequence of numbers with terms
ag, ag+r, ag+2r, ..., ap+nxr n=20,1,2,..;
where ag is the first term of the sequence and the difference
= Qg1 — Ak k=0,1,2,3, ...n—1

The general term of the sequence a,, is of the form

anp=ap+nxr n=0,1,2,..;
For example, a sequence of consecutive natural numbers

0,1,2,..;

is an arithmetic sequence with the first term a9 = 0, difference » = 1 and with the general
term a,, = n.
Arithmetic mean property. The terms a,—1, an, an+1 of the arithmetic sequence

satisfy the arithmetic average
anp—1 + An+41

2
In other words a,, term is arithmetic mean of the previous a,_; term and next one a, 1.
Indeed, we have

Ay =

an-1+anyr  (ag+(n—1)r)+ (ag+ (n+1)r)  2a9 + 2nr

2 2 2

:an

47
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Distance property The following equalities hold
ao + an = ax + an—k

for k=0,1,2,..n;
Namely, we see that for every £ =0,1,2,....n,

ak + ank = ag + kr +ag + (nk)r = ap + ag + nr = ag + an.
—_— Y— — ~——
ag Ank An
Example 5.1 Show that the following sequences are arithemetic .

. 3n+1
(Z) Apn = 3 )

(it) an=1+n% n=0,1,2,..,:

n=20,1,2,..;

Solution (i). We check if the difference r» = a,,41 — a,, of successive terms of this sequence
is constant, i.e. it is independent of n.

= 0an4+1 — An =

3n+1)+1 3n+1 3n+1 1
3 3 3 3 3
~——

An 41 An

11
snt =3 n=012.

Answerx: The sequence (i) is arithmetic. The difference between two consecutive terms of

the sequence is the constant » = - and does not depend on n =0,1,2,...;

Solution (ii). We check if the difference r = a,,+1 — a,, of successive terms of this sequence
is constant, i.e. it is independent of n.

Fr=tni1—ap=1+Mn+1)2-Q+n*)=1+n*+2n+1-(1+n? =1+2n,
——— N——
ant1 an

Answerx: We can see that the sequence (i) is not arithmetic one, because the difference
between two successive terms of the sequence

r=2n+1

forn=20,1,2,...; depends on n.

5.1.1 Questions

Question 5.1 Show that the following sequence is artmetic

1
(A ap= 8n5+ , n=0,1,2,..;

(i1) ap=142", n=0,1,2,..,:

5.2 Arithmetic series.
Arithmetic progress is the sum of terms of an arithmetic sequence. We write as below
ap+ay+az+---+an

or
ap + (ao+ 1) + (ap + 2r) + - - - + (ap + nr),



In sigma notation we write the arithmetic series as the following sum:

n
Zak:ao+a1+a2+"'+@m
k=0

or
n

Z(ao—i-kr) =ag+ (ap+7r)+ (ag +2r) + -+ -+ (ag + nr).
k=0
In order to derive a formula for the sum of n terms of an arithmetic sequence.
let’s consider the sum
Sp=ap+a1+as+-+an_1+ ay.

snd in reverse order of components
Sp =an+an—1+--+az+a+ag

By adding left and rigth sides we get formula

25, = (ao+an)+ (a1 +an-1)+ (a2 +an—2)+ -+ (an-1+ a1) + (an + ao)

Because terms of arithmetic progression satisfy the equalities
apg+ap, =a1+ap—1 =a2+ap_o20=---=an + ag
therefore, we easily find formula for two sums
25, = (n+1)(ao + an)
or

(n + D(ao + an)

Sp = 5

Example 5.2 Find the formula for the sum of arithmetic progress

1+243+ - +n.

49

Solution. Let us see that in this arithmetic progression the first term agp = 0 and the

difference r = 1.
Using the above formula, we find the sum

(n+1)
2

(n—i—l)n'

S, = .

(2a9 +nr) =

Question 5.2 Find the sum of n terms of the sequence with a general term

_3n+5
=—5

n=0,1,2,..;

Qn

5.3 Geometric sequences and geometric series
Let us consider a geometric sequence of numbers with terms

2 n .
ag, a1 =ag*x(q, as=ag*q°, .. ,ap=ag*xq"’, n=20,1,2 ..

where ag is the first term and the quotient ¢ = ak“, k=0,1,2,....,n—1
ag
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The general term of the sequence
an = aopq", n=0,1,2,..;
For example, the sequence of numbers

2" ..

1, 2, 22 23 ..,
has of the seris form
Soo =42+3+ ... +2" 4 ..

with the first term a9 = 1, the quotient of ¢ = 2 and the general term a, = 2™. This
sequence is a geometric one.

Note that when the quotient ¢ = 0 then the geometric sequence is constant a, = ag for
every n =1,2,...;

Geometric mean. Note that the absolute value of terms of a geometric sequence is the
geometric mean of the previous a,_; term and the next one a,41.

lan| = vV |@n—16n+1]

Indeed, we have

-1

Un_1*Uny1 = aq" txaxgt =a?

*q*" = ay,

Hence the geometric mean
|an| = /Qp—1 * Qn41
Also the products of two sequence terms equally distant by & from a¢ and by & from a,, are
equal for every k=10,1,2,...n;
Namely, we check that for every k =0,1,2,....n

k

k n— n
Qg * Qp_p = Qg * q"° *ag * q = ag(aoq™) = ag * ay.
—— ——

ar, An—r
Example 5.3 Check if the following geometric sequences are geometric

(7) an:3— n=20,1,2,..;

2n’

(it) an, =n% n=12,..,:

Solution (i). We check if the quotient of g consecutive terms of the sequence is constant,i.e.
independent of n

4y 37PN 3n 3ntlion 3

n=0,1,2,..;

o ) G T g T T

3
Answer: The sequence (i) is geometric because the constant quotient ¢ = 3 for all n =
0,1,2,..;
Solution (ii).
We check if the quotient of g of successive terms of the sequence depends on n.

any1 (n+1)? n?+2n+1 2 1

a, n2 2

n

2 1
Answer The sequence is not geometric, because the quotient ¢ =1+ — + —; depends on n.
n o n
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Example 5.4 Of the four numbers x, vy, z,t, the first three form an arithmetic sequence, the
sum of which is equal to 12, and the last three form a geometric sequence whose sum equals
15. Find the numbers

Solution. We know that the sum of the first three numbers is 12 and the sum of the last
three numbers is 19. So we have two linear equations

r+y+z = 12
y+z+t = 19

The first three numbers form an arithmetic sequence, so the difference between the second
number y and the first x is the same as the difference between the third z and the second y

y—r=z-y

Similarly, the last three numbers form a geometric sequence, so the quotient of the third
number z and the second number y is the same as the quotient of the fourth number t and
the third number z

This way you have a system of four equations with four unknowns

r+y+z = 12
y+z+1t = 19
y—x = Z=Yy
z — Et: Qf
y z Ttz

We find the solution of this system using the Gaussian elemination method. Namely, from
the last two equations we find

22
y:x—|—z and t=—=
2 Y+ 2z

After substituting into the first two equations and reducing the terms, similar we will get
equations

r+2z=28

22442 —-60=0

The quadratic equation has two real roots
zZ1 = 9, zZ9 = —10
From where we find two solutions

$1:2, y1:4, 21:6, t1:9

and
T = 18, Y2 = 4, zZ9 = —10, t2 =25

Example 5.5 Z czterech liczb x,y, z,t trzy pirwsze tworz cigg arytmetyczny, ktorych suma
rowna jest 12, a trzy ostatnie tworzg cigg geometryczny, ktorych suma rowna jest 15. Znajdz
teliczby
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Rozwiazanie. Wiemy, ze suma trzech pierwszych liczb réwna jest 12, a suma trzech
ostatnich liczb réwna jest 19. Zatem mamy dwa réwnania liniowe

r+y+z = 12
y+z+t = 19

Trzy pierwsze liczby tworza ciag arytmetyczny, dlatego réznica pomiegdzy druga liczba y i
pierwsza x jest ta sama jak réznica pomiedzy trzecia z i druga y y — 2 = z — y Podobnie
trzy ostatnie liczby tworza cig geometryczny, dlatego iloraz trzeciej z i liczby drugie y jest
taki sam iloraz czwarej liczby t i trzeciej liczby z

z t

Yy z

W ten sposéb otrzymalismy uklad czterech rownan z czterema niewiadomymi

r+y+z = 12
y+z+t = 19
y—z = Z=Yy
Z — Et: 227
y P Ttz

Rozwiazanie tego ukladu znajdujemy metoda eleminacj Gaussa. Mianowicie, z ostatnich
dwoch réwnan znajdujemy

T+ 2z 222
Yy = oraz t=
2 Y+ 2z

Po podstawieniu do pierwszych dwdch réownan i redukcji wyrazw podobny otrzymamy
rownania

r+2=28
224+42-60=0
Roéwnanie kwadratowe ma dwa pierwiastki rzeczywiste z; = 9, zg = —10. Skad

znajdujemy dwa rozwiazania

xrp = 2, Y1 = 4, zZ1 = 6, tl = 9 CLTLd ro = 18, Y2 = 4, zZ9 = —10, t2 = 25

5.3.1 Questions

Question 5.3 Check that the following sequences is geometric.

(V)
(’L) 5—n’

(i) v/, ... n=12,..;

Question 5.4 Give the first term and the ng, term of the sequence Find the quotient of
this geometric sequence

n=20,1,2,..;

. 1 32 33
(Z) ga ’ ga ga"'a

(i) V2, 2, 2v2, 4, 4V2, ...
Question 5.5 Of the four numbers m, n, k, [, the first three form an arithmetic sequence,

the sum of which is equal to 3, and the last three form a geometric sequence whose sum
equals 9. Find these numbers

ol w



Chapter 6

Prime numbers. Euclidean
Algorithm

The number 2 is the only smalest even and prime number

—3 —2 —1 0 1 2 3 T

Number line. 1 is not a prime number

6.1 Introduction

One of the most important operations on numbers is the decomposition of a natural number
into prime number factors. We find the decomposition of numbers into prime factors on the
basis of the fundamental theorem of arithmetic.

The direct consequence of decomposing natural numbers into prime factors is finding the
greatest common divisor (GCD) and the least common multiple of two natural numbers.
One of the optimal algorithms for determining the greatest common divisor of two natural
numbers is Fuclid’s algorithm.

6.2 Prime numbers

Let ua start with definition of prime numbers

Definicja 6.1 The natural number p > 1 is called a prime number, if number p is not
divisible by a different from 1 and itself p This means that prime numbers do not have divisors
different than 1 and itself. FEvery other number than prime numbers is called composite
number.

Let us note that the natral number p = 1 is not a prime number. Since it has only one
divisor equal 1, not greater than 1. The number 0 is also not prime because it is less than
1 and 0 has many divisors. Zero divided by any natural number other than zero is equal to
0. Let’s list a few more primes

2,3,5,7,11,13,17,19, 23,29, 31.37.41.43.47.51.53.59.61...;

It is obvious from the definition that the number p = 2 is the only even prime.
The set of primes is not closed with respect to four arithmetic operations.

593
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Example 6.1 The numbers m =7 and n = 3 are prime, but their sum m+n=7+3= 10
is not prime and also the difference 7 — 3 = 4 is not prime. Likewise, the product of these
numbers mxn =3 %7 = 21 is not a prime number.

One of the most important properties of prime numbers is the following theorem:

Theorem 6.1 Fundamental theorem of arithmetic . For every natural number n exist
prime numbers

P1,P2,P3 ", Pk
such that

N =DPp1*pP2*pP3g*-- *pPg

Moreover primes p1, p2, ..., pr are uniqualy determinded for a given natural n.

6.3 Factorisation of natural numbers

From fundamental theorem of arithmetic , we conclude that every positive natural number
can be factorised in primes . It means that every positive natural number m > 1 breaks
down into the product of prime numbers. Moreover, this distribution of the number m is
only one, there are no other prime factors.

Let us consider one of simple methods of factorization natural numbers. Namely, we divide
natural number m by successive prime numbers. Then the number m is equal to the product
of its divisors.

Example 6.2 Factorise m = 1638 into prime factors.
We followthe scheme

1638
819
273
91
13

1

The number 1638 is factored by 2,3,3,7,13
Thus

— g W W N

1638 =23 %3 %713

Example 6.3 Factorise the number m = 5040 into prime factors. In order to factorise
number m we follow the scheme

5040 |
2520 |
1260 |
630 |
315 |
105 |
21 |

|

|

N W OTWNND NN
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Hence, we get the distribution of number m = 5040 by primes 2,2,2,2,3,5,3,7,

5040 = 2% 2% 2% 2% 3% b5 x 3% 7.
Let us note that 5040 is equal to 7!

TN=1%x2x3%x4*x5x6x%7 = 5040

Question 6.1 [t is known that the natural number m is divisible by 5 and is decomposes
into three prime factors , which the sum is equal 14. Find the number m.

6.4 Greatest common divisor GC'D(a,b)

The greatest common divisor of two natural numbers a i b is denoted by the symbol
GCD(a,b). One of the ways of calculating the greatest common divisor of given natural
numbers a ¢ b is the decomposition of these numbers into prime factors.

Let us consider some examples of calculating GC D(a, b) by decomposing a and b into prime
factors

Example 6.4 Let be given number a = 21 and the number b = 57. The distribution of these
numbers is obvious

21=3*7 1 57=3%*19

The common divisor of numbers 21 and 57 is 3 because 3 divides 21 and divides 57. Also,
these numbers do not have other common divisors.
Thus we get the value of the greatest common divisor

GCD(21,57) =3
Example 6.5 Find the greatest common divisor of 42 and 78.

We factoris both numbers into prime factors according to the scheme

42 | 2 8 | 2
21 | 3, 39 | 3
707, 13 | 13
1| 1|

Where do we get the number distribution
42=2%3x7 and 78=2%3%13

The common factors for these numbers are 2 and 3. Therefore, the greatest common divisor
of 42 and 78 is GC'D(42,78) =2 %3 =6.

Consider one more example of determining the greatest common divisor by the distribution
of numbers into prime factors

Example 6.6 Find the greatest common divisor of 210 and 231

210 | 2, 231 | 3
105 | 3, T
35 | 7, 1] 11
5] 5 1|
|

1
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Where do we get the distribution of 210 and 231 into prime factors
210=2%3x7+5 and 231 =3x%7x11

Common divisors for all numbers are 3and 7. Therefore, the greatest common divisor of
210 and 231 is GC'D(210,231) = 3% 7 = 21.
We check that GC'D(210,231) = 21 divides 210 and 231

210:21 =10 oraz 231:21=11.

6.5 Euclidean Algorithm (325-265 B.C.)

The most effective way to determine the greatest common divisor of two natureal numbers
is the Euclidean algorithm. Already in ancient times in Egypt, Greek Euclid teacher and
dean of the Faculty of Natural Sciences at the University of Alexandria he appliied an
algorithm for finding the greatest common divisor of two natural numbers. From that time
the algorithm is called as Euclidean Algoritm .

Below we present a description of the Euclid’s algorithm.

Euclid’s algorithm. The greatest common divisor of given natural numbers a and b we
calculate by creating terms of a decreasing sequence of divisin withremainders

T >T1>T22>T4> .00.>Tp_1>Th

starting from given numbers g = a and r; = b, according to the algorithm

To T2
—_— = k2+— To =T —kQ*Tl
r ry’ 0
1 1
™ 73
— = k3+—, T3:T1—I€*3*T2
T2 T2
T2 Tq
— = k4—‘r—, rg =19 —kg*rs
T3 3
Tn—1 Tn+1
— knJrl + 5 Tn = Tn-2 kn *Tp—1
Tn Tn

Note that the above formulas can be written in one recursive formula
ri =ri_o—kixr;_1, for ro=a, ri=0, ;1=23,...,n, (6.1)

T

where the coefficients k; = E| . i=2,3,4, ... are integers.!

Tit1
The last non-zero term of the sequence 7, # 0 is the greatest common divisor of the first
two terms 9 = a, r1 = b. This results from the recursive formula (6.2).

Tn = GCD(TO,Tl) = GCD(CL, b)

Namely, if the number d = GCD(rg,r1) is a divisor of the numbers rg and 71, then d is also
a divisor of each subsequent remainder

T2:T0—I€2*T1

Ti =Ti—2 — kl *Ti—1, fOT = 2, 3, NI

LE[x] entire of 2 means all of the number x
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Euclid’s algorithm. Let us apply Euclid’s algorithm to calculate successive terms of the
descending sequence of natural numbers

T9>T1>T22>T4>..2>Tp_1>Thp
starting with 7o and 1 and using the recursive formula
Tro = k2 *Trg — 71

T = kl *Tj—2 —Ti—1, fOT = 2, 3, ey 1y

T

Here, the factor k; = E|

] 2

Tit1
The last term in r, # 0 not equal to zero is the greatest common divisor of the first two
terms 79, 71,

Th = GCD(To,Tl).

This follows from the recursive formula (6.2). Namely, if the number d = GCD(rg,71) is a
divisor of ry and 71, then d is also the divisor of each subsequent remainder calculated by
formula

T2:T0—I€2*T1

T = kl *Ti—2 —|—T1',1, fOT = 2, 3, ey 1y

Calculation of the recursive sequence (6.2) we explaine on the examples. below

Example 6.7 Find the greatest common divisor of numbers ro = 78 i 11 = 42 using the
Euclid algorithm (6.2)

1. We divide the greater number rop = 78 by the lesser number r; = 48, according to the
scheme

To T2

— =ky + —, ro = ko k11 + T2
1 1
78 36
1 +42, 2 , 78 * 42 + 36

and calculate the remainder of ry from dividing ro = 78 by r; = 42
Ty =10 — ko * 71,

7o =78 — 1 %42 = 36.

where ko = E [T—O] is the integer part of the fractgion o
1 1
3

2.Substitute vy = 42, r9 = 36 and divide the number greater r; = 42 by the number less
ro = 36, according to the scheme

R r1=k3xT2 473
T2 T2

42 6

— =14+ — ka=1, 42=1%36-+6.
36 36 sTh *30+

2E[x] entire of  means the whole of x, not grear then x
3E[x] integer part of .



and calculate the remainder of the division of the numbers r; = 42 and r, = 36

3. Substitute ro = 36,

and calculate the remainder of the division of the numbers ro = 42 and r3 = 36

r3 =11 — k3 * 12,

r =42 — 36 = 6.

o8

r3 = 6 and divide the greater number 79 = 36 by the number less
r3 = 6, according to the scheme

65 k4 = 6;

ro =kg*xrg+ry

36 =6x%6+0.

T4:36—I€4*6,

T4 =36 —36=0.

The greatest common divisor of 78 and 42 is the last remainder r3 = 6 not zero, we write

GCD(78,36) = 6

We will consider the next example of using the Euclid algorithm (6.2).

Example 6.8 Find the greatest common divisor of ro = 595 and r1 = 204.

As in the previous example, we find the greatest common divisor of numbers 595 and 204

using the formula (6.2)

ro = 595, r1 == 204

595 187
— =24+ —
204 204
20417
187 204
1
ﬁ =11
17

| resztar
| 7o =187

rg =17
| r4=0

The greatest common divisor of 595 and 204 is the last remainder r3 = 17 non-zero, we

write

Example 6.9 Find the greatest common divisor of ro = 1995 and r1 = 1190

GCD(595,204) = 17

As in the previous example, we find the greatest common divisor of numbers 1995 and 1190

using the formula (6.2)
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ro=1995, r; ==1190 | resztar

%: +% | 72 =805
%zl—i—% | r3 =385
%:24—% | 7r4=235

%:11 | 7r5=0

The greatest common divisor of 1995 and 1190 is the last remainder r4 = 35 non-zero, we
write GCD(1995,1190) = 35

Example 6.10 Find the greatest common divisor of 975 and 690 numbers

Solution.
We use the above-described Euclid’s algorithm and calculate successive residuals

a=rg=975, b=r; =690 | reszta
975 285
IO 20 — 975 — 1% 690 = 285
690 ' 690 | T2 *
690 120
6% _, , 120 — 690 — 2% 285 — 12
=2t | 5= 690 — 2% 285 = 120
285 45
e | 4= 285 2#120 =45
120 30
E_2-|-R | r5=120—2%45=30
4 1
H_ . | re=45—1%30=15
30 30
90y | ~0
5 e

The sequence of remainders
975 > 690 > 285 > 120 > 45 > 30 > 15

is descending.
The last remainder of the division r¢ = 15 nonzero is the greatest common divisor of numbers
natural 7o = 975 and ; = 690, we write

GCD(975,690) = 15.

Note that the greatest common divisor of 7 = 15 of the numbers ry = 975 and r; = 690 is
also the greatest common divisor of all previous residuals

ro = 285, r3 =120, r4 =45, r5 =30, 14 = 15

4The simple Euclid algorithm is successfully used in computational systems. It is easy to write code in
programming languages.
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6.6 Least common multiple LCM (a,b)

The common multiple of the given integers a, b is the integer m, which is divisible by both
a and b. There are infinitely many common multiples of given natural numbers. We choose
the smallest of them.

Example 6.1 For 5 and 7, the common multiple is 5« 7 = 35 35 is the smallest common
multiple of 5 and 7. The other common multiple of 5 and 7 is a number 70 because 70 : 5 =
24 and 70 : 7= 10. However, 70 is not the lowest common multiple of 5 and 7.

The least common multiple is found by decomposing the given numbers into prime factors.

Example 6.2 Find the least common multiple of 120 and 210.
We break down 120 and 210 into prime factors according to the scheme

120 2, 210| 2
60| 2, 105| 3
30| 2, 35 5
15 3, 717

5 5 1
1 |

We choose common factors in the distribution of both numbers: 2, 3, and 5. Then we add
the factors to the product of 235, which are not common, that is, they are not repeated.
These are the 4 and 7 factors. The least common the product of these factors is a multiple

2%x3xH5x4x7=1540

Example 6.3 Find with the least common multiple of 910 and 1155
We decompose the numbers 910 and 1190 into prime factors according to the scheme

910| 2, 1155| 3

455 5, 385 5
91| 7, 77
13| 13, 1] 11
1 1

We choose common factors in the distribution of both numbers: 5 and 7. Then we add the
factors to the product of 5% 7, which are not common, that is, they are not repeated. These
are 2, 3,11, 13 factors.

The least common multiple is the product of these factors

5% 7*2%3 %11 %13 = 30030

Example 6.4 Find with the least common multiple and greatest common divisor of numbers
1065910 and 17765
We decompose the numbers 10659 and 17765 into prime factors according to the scheme

10659| 3, 17765] 5
3553 11, 3553] 11
323 17, 323| 17
19] 19, 19] 19

1 1
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Hence, we find the least common multiple
3% % 11,7,9 = 53295

and the geatest common divisor
11 % 17x!9 = 3553

of numbers 10659 and 17765.

6.6.1 Questions

Question 6.2 Fuctorize the given numbers into prime factors
(i) a= 184
(ii) b = 6006
Question 6.3 Calculate the remainder after dividing the numbers given below
(i) a=254 i b=15
(ii) b=2672 i b=848
Question 6.4 List all pairs of prime numbers
(p, 2p+1)
from 1 to 50.

Question 6.5 Check that for p = 3 the numbers p + 10 and p + 20 are prime numbers.
Prove that for a prime p # 3 at least one of the numbers p + 10 or p + 20 is a composite
number.

Question 6.6 Find the greatest common divisor of 425 and 125
(i) by decomposing these numbers into prime factors.

(ii) using the Euclidean algorithm

Question 6.7 Find the greatest common divisor of numbers using Euclid’s algorithm

2672 and 848
Question 6.8 Find integer solution of the system of equations
z+y =180
GCD(z,y) =30
5

Question 6.9 Find the least common multiple of numbers

(1) 9 and 12
(6) 36 and 48

5GCD(x,y) is the greatest coefficient of x and y.
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Question 6.10 Find the least common multiple of numbers
(i) 25 and 235

(i) 512 and 5040

(i) 333 and 555

Question 6.11 Check if, each prime number p can be represented as a product of the dif-
ference and the sum of the natural numbers a and b?

p=(a—Db)(a+b)
Question 6.12 Prove that for every prime p > 4 the number

(p—D+1)

is divisible by 24



Chapter 7

Number representation in
computer arithmetic

Rounding absolute error of a real number

€z = — fl(x)
Relative error of rounding = # 0
x — fl(z)
0p = ————=
x

Rounding percentage error x # 0
—fl
6% = v - fllz) + 100%
x

By rounding off the number x at the r-th decimal place, we add to the r-th digit 1, if the
next digit of x is greater than or equal to 5, otherwise, we delete digits after the r-th. The
operations of rounding the number = on the r-th position are denoted by the symbol fI,.(z).

22
Example 7.1 Let us round - at the 5th decimal place.

22
We convert - into a decimal fraction dividing the numerator 22 by the denominator 7.

? =22:7=3.142857142857...;

As result operation of division, we get the number 3.142857142857...; with infinite number of
digits after the decimal point. On fifth decimal place of this number is digit r = 5, followed
by the next digit 7 > 5 see here 3.142857142857...; Then add 1 to the digit 5 to obtain
rounded off number

22
- = fl5(3.142857142857...) = 3.14286, r =5.

7.1 Notation of numbers in floating decimal point
In calculations with computing systems and computers, numbers are written as floating

decimal points
xr =Fml0°  m — mantissa, c— feature,
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where mantissa
m=0.a1as...c0 ;01 #0; 0<; <9;i=1,2,...,r

The most significant digit alpha; # 0 is always Not zero.
Therefore, the mantissa m satisfies the following inequality

0.1<m<1.

Clearly, the number x can have exact floating point representations on a computer if its
mantissa has a finite number of digits.

For example, % has exact representation because its mantissa m = 0.25 and the feature
c=0.
By contrast, the mantissa of the number

1
-=0.333...
3

it has infinitely many digits m = 0.333..., and does not have an exact computer representa-
tion.

Any number, even with an infinite number of digits, can be saved on the computer with
accuracy of the rounding error of the mantissa at the r-th decimal place.

00..05=0.510"".
——

r—zer

€ <0.

e

For example
% = 0.66666666666...
Rounded to 4th decimal place (r = 4)

xr =

fl(xz) = 0.6667
has rounding error ¢ = 0.0000333...

Question 7.1 Round the following numbers to the 3rd decimal place and write them with
a floating decimal point

)3 20 238
4" 7’ 13

7.2 The absolute error of rounding.
The absolute error of rounding the number = written in a floating decimal point
x = Fml0°

we call differences
€x = flo(x) —x

This error satisfies the inequality

| flo(z) —z |<ex10°



65

where e =0.510"".
Let
x =0.57367864 % 102, r =3.

Then the absolute error of x in the third decimal place of the round is

| £13(0.57367864 % 10%) — 0.57367864 % 10? |=

1
| 0.574 % 10% — 0.57367864  10% |= 0.032136 < 5 1073 % 10 = 0.05.

7.3 Rounding relative error.

Rounding relative error for a given number z = Fm 10¢ # 0 we define as follows:

0y = fo _ 7flT(x) —x, when z # 0.
x

xT

Since the mantissa m > 0.1, therefore the relative error satisfies the inequality

(@ =2 50t 5 20,
T

Indeed
| flo(x) —x = flr(Fm10°) £ m10° |
T n Fm10°
. 107"
< BT = 051007
Fm

1
So the relative error does not exceed computer precision § = 5101*’”.

1
For example, if r = 3 then computer precision § = 510*2

Calculate the relative rounding error of a number x = 0.57367864 x 102

fi(z) — x 0.032136
= = 0.0005601742.
v T 0573678645 102

The relative error is directly related to the percentage error.
Namely, the percentage error is expressed as the formula

0% =100 8,% = 10077 "% Ghen & £0.
X

We calculate the percentage error of z = 0.57367864 % 102

p% = 100 % 0.5601742% 107 3% = 0.5601742 % 10~1% = 0.05601742%.

The results of the computation in the computer of the four arithmetic operations z +y, xy
and division x/y for generic are inaccurate even if z and y are exact data.

For example, let x = 0.11111111 and y = 0.55555555 be 8-digit numbers in 8-digit computer
arithmetic (8-digit mantissa).

Note that the result of multiplication xy = 0.617283938271605 x 10~! has a 15th digit
mantissa m = 0.617283938271605 which is automatically rounded in the computer to the 8
digit mantissa 0.61728394 z absolute error epsilon, = 0.000000018271605.
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Example 7.2 Calculate the value of an arithmetic expression in 3- and 5-digit arithmetic
of numbers in floating-point notation
1,9l
23 %3z +45.27
2
45

Enter: absolute error, relative error, and percentage error of the calculation.

1 1 2
Solution. First, let’s write the numbers z = 2—, y = 3=, z = 45.27, t = 4— in the form of

a floating comma, then we round to the place r = 3 and give the rounding error for each
given number

x =21 =233333..; fls(x) = 0.233% 10, €, = 0.003333....;
y =31 =3.142857142857...;  fl3(y) = 0.314% 10, ¢, = 0.0042857....;
2 =45.27 fls(z) = 0.453% 102, ¢, = 0.07

t =42 =4.222222.. ; fls(t) = 042210, ¢ = 0.00222....;

Next, using the order of arithmetic operations, multiplication, division, addition and sub-
traction, let’s calculate the value of the expression in 3-digits arithmetic:

product = flg(2%) * flg(3%) = fl3(2.33%3.14) = fl5(7.3162) = 7.32
sum = fl3(7.32+ fl3(45.274)) = fl5(7.32 4+ 45.3) = fl3(52.62) = 52.6
numerator = 52,6, denominator k = 4.22,

numerator 52.6

Answerx: The value of the artmetic expression in 3 digit arithmetic is 12.5
Now let’s calculate the value of this expression in 5-digit arithmetic.
We have the following data:

x =21 =233333.; fls(x) = 0.23333% 10, €, = 0.00003333....;
y=3fl51 =3.142857142857...;  fls(y) = 0.31429 10, ¢, = 0.000042857....;
2 =45.27 Fls(2) = 0.4527% 102, ¢, = 0.0

t =42 =4.222222..; Fls(t) = 0.42222% 10, ¢, = 0.0000222....;

Similarly, let’s calculate the value of an arithmetic expression in 5-digit arithmetic

product = fl5(2%) x fls (3%) = f15(2.3333 % 3.1429) = fi3(7.333333) = 7.3333
sum = fl5(7.3333 + fl5(45.27)) = fl5(7.3333 + 45.27) = fl5(52.6033) = 52.603
numerator = 52.603, denominator = 4.2222,

numerator 52.603

= fl3(12.4587) = 12.459

denominator f 5(4.2222)
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Answer: The value of the artmetic expression calculated above in the 5-digit arithmetic is
12,459
Errors: The exact value of the expression: = 12,457

Rounding absolute error in 3 digit arithmetic 12.5 — 12.457 = 0.043.

.04
Rounding relative error in 3 digit arithmetic = 1020—4537 = 0.00345; 0.345%
Rounding absolute error in 5 digit arithmetic 12.459 — 12.457 = 0.002.
0.002

Relative error of rounding in 5 digit arithmetic = = 0.00016; 0.016%.

12.457

7.4 Questions

1
Question 7.2 Round % to the 3rd decimal place.

Question 7.3 Calculate the absolute error of the number 1.5782 rounded to the third deci-
mal place.

Question 7.4 Calculate the absolute error of the sum of the numbers
3.1415 4 1.5782

rounded to the third decimal place.

Question 7.5 Calculate the absolute error of the product of numbers
3.1415 % 1.5782

rounded to the third decimal place.

Question 7.6 Calculate the relative error of the product of numbers
3.1415% 1.5782

rounded to the third decimal place.

Question 7.7 Calculate the relative error of the number quotient

3,1415
1,5782

rounded to the third decimal place.

Question 7.8 Clalculate the relative error of an arithmetic expression
1.5782 4 3.1415 = 0.72345

rounded to three decimal places.

Question 7.9 Clalculate the relative error of an arithmetic expression

1 1 1

2573756

rounded to three decimal places.
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Question 7.10 Calculate the relative error of an arithmetic expression

1
1.5782 4 -
+ 3

rounded to three decimal places.

Question 7.11 Calculate the value of the following arithmetic expression in 3 and 5 digit

floating point arithmetic

2 1 1
249 _C
3+ 3 6

Provide errors: absolute, relative and percentage of calculations.

Question 7.12 Calculate the value of the following arithmetic expression in the 3rd and
5th digit arithmetic of numbers in the decimal notation

2 3
72 x93 +125.97

Y + 256.75
9

Find the errors: absolute, relative and percentage of the calculation.



Chapter 8

Divisibility features of integers.
Congruence and modulo
operation

In this chapter we consider divisibility features and operations for dividing integers with
remainders and congruence modulo operations.

8.1 Divisibility features of natural numbers

Divisibility features of natural numbers result from the general notation of numbers in the
positional system. We are reminding, that in the decimal system, each n-digit number

m = Qp-_10np_2-"""Q1QQ

= Qpo1*10" N a0 %1072 4+ - 4y * 101 4 g * 100

where 0,1,2,3,4,5,6,7,8,9 aredigits of m.
Now, let us formulate and give a simple proof of the feature of dividing a natural number
by 3

8.1.1 Features of divisbility of natural numbers by 3 or by 9

Natural number
m = 0p-10np—2" - 01QQ

is divisible by 3 if and only if sum of digits
Qp_1+ap_2+---+ar+a

is divisible by 3. Moreover, if the sum of the digits is divivisible by 9, then m is also divisible
by 9.
Let us consider a few examples.

Example 8.1 Let m = 24. The digits of this two-digit number, when n = 2, are a; = 2
and ag = 4
Sum of digits

(5] + Qg = 2 + 4 = 6
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is divisible by 3. So 24 is divisible by 3. Indeed
24:3=8

Example 8.2 Let m = 381. The digits of this three-digit number when n = 3 are ag =
3, a1 =8and ag= 1
Sum of digits

O[2+O[1+O[0:3+8+1: 12

is divisible by 3 because 12 : 3 = 4. So 381 is divisible by 3. Indeed

381 :3 =127

Example 8.3 Let m = 5673. The digits of this four-digit number n = 4, are az =5, a2
6, ay = 7and ag= 3
Sum of digits

a3+a2+a1+a0:5+6+7+3:21

is divisible by 3. So 5673 is divisible by 3. Indeed
5673 :3 =1891

Example 8.4 Let m = 48,537. Zithers of this five-digit number, when n = 5, is aq4 =
4, a3 =8, as =05, ag=Tand ag =7
Sum of digits

a3+a2+a1+a0:4+8+5+3+7:27

is divisible by 3and 9. So 5673 is divisible by 3and 9. Indeed
48537 : 3 = 16177, ¢ 48537:9 = 5393
Proof for 2-digit numbers. We write two-digit numbers in the form
ar1ag = a1 x 10 4+ ag
Simple conversion of an algebraic expression
apx104+ap = a1x(9+1)+ap

= 9xa;+ (a1 + ag)

it has a 9* a3 component with a factor of 9, so that component is divisible by 3 and 9.
Hence, we conclude that:

If the sum of the digits alphai + alphag is divisible by 3 or 9, then m is divisible by 3 or 9.
The reverse statement is also true:

If m is divisible by 3 or 9 then the sum of its digits alphai + alphag te .z is divisible by 3
or 9.

We express these two sentences with one sentence:

The number m is divisible by 3 or 9 if and only if its sum of the digits alpha; + alphag is
divisible by 3 or 9.

This two-way relationship is called a necessary and sufficient condition. In this example it
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is a necessary and sufficient condition of dividing m by 3 or by 9.

Let us repeat the proof of the divisibility of the number m by 3 or by 9 for three-digit
numbers.

Proof for 3-digit numbers. Let us write three-digit numbers as follows
asarag = aig x 100 4+ aq * 10 + o
The algebraic expression
ag*x 1004+ a1 *10+ap = ae*(99+1)+a1*x(9+1)+ap
= 99%xay+9*xag + (a2 + a1 + o)

contains term 99 * as + 9 * a1 , which is divisible by 3 and 9. Thus, if the sum of the digits
a9 + a1 + ap is divisible by 3 or 9, then m is also divisible by 3 or 9.

Hence, we conclude that:

If the sum of the digits as + a1 + a is divisible by 3 or 9, then m is divisible by 3 or 9.
The reverse statement is also true:

If m is divisible by 3 or 9 then the sum of its digits aa + a1 + avo is also divisible by 3 or 9.
We express these two sentences with one.

The number m is divisible by 3 or 9 if and only if its sum of the digits aa + a1 + g s
divisible by 3 or by 9.

This two-way relationship is called the necessary and sufficient condition of dividing m by
3 or by 9.

In the general case for n-digit numbers, the scheme of proof of the property of divisibility
of m by 3 or by 9 is the same as for two-digit and three-digit numbers.

Question 8.1 [t is known that the natural number m is divisible by 3 and has ezxactly 4
divisors, the sum of which is 128. Find that number.

8.1.2 The feature of divisibility of a natural number by 5

It is very easy to recognize the number m that is divisible by 5 or not.
A natural number m is divisible by 5 if and only if its ones digits are 0 or 5.

Example 8.5 We check that numbers
30.35.40.45, 150, 155, 2360, 2, 365, 9800.9855.9890.9995
are divisible by 5

Proof of the feature of dividing the number m by 5.
Let us consider a three-digit number m that has a one digit 0 or 5 and let us write this
number in the form

m = as*x102+aq x10

= 5x(2xayx10+2xaq)
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or
m = asx1024+a;*x10+5

= 5x(2xayx104+2xa;+1)

In the general case of n-digit numbers that have unity digit 0 or 5, we also get the form
with factor 5

m = no1*10" 14+, 9x10""2 4 - 4y * 101
= 5k (2%, 1% 10" 2+ 2%y 0% 10" 3 4 -+ 2% )

or
m = 5% (2%, 1%10" 24 2%, 9% 10" 34+ 2xay +aq)

From the above we conclude that the number m, which has the unity digit 0 or 5 is divisible
by 5.

8.2 Dividing numbers by 3 with remainder

Each natural number m is divided by 3 or divided by 3 with the remainder of 1 or the
remainder of 2.

We write
m = 3k when the number m is divisible by 3
m=3k+1 when thenumber m is divisible by 3, remainder 1
m=3k+2 when number m is divisible by 3, remainder 2
Example 8.6 Let us divide two numbers with remainder
e 33:3=11 remainder 0
e 34:3=11 remainder; 1
e 35:3=11 remainder 2

or we write division as fractions

° ? =11 remainder 0
° % =11+ l remainder 1
3 3
2
° % =11+ 3 remainder 2

Example 8.7 The sum of three consecutive numbers divisible by 3 is 36. What are these
numbers?

Solution.
Let’s write three more numbers that are divisible by 3

3k—3, 3k, 3k+3



The sum of these numbers

Hence, we calculate

Answer:

(3d — 3) + 3k + (3d + 3) = 9d = 36

3k—3=3%4-3=0,

3k=3x4=12,

3k+3=3%x4+1=15

The consecutive numbers divisible by 3, which the sum i 36 are

Indeed

9,

12

15

9+12+15=36
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Question 8.2 The sum of three consecutive numbers divisible by 3 is 72. What are the

numbers?

Question 8.3 The sum of three consecutive numbers divisible by 3 with the remainder 1 is
75. What are these numbers?

Question 8.4 The sum of three consecutive numbers divisible by 3 with the remainder 2

equals 105. What are these numbers?

8.3 Dividing numbers by 5 with remainder

Each natural number m is divided by 5 or divided by 5 remainder 1 or remainder 2 or

remainder 3 or remainder 4.

Then we write

m = bk when
m=>5k+1 when
m=>5k+2 when
m =5k +3 when

m =5k+4 when

number
number
number

number

thenumber

m

1S

1S

18

1S

1S

divisible
divisible
divisible
divisible

divisible

Example 8.8 Do the division by 5 of the remainder

e 35:5=7 remainder 0

e 36:5=17 theremainder of

1

e 37:5=7 theremainder of the

2

by 5
by 5,
by 5,
by 5,
by 5,

remainder
remainder
remainder

remainder



e 38:5=7 theremainder of the &
e 39:5=7 remainder 4

or we write division in the form of fractions

° % =7 theremainder of 0

° 35—6 =7+ é the remainder of 1
. 3—; =7+ % remainder 2

. % =7+ % remainder 3

. ? =7+ % remainder 4
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Example 8.9 The sum of three consecutive numbers divisible by 5 is 45. What are these

numbers?

Let’s write three consecutive numbers that are divisible by 5
Solution.

5k —5, 5k, S5k+5
The sum of these numbers
(5d —5) + 5k + (5d +5) = 15d = 45
Where do we calculate k
16k =45, k=45:15 k=3.

Hence, we find three consecutive numbers that are divisible by 5, the sum of which is 45

5k —5=5%3—5 =10,

5k =5%3 =15,

5k+5=5+%34+5=20
Consecutive numbers divisible by 5, have the sum 45 are the following numbers

10, 15 20

Indeed
10+ 15+20=45

Question 8.5 The sum of three consecutive numbers divisible by 5 with the remainder 1
108. What are these numbers?

18
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Solution.
Let’s write three consecutive numbers that are divisible by 5 with a remainder of 1

5k +1, 5k +6, 5k +11
The sum of these numbers
(5k+1) 4+ (5k + 6) + (bk + 11) = 15k + 18 = 108
Where do we calculate k
15k =90, k=90:15 £k =6.

Hence, we find three consecutive numbers that are divisible by 5, the sum of which is 108

S5k+1=5=5%6+1+31,

5k4+6=5%6+ 6= 36,

5k+11=5%6+4+11=41
Consecutive numbers divisible by 5, which have the sum 45 are the following numbers

31, 36 41

Indeed
31436+ 41 =108

Question 8.6 The sum of two consecutive numbers divisible by 5 with the remainder 2 is
79. What are these numbers?

Question 8.7 The sum of three consecutive numbers divisible by 5 with the remainder 3 is
129. What are these numbers?

8.3.1 General rule of divisibility of natural numbers with remain-
ders

Each natural number m is divided by the natural number n with the remainder r. As a
result of the division, we get the integer part & and the remainder r. Then we write

m:n=k+r:n or —=k+— or m=kxn+r
n
where the remainder of r =0,1,2,...,.n— 1.

The operation of dividing numbers results the integer part of dividing m by the number n
with remainder r

e The integer part from division, we write E[m : n] or [m : n].

The value of function integer part E[m : n| is equal to the largest integer not greater than
m:n.

It means
Em:n]<m:n or [m:n] <m:n.

For example, let m =37, n =
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The largest integer in this division but not greater than
2
37:5="T-
5

is equal to 7, wewrite
57 57
5 5

Example 8.10 Calculate the integer part and the remainder of dividing by 6 numbers
m = 36, 37, 38, 3940, 41

E[37:5]=E[—] =7 or ;375 =[—]=T.

Solution:

36 :6 =6, number 36 is divisible by 6, remainder 0, imteger partk =6, r = 0.

37:6 =06, number 37 divides by 6, remainder 1, imteger partk =6, r =1,
38:6 =06, number 38 divides by 6, remainder 2, imteger part k =6, r = 2,
39:6 =06, number 37 divides by 6, remainder 3, imteger part k =6, r = 3,
40:6 =6, number 40 divides by 6, remainder 4, imteger part k =6, r =4,
41:6 =6, number 31 divides by 6, remainder 5, integer partk =6, r =5,

General formula for dividing a natural number m by 6
m=6k+r, remainder r=0,1,2,3,4,5.

Question 8.8 Applying the general formula for dividing a natural number m by 6, show
that each prime p > 3 is divided by 6 with the remainder of 1 or the remainder of 5. Note
the number p in the form

p=6xk+1, or p=6k—1

where k is an integer.
Write prime number p = 7901 in the form p =6k —1

8.4 Congruent numbers

The integers a and b are called congruent modulo number n, if their difference a — b is
divisible by n. It means that a and b divided by n have the same remainder r.
For example

13 is congruent to 3 modulo2  since dif ference (13—3):2=15 is divisible by 2

47 is congruent to 35 modulo 6 since dif ference (47 —35):6=2 s divisible by 2

Charles Gauss (1777-1835) introduced the modulo operation markings.
a = b(modn)
Let us note that if a = b(mod n) then

a—b=kxn
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for some integer k.

Example 8.11 By writing
27 = 13(mod 7),

we understand that the difference of 27 — 13 is divisible by 7. In this example
(27—-13):7=2.
This means that 27 — 13 = 2x 7 for k = 2.

Example 8.12 Which of congruences are true?
7=3(mod 2), true since (7—=3):2=4:2 = 2isdivisibleby2
12 = 5(mod 4), is not true since (12 —15) : 4 = 1 + remainder 3.

Modulo division of a number m by a number n is equal to the remainder r. We write this
using relation of equality =

r=m(modn) or r=(m:n—FE[m:n])xn

For example let
m="7,37, n=2,5

we compute the value of the remainder appling modulo division
r=T7mod2)=1, r=(T:2-E[7:2))x2=(75-2)x2=1
r=37(mod5) =2, r=(37:5—[37:5])%5= (72 —7)*5=2.

Also we calculate the remainder of modulo division on numbers m = 25, 37, and n = 15, 12

r =25(mod 15) = 10 since 25:15=1+4 remainde 10

r=37(mod 12) =1 since 37:12 =3+ remainder 1

The exact result

2 _,, 10
15 15
37 1
ICREART)

Then we write

r =a(modn), 25(mod 15) =10, when a=25 n=15 remainder r =10

r=a(modn), 37(mod12)=1, when a=37, n=12, remainder r=1

Example 8.13 Coalculate 47(mod 5)

We calculate
47 : 5 =9 + remainder 2,

Answer:

47(mod 5) = 2
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Example 8.14 Calculate 123(mod 7)

We calculate
123 : 7 =17 4 remainder 4,

Answer:

123(mod 7) =4

8.4.1 Modulo relation

The modulo relation = on integers has similar properties to the equality relation =.
Below we present properties of the modulo operation

1. Symmetry property a = b(mod n) and b= a(mod n)

Example 8.15 Let us consider the congruences

15 = 3(mod 4) and 3 =15(mod 4)

The numbers a = 15 and b = 3 are congruent with the natural number n = 4 in both

cases, because
(15-3):4=3 and (3—15):4=-3

2. Transitive modulo relation
If the numbers a, b and b, c are congruent modulo integer n,
a = b((mod n) and b= c(mod n)
then the numbers a and ¢ are congruent modulo n.
a = ¢(mod n)

Example 8.16 Let us consider two modulo operations

20 = 12(mod 4) and 12 = 8(mod 4),

a=20, b=12, c=8, n =4.

The numbers a = 20 and ¢ = 8 are also congruent modulo 4 when
20 = 8(mod 4)

because
(20-8):4=3

3. Addition and multiplication of congruences
If the congruences are true

a =b(modn) and c¢=d(modn)
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then the sum of the right and left sides of these congruences satisfies the relation
a+c=b+d(modn)

and the product of the right and left sides of these congruences satisfies the relation
a-c=b-dmod n)

Example 8.17 Let us consider two congruences

15 = 3(mod 4) and 3= 15(mod 4)

The numbers 15 and 3 congruent modulo natural number n = 4, since
(15-3):4=3 and (3—15):4=-3

Power of congruences. In order to exeplain power of congruences let us consider
the example

Example 8.18

Multiplying the congruences by sides, we get
92 = 3%(mod 2), 9% = 33(mod 2), ...,9* = 3¥(mod 2)

or

81 = 9(mod 2), 729 =27(mod 2), ... ;,9% = 3%(mod 2)
We check

(81 -9):2=136, (729—27):2=702:2=351,..,(9"-3%):2=):2

The difference of 9% — 3% is also divisible by 2. Because the unity digits of 9% and 3% are
odd. Namely, the unit digits of the number 9% to

1,9,1,9,1,9, ...

and the unit digits of 3 to
9,7,1,9,7,1,...;

The difference of odd numbers is an even number.
So the number 9% — 3% is divisible by 2 for each natural number k = 1,2,3, ...;
So, the .from the numbers 9% and 3% are consistent modulo 2.

Example 8.19 The value of arythmetic expresion
43125 _ 33125

is divisible by 10.
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By raising congruent equality to the power of 125
43 = 33(mod 10),

we get congruences

43'% = 33'25(mod 10)

The number 43 corresponds to the number 33 modulo 10, since
(43-33):10=1

Therefore, the number 43'2° is congruent to number 33'2° modulo 10. It means that the
difference
43125 _ 33125

is divisible by 10.
Application of congruence to check divisibility of numbers we present in the following ex-
ample

Example 8.20 Applying the property of multiplication congruence prove that the number
7246 11 is divisible by 10.

Solution. Note that 72 + 1 = 50 is divisible by 10. This means that 49 is equal to —1
modulo 10. So we have
49 = —1(mod 10)

Raising the congruences to the power of 123 | we get
4923 = (=1)'23(mod 10),  7*15 = (=1)'?3(mod 10)
Hence we get the congruence
7246 = _1(mod 10)
which means that the number 72464 1 is divisible by 10.

8.4.2 Solution of linear congruences

General equstion of linear congruence
a*x = b(mod n)

where the integers a, b and n are given, and x is unknown

To solve the linear congruence, it means to find all integers which, substituted for z, satisfy
the congruences, that is to find all the integers x for which the number a * z matches the
number b modulo n.

The first question that arises is, as with other equations, how many solutions does linear
congruence have? It can be expected in advance that a linear congruence may have

e one solution, i.e. there is only one integer xy congruent with the number b modulo n
such that
a* xg = b(mod n)

e more than one solution, that is, there is a finite or even infinite number of integers
T1,%2, ..., Tk, ...; Which are congruent with the number b modulo n. Meaning

a x xx = b(mod n), k=1,2,3,..;
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e congruence has no solutions.

The existence of a solution of linear congruence results from the following necessary and
sufficient condition:

Necessary and sufficient condition
Linear congruence
a*x = b(mod n)

has a solution if and only if the greatest common divisor of GCD(a,n) of the numbers a
and n s the divisor of b, that is GCD(a, b)|n.

After reading the above introduction about linear congruences, you need to solve some
congruences to learn how to solve them.

Example 8.21 FEzpand the congruences
2+ x = 3(mod 2)

We check the necessary and sufficient condition for the existence of a solution to this con-
gruence.
Greatest common divisor
GCD(a,b) =GCD(2,2) =2

does not divide

b=3, 2t 3.
So there is no solution to this congruence.
Example 8.22 Solve the congruences

3xx = 6(mod9)

We check the necessary and sufficient condition for the existence of a solution to this con-
gruence.
Greatest common divisor
GCD(a,b) =GCD(3,9)=3
divides the factor
b=6, 3|6, 6:3=2.

So there is a solution to this congruence.
By definition of congruence, we have an equation

3xx—6=9xk,
for all integer values k= 0,+1,£2, 43, ...;

Where do we calculate the solution from
3xx=9%xk+6, zp=3xk+2, for k=0,+1,4+2 £3, ..
Indeed, substituting the solution
zp=3%k+2, for k=0,+1,42 £3,..;

to the congruence
3xx = 6(mod9)

we will get
3% (3xk+2)=6(mod9),
Where does the identity come from
(9%k+6—-6):9=9xk, 9xk=9xk
for each integer value of k = 0,+1,4+2, £3,..,;
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8.5 Questions

Question 8.9 Prove that a two-digit natural number m = a * 101 + a is divisible by 7 if
and only if the algebraic expression
30[1 + (7))

is divisible by 7.

Question 8.10 Prove that a three-digit natural number m = a10? + 110 + g is divisible
by 7 if and only if the algebraic expression

32an + 3aq + Qg
is divisible by 7.
Question 8.11 In general, prove that the natural number (n+1)-digit
m=apl0™ 4+ an_110""" + .. 4 a310% + a1 * 10 4+ ag
is divisible by 7 if and only if the algebraic expression
3y, + 3" tap_1 + ... + 3%as + 301 + ao
is divisible by 7.

Question 8.12 Give a necessary and sufficient condition for the number to be four-digit
m = a310® + a210% + a110 + ag

was divisible by 11.

Question 8.13 Do division with the remainder (i) 52:3 (it) 331:3 (i) 830:3

Question 8.14 The sum of three consecutive numbers divisible by 3 with a remainder of 1
equals 376. What are these numbers?

Question 8.15 The sum of three consecutive numbers divisible by 5 with a remainder of 2
equals 167. What are these numbers?

Question 8.16 Calculate the integer part and the remainder when dividing numbers
m = 136, 237, 3381
byn="1.

Find the general formula for dividing the number m by 7 with the remainder r.

Question 8.17 Calculate
(i) 84 10(mod 4)
(ii) 24 5(mod 7)
(ii)  12(mod 7) + 13(mod 8)

Question 8.18 Add, subtract and multiply the congruences. Check the results of these
operations.

18 = 10(mod 4)
and

25 = 17(mod 4)



Chapter 9

General principle for creating
positional number systems

The general form of positional systems in which we write numbrs is a polynomial
Oznflpnil +an,2p"72+~-~+a2p2+a1p+ao, (91)
where the natural number p > 2 is called the base of the number system. The coefficients
Qp—1, Qp—2, ..., a1, g are called digits of the number system.
The digits
0,1,2,3,...,p—1

of a number in a system with the base p are also one-digit numbers, The number of digits
depends on the base p and is equal to p.
A real number x, we write as a sequence of digits

T = (An—10n—2...000),

In the case of the commonly used decimal system, we leave out the parentheses with the
index p and we write the decimal number without the parentheses as below

T = 0p-10npn_2...0010Q

9.1 Numbers in positional systems. Examples

In this section we present examples of notation of numbers in positional systems
Example 9.1 In the decimal system p = 10. the number
r=2x10+4=24
we write without brackets x = 24
Example 9.2 In binary system, p = 2. The same number
z=1%2"+1%2%4 02 +0%2" +0x2°=1100
we write with brackets x = (10000)2

Example 9.3 In the octal system p = 8. The same number x = 24, we write with brackets
in the octal notation

r=3x840x%8"=(30)s

83
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9.2 Decimal system.

In the decimal system, when the base p = 10, we write a number x as value of a polynomial
at 10
Pn(10) = @, 110"+ a, 210" 2 4 - 4 a119 + ao.

where the coefficients are digits ag, a1, ag, ..., @p—1.

ayp is the number of units of the number x, the coefficient at power p° = 10°.
oy is the number of tens of x, the coefficient with the power p! = 10.

i is the number of hundreds of z, the coefficient with the power p? = 102.
a3 is the number of thousands of the number z, the coefficient with p? = 103.

a1 is the coefficient with the power of pn~! = 1071
The most significant digit is always greater than or equal to 1, a1 > 1.
The digits of the decimal system

0,1,2,3,4,5,6,7,8,9

are also single-digit numbers
We write two-digit numbers in the general form

ap * 10 + ap = aiap,

where the coefficient a1, at 10, the units digit is the coefficient ag

Example 9.4 The number r =57
5% 10+ 7 =57
has the coefficient a1 =5, at 10, the unity digit ag = 7.

We write three-digit numbers in general form
az * 100 + a1 * 10 + ag = aza1ayp,
Then the three-digit number has the general form
as * 102 + a1 * 10" + ag * 10° = asaiag
Example 9.5 Let x = 348. Then in the polynomial notation, we write
x=3%10%+4%10" + 8% 10° = 348,
where the digit ag = 3 at 100, the digit a1 = 4, at 10, the unity digit a9 = 8.
In general, we write n-digit numbers in the polynomial form

an,ll()"*l + an,210"72 + an,gl()"*?’ —+ -+ aiilo + ag = Ap—10np—2...41040,
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where the powers of 10 are:

10 = 10
~—
1
102 =10%10
—
2
103 = 10 % 10 * 10

10" 3 =10%10% 10 % ... * 10

n—3

10" 2 =10%10% 10 % ... * 10
n—2

10" 1 =10%10% 10 % ... * 10
n—1

Example 9.6 Let n = 4, and the four-digit number x = 7831.
We write number x = 7831 in the polynomial form

z="7%10004+8*100+3*10+1 =

7831 or
r="T7x10%+8%10% + 3% 10" +1 = 7831,

where the digit a3 =7 at 1000, the digit ax = 8 at 100, the digit a1 = 3 at 10 and the unity
digit digit ag = 1.

We perform arithmetic operations in the decimal system in the following order:
multiplication, division, addition and subtraction.

This order of arithmetic operations can be changed by parentheses.

In arithmetic expressions with parentheses, we first calculate the value of the expressions in

the parentheses. In this example, we do the addition and subtraction in parentheses first,

followed by the multiplication and division

(12+13)x4—(15—-6):3 = 25%x4-9:3
~—— ~———
25 9
= 100-3=97

The table of addition of numbers to the decimal positional system

Dodawanie dziesietne |
+ |1 |2 |3 |4 5 |6 |7 |8 |9 |10
1 2 |3 |4 |5 6 |7 |8 |9 [10]11
2 3 |4 |5 |6 7 18 |9 |10 |11 |12
3 4 |5 |6 |7 8 |9 |10 11 |12 | 13
4 5 |6 |7 |8 9 (10|11 |12 |13 |14
5 6 |7 |8 |9 1011 1213|1415
6 7 |8 |9 |10 11|12 |13 |14 | 15| 16
7 8 |9 | 10|11 || 12|13 |14 | 15| 16 | 17
8 9 |10 11|12 13|14 |15 |16 | 17| 18
9 10|11 (12| 13| 14| 15|16 | 17|18 |19
1011 |12 (13| 14 || 15| 16 | 17 | 18 | 19 | 20




We explain decimal addition by examples
Example 9.7 Do the decimal addition of numbers 25 and 13
We add the numbers 25+ 13 using the decimal addition table.
25
+ 13
38
Example 9.8 Do add numbers 89 and 56
We add numbers 25+ 13 using the decimal addition table.

89
+ 56

145

The subtraction table in the decimal positional system

Odejmowanie dziesietne |
-1 2] 3| 4| 56| 78| 9]10
140(-1(-2]|-3|-4|-5|-6|-7T]-8]-9
2011 0|-1}{-2-3|-4|-H]|-6]|-7]|-8
3Ift2y1|0(-1)-2|-3|-4]|-5|-6]-7
413 2(1|0}-1|-2|-3|-4|-5]|-6
5(4) 3| 2| 1) 0-1|-2|-3|-4|-5
65| 4| 3|2 1|0(-1|-2|-3|-4
7TIN6 5 4 3 2| 10]-1|-2]-3
8II71 6| 5| 4 3| 21| 0-1]-2
9118 7| 6| 5| 4] 3| 2| 1| 0] -1
1019 8| 7| 6] 54| 3] 2| 1] 0

We explain subtraction by examples
Example 9.9 Do decimal subtraction of 29 and 18

We substruct numbers 29— 18 using the subtraction table.

29
— 18

11
Example 9.10 Do decimal subtraction of numbers 629 and 354

We perfom subtraction of 629— 354 using the subtraction table

629
- 354

275

The multiplication table in the decimal positional system
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Mnozenie dziesietne |

* 1 12 |3 |4 5 |6 |7 |8 |9 |10

11 (2 |3 |4 5 |6 |7 |8 |9 |10
2 2 |4 |6 |8 10|12 | 14|16 | 18 | 20
3 3 16 |9 |12 15|18 21|24 27|30
4 4 |8 | 12|16 20|24 |28 |32 36|40
5 5 | 10| 15|20 25|30 |35 |40 | 45 |50
6 6 | 12|18 | 24|30 |36 |42 | 48| 54 | 60
7 7 | 14|21 |28 35|42 (49 |56 |63 |70
8 8 |16 |24 |32 40| 48 | 56 | 64 | 72 | 80
9 9 |18 |27 |36 | 45|54 |63 | 72|81 |90
10 || 10 | 20 | 30 | 40 || 50 | 60 | 70 | 80 | 90 | 100

We explain multiplication using examples
Example 9.11 Do decimal multiplication 49 and 15

We do multiplication of 49 15 using the multiplication and addition tables

49
x 15

245
49

735
Example 9.12 Do the multiplication of numbers 345 and 123
We multiply numbers 345 x 123 in writing using the multiplication and addition tables

345
x 123

1035
690
345

42435

We explain the written division with examples

Example 9.13 Let us divide 345 by 5

345:5



Example 9.14 Divide 1659 by 21

We do a written division of 1659 : 21.
79

1659 : 21
—147

189
189

9.3 Even and odd decimal numbers

Even integer numbers have unity digit 0 or 2 or 4 or 6 or 8.

Even integers are divisible by 2. We define them by formula
n=2xk, for k=0,+£1, £2, £3,..;
For example
k=0, n=2x0=0,

n=2x1=2,
n=2x2=4,

k=8, n=2x%8=16,
k=26, n=2x26=52.

Sum, difference, and product of even numbers is an even number
For example:
a=38, b=06,

a+b=846=14, a—-b=8—-6=2, axb=8x%6=148

0Odd decimal numbers. Odd numbers have unity digit 1 or 3 or 5 or 7 or 9.
For example, numbers

121, 133, 135, 157, 179
they have the unity digits respectively

1,357 9

Odd integer numbers are of general form

n=2xk+1, or n=2xk—1, for k=0, +1, £2, +£3,...;

For example

k=0, n=2x0+1=1, or n=2%x0—1=-1
k=1, n=2x1+1=3, or n=2x1—-1=1
=2, n=2x%x2+1=25, or n=2%x2—-1=3
k=8 n=2x8+1=17, or n=2%x8—-1=15
k=26, n=2%26+1=53 or n=2%x26—1=51

88
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The product of odd numbers is an odd number
For example:
5%x7=35, 7+x11=77, 9%15=105

The sum or difference of two odd numbers is an even number. On the other hand, the sum
or difference of an odd number and an even number is an odd number.

Question 9.1 The sum of three consecutive odd numbers is 51. Find these numbers.

Solution:
Consecutive odd numbers are

2n+1, 2n+3, 2n+5.

Their sum
@2n+1)+(2n+3)+ (2n+5)=6n+9 =51

We calculate n:
6n+9=>51, 6m=42, n=42:6=7
Let’s calculate three consecutive even numbers
2n+1=2x74+1=15, 2n+3=2x7+3 =17, 2n+5=2%x7+5=19.

Indeed
154+ 17+19 =51

Question 9.2 The sum of five consecutive even numbers is 200. Find these numbers.

Solution:
The consecutive even numbers are

2n—4, 2n—2, 2n, 2n+2, 2n+44.
Their sum
Cn—4)+2n—-2)+2n+ (2n+2+ (2n+4) = 10n = 200
We calculate n:
10n =200, n=200:10=20
Let’s calculate five consecutive even numbers

M —4=2%20—4=36, 2n—2=2%20—2=238, 2n=2x%20=40,
M+2=2%20+2=142, 2n+4=2%20+4=44.

Indeed
36 4+ 38 + 40 + 42 + 44 = 200.

Question 9.3 The sum of four consecutive odd numbers is 160. Find these numbers.
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Solution:
The next four odd numbers are

2n—3, 2n—1, 2n+1 2n+4 3.

Their sum
2n—-3)4+(2n—-3)+(2n+ 1)+ (2n+ 3) = 8n = 160
We calculate n:

8n =160, to n=160:8 =20
Let’s calculate four consecutive odd numbers
2n —3=2%20—-3=37, 2n—1=2%20—1 = 39,
2n+1=2%204+1=41, 2n+3=2%20+3 =43.

Indeed
37+ 39+ 41+ 43 = 160

Question 9.4 Between the digits of the number 18519 put the number 2 to get

(a) the largest number

(b) the least
Question 9.5 The sum of three consecutive even numbers is 36. find these numbers.
Question 9.6 The sum of four consecutive odd numbers is 180. Find these numbers.
Question 9.7 The sum of five consecutive even numbers equals 180. find these numbers.
Question 9.8 Clalculate the sum

Sis5=14+24+34+4+5+6+7+84+9+10+11+12+13+14+15
using one multiplication operation and one division operation.
Question 9.9 Clalculate the sum
Sie=2+4+6+8+10+124+14+16
using one multiplication operation.
Question 9.10 Calculate the sum
So1=14+3+5+74+94+11+134+154+17+19+421

using one multiplication operation.

Question 9.11 .

(a) Calculate the sum of the 20 words of the sequence
3,6,9,12,15,18,21, 24,27, 30, 33, 36, 39,42,45,48, 51, 54, 57, 60.
(b) Give the general formula for the sum of n-terms of the sequence
3,6,9,12,15,18,21,- - -, 3n.
(¢) Using this formula calculate the sum of 15 words of this sequence.
Question 9.12 Prove that an algebraic expression

(a+1)(a+1)+ 4, wewrite

is divisible by 4 for each even number a.
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9.4 Binary system.

In the binary positional system the base p = 2. We write binary numbers in the as the value
of a polynomial for argument = = 2.

Pn(2) = an12""t +an22"" 2+ -+ a12 + ag = (an—1an_2...a100)2
We see that there are only two digits 0, 1. Thus, the coefficients
ap,at, "5 An—1

take the values 0 or 1.
For example, a four-digit binary number

T = agasaiag = 1010

has
number of units 2° = 1, ag = 0,
number of doubles 2!, a; = 1,
number of 2’s squares 22, a; =0
number of cubes of 2s 23, a3 = 1.
Note that in the decimal system the base number is p = 10. In the decimal system we write
numbers using 10 digits
0.1,2,3,4,5,6,7,8,9.

In contrast, in a binary system the base is the number p = 2. In binary system there are
two digits
0,1,

which are also single-digit binary numbers.
We write two-digit binary numbers in general form

aq * 2+ ag = (alao)g

Example 9.15 Binary number  x = (11)a, takes the form

1%x241=(11)s.
We write binary three-digit numbers in general form
as 2%+ a3 %28 + a9« 2° = (azaiap)2
where the next powers of two
2x2=22 2t=2 20=1.
Example 9.16 For example, we write the binary number x = (101)y in general notation
ag * 22 + ay * 21 + ag * 2° = (agaya9)2,

1522 40%2" +1%2° = (101)o,

where the binary digit az = 1 is the factor for 22,
binary digit a1 = 0 is the factor for 2,
binary digit of one ag = 1.
The value of this binary number
(101)g =1%22 +0%2' +1%2°=5

decimal 1s 5.
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In general, we write n-digit numbers in positional binary as coefficients algebraic expression
—1 92 —
a:n—12n + a/n—22n + a/n—32n 3 + - CL12 + apg = (anflan72---ala0)2

where the successive powers of 2 are:

2l = 9
~
1
22 =92%2
N
2
23 =2%2%2
——

23 = 2% 2k k... %2
—_—

n—3
M2 = 2% 2k k... %2
—_

n—2

2l = 92% 2% 2% ... %2
—

n—1

Example 9.17 Let n =5, then a five-digit binary number x = (10101)a.
we write in the form of an arithmetic expression

120 4028 +0%22 + 0% 2" +1%2° = (10001),

where the factor for 2* is aq = 1,

the factor for 23 is az = 0,

the factor for 22 is ay = 0,

wpfactor for 21 is equal to a; = 0,

and the binary unity factor with 2° is equal to ag = 1.

9.4.1 Decimal to binary conversion

Any decimal number can be converted to binary. This conversion is simple. Namely, we
divide the decimal number by 2 and write the remainder. Then we divide the integer part
of this division by 2 and write the remainder. We continue to divide integers by 2, writing
their remainders until after dividing by 2 we get an integer equal to 0.

We get a binary number by writing the division remainder in order, starting with the
last remainder and ending with the first remainder as the digit of binary unity. Let’s see
converting decimal numbers to binary for examples.

Example 9.18 Convert decimal x = 9 to binary
We divide the decimal number x = 9 by 2

4—1—% reminder rg = 1, 9=2x4+1

Il
o

reminder r1 = 0, 4=2%2+40

I
—

reminder ro = 0, 2=2x%x140

O—l—% reminder r3 =1, 1=2x0+1

NI NN NN



By writing the remainder in the order from last to first we get a binary number
(T3T2T1T0)2 = (1001)2

Let’s repeat another division of 9 by 2 according to a different pattern used

Liczba x/2 | Reszta z dzielenia przez 2
9/2=4 | 1
4/2 = 0
2/2 = 0
1/2=0 | 1

The result is a binary number by writing the remainder in order from last to first
(1001)4
Indeed
(1001)g = 1523 + 022 +0%2' +1%2° =8+ 1=0.
Example 9.19 Convert decimal x = 15 to binary

We divide the decimal number z = 15 by 2

15

3= 7+ % remainder ro = 1 because 15=2x7+1
g =3 remainder r1 =1 because 7T=2%3+1
3 .

3= 1 remainder ro =1 because 2=2x%1+1
1

3= 0+ % remainder r3 =1 because 1 =2x0+1

By writing the remainder from last to first, we get a binary number
(T3T2T1T0)2 = (1111)2

Let us repeat successive divisions of 15 by 2 according to the used scheme

Number x/2 | remainder from divide by 2
15/2 = 1
7/2=3 | 1
3/2 = |1
1/2=0 |1

As a result, we get a binary number by writing the remainder in order from last to first
(1111)2

Indeed

(1111) =1 %22 4+ 1522 + 12 +1%2°=84+4+2+1=15.
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9.4.2 General scheme for converting numbers from decimal to bi-

nary

As in the examples above, in the general scheme we divide the decimal number z by 2.

x To

— =k —.

g ~ Rt
from where

X :2*I€0+T0

where Ky is the total of displaystyleE[5] and o is the remainder of dividing = by 2
Generally, we write

ki Tit1
- = k’L )
2 1t
where
ki = 2% k:l'Jrl +T1'+1, = 0, 1, 2, N
for

ks
kit1 = E[E] i riy1 remainder with divide k; by 2

9.4.3 Algorithm

Let’s write the successive division in the following scheme

Number x remainder
$/2:I€0+T0/2 To
k0/2:l€1+7"1/2 1

|
|
|
|
k1/2:k2+7”2/2 | T2
I
|
|

k2/2:k3+7”3/2 T3
km72/2 = kmfl + Tm71/2 Tm—1
km—1/2=041,/2 T'm

The result is a binary number by writing the remainder from last to first

T = (YmPm—-1Tm—2---T170)2

9.4.4 Proof of algorithm

Note that the above-mentioned algorithm converts the decimal number z to a binary num-

ber.
From this algorithm, we find

X = 2]€0+T0 | k0:21€1+7"1
= Phy 42204211 410 | ko= 2ks 47
= 2%y + 233 4+ 2%y + 211 + 10 | ks = 2ka+ 74

= 2m711€m,2 —+ 2m727”m,2 + -4 227”2 —+ 27”1 “+ 70 | km,Q = 2I€m,1 4+ rm—1
= 2k, +2" lr 22 4 20 1 | km_1 = 2km +7m

= 2Mpr . 42" e e 42209 4+ 2r + 1 | km=1m

= (Tmefle,Q...TQTlTo)Q |
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Let’s apply the above algorithm converting the decimal number z = 256 to binary.

Number x/2 | remainder z division by 2

256/2=128 | 0
128/2=64 | 0
64/2=32 | 0
32/2=16 | 0
16/2 =8 0
8/2=4 0
4/2 =2 0
2/2=1 0
1/2=0 1

The result is a binary number by writing the remainder of the above table in order from
last to first
x = 256 = (100000000)2

Indeed

(100.000.000) = 1% 2% + 0% 27 +0%26 +0%2% +0%2* +0%23 + 022 + 0% 2" +0%2° = 256.

9.5 Binary arithmetic
Arithmetic operations in the binary system:
addition, subtraction, multiplication and division

are performed in a similar way as in the decimal system. We remind that in the deci-
mal system, we perform arithmetic operations with the bese p = 10 and decimal digits
0,1,2,3,4,5,6,7,8,9.

In the binary system, we perform arithmetic operations when bases p = 2 and when binary
digits are 0, 1

9.5.1 Binary Addition
The tablet of binary addition

ol 1t |
01l O 1
1 1| (10)2
Binary sum
0+0=0
0O+1=1
1+0=1

14+1=(10)3 =1%2 +0%2°
We explain binary addition by examples

Example 9.20 Do a binary addition of the decimals 5 and 3
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We write the decimal number 5 in binary notation. (101); and the decimal number 3 we
write binary (11)s.
Let us perform binary addition of (101)2 + (11)2 using the binary addition table.

101
+ 11

1000

Indeed

5+3=(101)2 4 (11)2 = (1000)2 = 1 %23 + 0% 22 + 0% 2' + 0% 2° = 8.

9.5.2 Binary subtraction

The binary subtraction table

11 0 -1

1 1
Binary substruction

0-0=0

0-1=-1

1-0=1

1-1=0

We explain binary subtraction by examples. Thus, we write the decimal number 5 in binary
notation (101)2 and the decimal number 3 we write binary (11)s.
Let us perform binary substruction of (101)y — (11)2 using the binary addition table.

Example 9.21 Do a binary addition of the decimals 5 and 3

We do a written binary subtraction of (101)2 — (11)2 using the binary subtraction table.

101
— 11

10

Indeed
5—3=(101)2 — (11)2 = (10)g = 1 % 2" + 0% 2° = 2.

9.5.3 Binary Multiplication

Binary multiplication table

L loft]

0y 0
1] 0
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Binary multiplication

0x0=0
0x1=0
1x0=0
1x1=1

We explain binary multiplication by examples
Example 9.22 Do a binary decimal multiplication of 5 and 3

We explain binary multiplication by examples. So, we write the decimal number 5 in binary
notation (101)2 and the decimal number 3 we write binary (11)s.
Let us perform binary multiplication of (101) * (11)2 using the binary addition table.

101
* 11

101
101

1111

Verificaction:

5%3=(101)y % (11)g = (1111) = 1% 2% + 1% 22 4+ 1% 2" + 1 %2 = 15.

9.5.4 Binary division

We explain binary division by examples
Example 9.23 Do binary decimal division 15 divide by 3

We explain binary division by examples. Thus, we write the decimal number 5 in binary
notation (101)2 and the decimal number 3 we write binary (11)s.
Let us perform binary division of (101)s2: (11)2 using the binary addition table.

1111 :11
11

=11
11

5:3=(101)2: (11)2 = (101)g = 1 %22 + 0+ 2" + 1% 2° = 5.

9.6 Binary odd and even numbers

As in the decimal system, we recognize binaryeeven and odd numbers by the unity digit.
Namely, if the unitary digit of a binary number is O then the binary number is even, other-
wise, if the unitary digit of the binary number is 1 then the binary number is odd.
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9.6.1 Binary even numbers

1. Even binary numbers have unity digit 0.
For example, binary numbers

10, 110, 1010, 110110, 111110110

Since they have the unity digit 0, so they are even.
2. Even binary numbers are divisible by binary (10) — 2. The general form of even binary
numbers is
1
n=10%k, for k=0,10,100,110,1000, ...

For example

k=0, n=10%0=0,
I{j:l’ n:lO*lZlO,
k=10, n=10%10= 100,

k =1000, n = 1000x* 100 = 10000,

3. The sum, difference and product of even binary numbers is even binary
For example:
a = 1000, b= 110,

a+b=1000+ 110 = 1110,
a—b=1000 — 110 = 10,
a* b= 1000+ 110 = 110000

9.6.2 Binary odd numbers

1. Binary odd numbers have the units digit 1.
For example, the following binary odd numbers are odd

111, 111, 1011, 110111, 111110111
2. Binary odd numbers have the general form
n=(10)axk+1, orn=(10)2xk—1, for k=0,10,100,110,1000,...;

For example

k=0, n=10%0+1=1, or n=10%0—-1=—1
k=1, n=10%1+1=11, or n=10%1-1=1
k=10, n=10%10+1= 101, or n=10%10—1=11

k =1000, m=10x%10004+1=10001, or n=10%1000 -1 =1111

IHere binary numbers (10)2 = 10, 110 = (110)2, 1010 = (1010)3 etc...;
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3. The sum or difference of two odd binary numbers is even. For example
101 +11 =1000, 101 —-11=10

Give another example.

4. The product of odd binary numbers is an odd number

For example:
101 %11 = 1111, 111101 = 100011

Give another example.

5. Conversely, the sum of an odd binary and an even binary is an odd number.

For example

101 + 110 = 1011.

Give another example

6. Similarly, the difference between an odd binary and an even binary is the odd. For
example

111 - 100 =11

Give another example.

9.6.3 Examples

Question 9.13 The sum of two consecutive odd binary numbers is equal to (100000)s. Find
these binary numbers.

Solution:
Two consecutive odd binary numbers are

(10)3xn—1, (10)axn+1

Their sum 2
(10xn—1)+ (10*xn + 1) = 100 * n = 100000

We find n:

100 * n = 100000, to n = 100000 : 100 = 1000

Let’s calculate two consecutive odd numbers
10xn—1=10%1000—1=1111, 10%xn+1=10=1000+ 1 = 1001.
Indeed, we Check in the binary system:
(10xn —1)+ (10%xn+1) = 10% 1111 + 10 * 1001 = 11110 + 10010 = 100000

Question 9.14 The sum of three consecutive even binary numbers is (11000)2. Find these
numbers.

2Here we omit the bracket 10 = (102)
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Solution:
The consequtive three binary even numbers are:

10«n — 10, 10x%n, 10*xn+ 10.

Their sum

(10 xn — 10) + (10 % n) + (10 xn + 10) = 110 % n = (11000)s.

We calculate n:
110 * n = 11000, n = 11000 : 110 = 100.
Let’s calculate three consecutive binary even numbers
10%n — 10 =10* 100 — 10 = 110,
10 % n = 10 % 100 = 1000,

10 *n + 10 = 10 * 100 4+ 10 = 1010,

(110)2 + (1000)2 + (1110)2 4 (1010)2 = (11000)s.
Question 9.15 Calculate the sum of binary numbers
S1010=1+10+ 114110+ 101 4+ 110 4 111 + 1000 + 1001 4 1010
using only one binary multiplication operation and one binary division operation.

Solution:
Let’s write the sums in reverse order and add the equal sides as follows

S1o10 = 14+10+114 1104 101 + 110 + 111 + 1000 + 1001 4 1010

S1o 1010 41001 4+ 1000 + 111 + 1104101 + 100 +11 4+ 10+ 1

10 * 819010 = 101141011+ 1011+ 1011+ 101141011 + 1011+ 1011+ 1011+ 1011

1010 components of the sum

Where do we calculate the sum of Sip10 using one binary multiplication operation and one
binary division operation.

(10)3 * Syo10 = (1010)  (1011)y = (1101110)5
S1010 = (1101110)5 : (10)g = (11111),

Check the solution in decimal.

9.6.4 Questions

Question 9.16 Convert decimals to binary using the conversion algorithm.

(a) =53
(b) x = 1,025
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Check the obtained conversion results.

Question 9.17 .
(a) Convert 513 and 25 decimal numbers to binary. Check the result
(b) Add binary numbers

(1000000001)2 + (100001 )2

Question 9.18 .

(a)  Convert 256 and 16 decimals to binary number. Check the result
recalculation.

(b)  Subtract binary numbers

(100000000)2 — (1000)2
Check the result of the subtraction.

Question 9.19 .
(a)  Convert 129 and 3 decimals to binary number. Check the result
of calculation.
(b)  Multiply 129 and 3 in the binary system. Check the result of the multiplication.

Question 9.20 .

(a)  Convert 63 and 3 decimal number to binary number. Check the result.
of calculation.

(b)  Divide 63 by 3 in binary system. Check the division result.

Question 9.21 How many different three-digit binary numbers are there?

Question 9.22 Calculate the value of an arithmetic expression respecting the order of ad-
dition, subtraction, multiplication and division.

(10)g # (101)3 + (11)3 * (101)3 — (110) : (10)s

Question 9.23 Calculate the value of an arithmetic expression respecting the order of the
arithmetic operations with parentheses.

(a)
(100) * ((10) % (101)g + (11)g % (101)y).

(b)
(10)2 * ((110)2 : (10)2 — (1000)2 : (100)2)

Question 9.24 The sum of five consecutive even binary numbers is (100100)2. Find these
numbers.

Question 9.25 Calculate the sum of even binary numbers
S10100 = (10)2 + (100)2 + (110)2 + (1000)2 + (1010)2 + (1100)2+
+ (1110)2 + (10000)2 + (10010)2 + (10100)2

using only one binary multiplication operation.
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9.7 Octal system.

In octal system the, base is p = 8. Thus values of octal numbers in polynomial notation
P(8) = an_18""" + an_28" 2+ +a18" +ao8" = (an_1a,_2...a1a0)s

Octal digits are:
0,1,2,3,4,5,6,7

The digits of the octal system 3
(QO; Qp, e, O‘nfl)8

take values of 0,1,2,3,4,5,6,7.

For example, octal © = (agazaiag)s = (1257)s ma

number of units 8° = 1, ag =7,

number of eights 8, a; = 5,

number of eight squares 82, ap = 2

number of eight cubes 8%, a3 = 1.

Note that in the decimal system the base number is 10 and we write numbers using 10 digits

0,1,2,3,4,5,6,7,8,9.
However, in the octal system the base is 8
0,1,3,4,5,6,7

and we write octal numbers using 8 octal digits For example, we write two-digit octal
numbers in general form as follow

aj * 8+ apg = (alao)g

where the eighth digit is the factor a;, the one digit is the factor ag

Example 9.24 Octal number x = (65)s

6%8+5%8" = (65)s.

Here the digit of eights is the factor a1 = 6, the one digit is the factor ag = 5. The decimal
value for this octal number is 53.
Indeed, let’s take the decimal value of the octal number (65)s

(65)s =68+ 5%1=>53
We write three-digit octal numbers in general form
as % 8% +a; 8 +agx8° = (azaiap)2
where the next powers of eight

8x8 =82 8'=8, 8°=1.

30ctal numbers we write (g, @1, ++,pn—1)s in parentheses with the id at the bottom 8.
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Example 9.25 For example, octal x = (256)s in general notation we write
a9 * 82 “+ aq * 81 + ag * 80 = (CLQCLlCLO)Q,

2% 8% + 58" + 68" = (256)s,

octal digit of units ag = 6.
The value of this number in the decimal system

(256)s =222+ 5% 81 4+ 68" =174

In general, n-digit numbers in the positional octal system are written as coefficients of
algebraic expression

18"  + ap—28" "2+ + a18' + ag *8° = (an_1an_2...a1a0)s

Example 9.26 Let n = 5, then a four-digit octal number © = (1024)s.
we write in the form of an arithmetic expression

18 +0%8% 428 +4x8° = (1024)5

where the factor for 8 is a3 =1,

factor for 8% is as =0,

factor for 8% is ay = 2,

the one factor for 8° is equal to ag = 4,

Let’s calculate the decimal value of this number

1x83+0%x82+2x8 +4%x8 =512+ 16+4 =536

9.7.1 Convert decimal numbers to octal numbers

Any decimal number can be converted to octal. As for the binary system, this conversion
is simple. Namely, we divide the decimal by 8 and write the remainder. Then, we divide
the the integer part of this division by 8 and write the reminder. We continue to divide the
integers by 8, writing down their remainders until we get an integer equal to 0.

We get an octal number by writing the remainder of the division in order, starting with
the last remainder and ending with the first remainder as the digit of octal unity. Let’s see
decimal to octal conversion for examples.

Example 9.27 Convert decimal x = 38 to octal
We divide the decimal number z = 38 by 8

38—8 =4+ g remainder ro = 6 because 38 =84+ 6
4
3 =0 remainder r1 =4 because 4=0+4x1

By writing the remainder in order from last to first, we get an octal number

xr = (TlTo)g = (46)8

Let’s repeat another division of 38 by 8 according to a different pattern used

Number x/2 |  remainder division by 2
38/8 =4 | 6
4/8=10 | 4
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The result is an octal number
Tr = (46)8

r=(46)3 =4+8+6%8° =8+ 1 = 38.

9.7.2 General scheme for converting numbers from decimal to octal

As in the examples above, in the general scheme, we divide the decimal number x by 8.
§:k0+%, {E:2*I€0+T0
where kg is the integer part, r¢ is the remainder of dividing = by 8

9.7.3 Algorithm

Let’s write the above successive divisions by 8 in the following scheme

Number x remainder
$/8:I€0+T0/8 To
k0/8:k1+7"1/8 T1

|

|

|

|
k1/8:l€2+7"2/8 | T2
ka/8 = k3 +13/8 |

km72/8 = kmfl +Tm71/8 Tm—1
km71/8:0+rm/8 | T'm

The result is an octal number by writing the remainder from last to first

= (TmTm—1Tm—2---T170)8

9.7.4 Proof of algorithm

Note that the above-given algorithm converts the decimal number = to the octal number.
From this algorithm, we find

r = 8kg + 10 | ko = 8k1 + 11
= 8%y +8%ry +8r1+ 19 | ko =8ks+rs
= 8%; + 83 + 8%y + 811 + 10 | ks = 8ka+ 74

e e | .........
= 8"k o+ 8" 2rp o+ + 820+ 81470 | km—2 =8km—1+ Tm-1
= Smkm+8m717"m,1+"'+82T2+8T1+T0 | km,1:8km+7"m
= 8, +8" 1y 1+ +8%ry+ 8 + 10 | km=1m
= (Tmefle,Q...TQTlTo)g |
End of the proof.

For example let’s apply the above algorithm to convert the decimal number x = 256 to
octal.

Number x/8 |  remainder division by 8
256/8=32 | 0
32/8=4 | 0
4/8=0 | 4
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The result is an octal number by writing the remainder of the above table in order from last
to first

x = 256 = (400)s

z = (400)s = 4+ 8% + 0 x 8" + 0 % 8° = 256.

9.8 Octal arithmetic

Arithmetic operations in the octal system, addition, subtraction, multiplication and division
are performed in a similar way as in the decimal system. We remind that in the decimal
system, the base p = 10 by performing operations on decimal digits

0,1,2,3,4,5,6,7,8,9.
Similarly, in octal system, the base is p = 8 and operations are executed with octal digits
0,1,2,3,4,5,6,7.

9.8.1 Octal addition

Let us write the octal addition table

addition octal |

+ {0 1 2 3 4 5 6 7

0 0 1 2 3 4 5 6 7

1 1 2 3 4 5 6 7 10
2 2 3 4 5 6 7 10 11
3 3| 4 5 6 7 10 11 12
4 41 5 6 7 10 11 12 13
5 5 6 7 10 11 12 13 14
6 6 7 10 11 10 13 14 15
7 7 10 11 12 13 14 15 16

Example 9.28 Do octal addition of decimals 25 and 13

We write decimal 5 in octal notation (31)s and decimal 13 as octal (15)s.
Let us write octal addition (31)s + (13)s using the octal addition table.

31
+ 15

46

(46)s = 4 %8 + 6 x 8 = 38.
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9.8.2 Octal subtraction

The octal subtraction table

substeruction octal |

-1l0 |1 2 3 4 5 6 7

010 |-1 21 3| 4] -5| 6| -7
1 1] 0 1] -2 3] 4| -5| -6
2 211 0 -1 2| 3| 4] -5
3 3| 2 1 0 1] 2| -3 4
4 41 3 2 1 0 -1 -2 -3
5 51| 4 3 2 1 0 1] -2
6 6| 5 4 3 2 1 0 -1
7 71 6 5 4 3 2 1 0

We explain octal subtraction by examples
Example 9.29 Do octal subtraction of the decimals 9 and 8

We write decimal 9 in octal notation (11)s and decimal 8 as octal (10)s.
Let us write octal subtruction (11)s — (10)s using the octal subtruction table.

11
— 10

1

9—8 = (11)s — (10)s = (1)s = L.

9.8.3 Octal multiplication

The octal multiplication table

| multipliication octal

1 ]2 3 4 5 6 7

2 3 4 5 6 7
4 6 10| 12| 14| 16
6 11 14| 17| 22| 25
10| 14 20| 24| 30| 34
12 17 20| 31| 36 | 43
14| 22| 24| 31| 36| 52
16| 25| 34| 43| 52| 61

N O U W N ¥
N O U W N

Example 9.30 Do the decimal multiplication of decimals9 and 15

We write decimal 9 in octal notation (11)g and decimal 8 as octal (10)s.
Let us write octal uultiplication (11)g * (10)s using the octal multiplication table.

17

* 11

17
17

207
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Multiplying decimals
9% 15 =135

Octal multiplication

(207)s =2% 82 +0%8 +7%8Y=2x64+7=135

9.8.4 Qctal division

We explain octal division by examples
Example 9.31 Do decimal octal division 45 divide by 3

We write decimal 45 in octal notation (11)s and decimal 3 as octal (3)s.
Let us write octal division (55)s : (3)s.

17

95:3
-3

25
25

45:3 =15
(55)s : (3)s = (17)s = 18 + 7 = 15.

9.9 Octal numbers even and odd

As in the decimal system, even and odd octal numbers are identified by the unity digit.
Namely, if the unity digit of an octal is 0 or 2 or 4 or 6, then the octal is even, otherwise if
the unity digit of an octal is 1 or 3 or 5 or 7, then the octal number is odd.

9.9.1 Even octal numbers

1. Even octal numbers have unity digit
0, 2,4, 6.
For example, octal even numbers
0, 2, 4, 6, 10, 12, 14, 16, 20, 22, 24
have the unity digit 0, 2 4, 6.

2. Even octal numbers are divisible by the octal 2. The general form of even octal numbers
c
is:
n=2xk, for k=0,1,2,3,4,5,6,7,10,12,14, ...;

4Here the octal numbers (1)s = 1, (2)g = 2, (3)s etc ...; we write with parentheses
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k=0, n=2x0=0,
, n=2x1=2
=2, n=2x2=4,
k=3, n=2%x3=06,
k=4, n=2x4=10,
k=5 n=2x5=12,

3

3. The sum, difference and product of even octal numbers is an even octal
For example

a=(12)s, b= (36)s,
a+b=(12)s + (36)s = (50)s,
a—b=(12)s — (50)s = —(24)s,
axb=(12)s * (36)s = (454)s

9.9.2 0dd octal numbers

1. Odd octals have unity digit 1 or 3 or 5 or 7.
For example, octal numbers

1, 23, 35, 47, 121, 123, 125, 127

have the unity digits 1, 3, 5, 7, 1, 3, 5, 7..

2. The general form of octal intege odd numbers is:

n=2)sxk+1, orn=(2gxk—1, for k=0, £1, £2, +£3, +4,..;

e

For example

k=0, n=2x04+1=1, or n=2x0—-1=-1
k=1, n=2x14+1=3, or n=2x1—-1=1
, n=2%x24+1=5, or n=2%x2—-1=3
k=3, n=2x34+1=7, or n=2x3—-1=5
k=4, n=2x44+1=11, or n=2x4—-1=7
k=5 n=2x541=13, or n=2x5—-1=11
k=6, n=2x6+1=15, or n=2x6—-1=13

3. The sum or difference of two odd octal numbers is even.

4. For example
(13)s + (11)s = (24)s, (13)s — (11)s =2

Give another example.

108
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5. The product of odd octal numbers is an odd number
For example:
(13)8 * (11)8 = (143)8;

Give another example.

6. On the other hand, the sum of an odd octal and an even octal is an odd number.

For example

(26)s + (15)s = (43)s.
Give another example

8. Similarly, the difference between an odd octal and an even octal is an odd number.
For example

(26)s — (15)s = (11)g

Give another example.

9.9.3 Examples

Example 9.32 Convert decimals to octal numbers
(a) =100
(b) y=500

Solution (a):
We divide 100 decimal by 8 according to the scheme

Number x/8 | remainder division by 8
100/8=12 | 4
12/8 = 1 |4
1/8=0 | 1

The octal of the decimal number x = 100 is obtained by writing the remainder of this
division from the last to the first
x = (144)g

r=(144)g = 1% 8>+ 4%8+4=64+32+4 =100

Solution (b):
We divide the decimal number 500 by 8 according to the scheme

Number x/8 | remainder divisionby 8
500/8=62 | 4
62/8 =17 | 6
7/8=0 | 7
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The writing of the decimal number z = 500 is obtained by writing the remainder of this
division from the last to the first
x = (764)s

2= (T64)s =T7+82+6+8+4 =64+ 32+ 4 = 448 + 48 + 4 = 500

Example 9.33 The sum of two consecutive odd octal numbers is (500)s. Find these binary
numbers.

Solution:
Two consecutive odd octal numbers are

(2)8*7’L—1, (2)8*7’L—|—1

Their sum °

2*n—1)+(2*n+1)=4%n=>500
We calculate n:
4xn =>500, to n=>500:4=120

Let us calculate two consecutive octal odd numbers

(2)s*n—1=(2)g*(120)s — 1 = (237)s,

(2)s*n+1=(2)g* (1205 + 1 = (241)s.
Let us Check the resullt in the octal arithmetic

(2)s %1 — 1) + ((2)s ¥ 1+ 1) = (237)s + (241)s = (500)s

Also, let us check the solution in decimal arithmetic.

Example 9.34 The sum of three consecutive even octal numbers is (52)s. Find these num-
bers.

Solution:
The next three even octal numbers are

(2)8 *n — (2)8; (2)8 *n, (2)8 * N 4+ (2)8
Their sum
[(2)s 1 — (2)s] + (2)s * n + [(2)s * 1 + (2)s] = (6)s * n = (52)s.
WE calculate n:
(6)8 *Nn = (52)8; n = (52)8 : (6)8 = (7)8

Let’s calculate three consecutive binary even numbers
(2)s*n—(2)s = (2)s * (T)s — (2)s = (14)s,
(2)s ¥ n = (2)s * (7)s = (16)s,
(2)s*n+ (2)s = (2)s * (T)s + (2)s = (20)s.

(14)s + (16)s + (20)s = (52)s.

5Here we omit the bracket 2 = (2)s perform operations on octal numbers
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Example 9.35 Calculate the sum of the octal numbers
S =10+114+12+ 13+ 14+ 15+ 20
using only one octal multiplication operation and one octal division operation.

Solution.
Let’s write the sum components in the reverse order and add the sum components side by
side by doing octal addition on octal numbers as follows:

Sy = 104+114+124+13+14+15+16+ 17+ 20

Sa0 204+ 174+164+15+14+13+12+ 11410

2%S% = 30430+ 304 30+ 30+ 30+ 30+ 30+ 30

(11)s oktalnych skladnikow sumy

Where do we calculate the sum of Ssg using one octal multiplication operation and one octal
division operation

(2)8 * SQQ = (11)8 * (36)8 = (416)8
Sa0 = (416)s : (2)s = (207)s

Check the solution in decimal.

9.9.4 Questions

Question 9.26 Convert decimal numbers to octal numbers using the octal conversion algo-
rithm.

(a) x =53
(b) x =1025
Check the obtained conversion results in the octal and decimal systems.

Question 9.27 .
(a)  Convert 513 and 25 decimals to octal numbers.
(b)  Add the octal numbers

(1003)g + (10005)s

Check the result of the addition in the octal and decimal systems

Question 9.28 .
(a)  Convert 256 and 16 decimals to octal numbers.
(b)  Subtract octal numbers

(10005)s — (1003)s

Check the result of the subtraction in the octal and decimal systems.

Question 9.29 .

(a)  Convert 129 and 3 decimals to octal numbers.

(b)  Multiply the numbers 129 and 3 in the octal system Check the result of multiplication
in the octal and decimal systems.
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Question 9.30 How many different two-digit octal numbers are there?

Question 9.31 Calculate the c value of the octal number arithmetic observing the order of
addition, subtraction, multiplication and division

Question 9.32 Calculate the value of an arithmetic expression respecting the order of the
arithmetic operations with parentheses.

(a)
(2)s # [(10)s * (11)s + (11)s * (12)s]-

(b)
(3)s * [(160)s : (10)s — (20)s = (100)s]

Check the result of the octal computation in the decimal system.

Question 9.33 The sum of three consecutive even octal numbers is (14)s. Find these num-
bers.

Question 9.34 Calculate the sum of the odd octal numbers

Sz = (11)s + (13)s + (15)s + (17)s + (21)s + (23)s

using only one octal multiplication operation



Chapter 10

Polynomials

By polynomials we understand the simplest class of functions with a very wide range of
applications. The class of polynomials includes polynomials of degres n = 0,1,2,3,...,m,
polynomials of single variable and more then one variables and polynomials of interpolation

In curiculum of primary and secondary schools polynomials appear in a very elementary
form. In this chapter, polynomials are considered in the simplest form.

10.1 Monomials, binomials, and trinomials

A monomial is a sequence of numbers or a sequence of numbers and letters, or a sequence
of only letters joined by the multiplication operation.
Let’s list a few monomials

125 247, one number is amonomial
2%5%7, 3x4%5%6x%7,

3xaxb ax*xbxc,

dxxbxrxyxz, Hra®*b®

Bxadxy?*2>  Tx9xat*bxabxy7.

Each monomial is a special arithmetic or algebraic expression because they contain numbers
or letters that are only connected by a multiplication operation.
The binomial is the sum of two monomials.
For example
a+b, a—b, a®+b% 323+ 55

Similarly, a trinomial is the sum of three monomials.

For example
a+b+c, 2xx3+4xy> +5*T*Y,
a?+2xa*xb+ b2 22— 2%z xy+ 1y

10.2 Linear function.

A linear function, i.e. a polynomial of degree n = 1 is a binomial of the special form:
wi(z)=ax+Db (10.1)

with the coefficients a and b and the variable x.
The binomial wq(z) = a x + b is called a linear function, because its graph is a straight

113
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line. If the coeflicient a = 0 then the linear function is a constant whose graph is a straight
line parallel to the = axis. The linear function determines the relationship between the
coordinates x and y, which we write

wi(x) = ax + b, or y=axr—+b

—1

Graph of the linear function y = x — 1, in the coordinate system x,y

Note that the straight line of the equation y = x — 1 passes through the points (0, —1), (1,0)
and through the point (2,1). We compute the values of this linear function below for the
argument x =0, 1, 2

wi(0)=0-1=-1, wy(1)=1-1=0, wi(2)=2—-1=1.

Let us observe that exactly one straight line passes through two different points.
The equation of a line passing through two points with coordinates

(anyO)a (xlayl)
we write as the following relation between x and y coordinate

Tr— X Tr — X

y= Yo + 1 (10.2)

Tro— T Tr1 — o

Indeed, when = = zy then y = yg or when x = x; then y = y;.
It means that the points (xo,yo), (z1,y1) lie on the straight line, because their coordinates
satisfy the line equation.

Example 10.1 Write the equation of a straight line passing through two points (zg,yo) =
(=1.0) 7 (x1,y1) = (0.1). Which of the points (1,1), (1,2) belongs to the straight line ?.

Solution:
We write the equation of the straight line passing through the points

(o,50) = (=1.0) i (x1,51) = (0,1)
by substituting to the formula (15.2) the coordinates

T — T +x—x0 z—0 O+x+1 1 1
— = * * =T
Y {E()—.Ilyo xl—xoyl —-1-0 0+1

Hence, we find the equation of a straight line passing through the points (—1.0) and (0.1)

y=x+1
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The point (1, 1) does not lie on the line y = x + 1 because its coordinates do not satisfy the
equation 1 # 1 + 1. On the other hand, the point (1,2) lies on the line y = x + 1 because
its coordinates satisfy the equality 2 =1+ 1 (see the figure below).

Line equation y=x+1

Graph of the linear functjon y = x+ 1, in the coordinates x,y
—1 ¢
10.2.1 Position of straight lines on the plane.

Linear function
y=axr+b

determines the position of a straight line in the (z,y) plane. That is, a point with the
coordinates (x,y) lies on a straight line, if

y =ax +b.

—b
Let us note that the graph of linear function y = ax + b intersects the = axis at (—,0) and
a
intersects the y axis at (0, b).
We say the number z is proportional to the number y, if y = az or L— Thus, the

x
proportionality of two quantities is expressed by a linear function, where coefficient a # 0
is the proportionality factor.

Note that graph of the line function y = ax + b
e intersects the y axis, at the point (0,b), if z = 0, then

y=ar+b=ax0+b=0
. . b b
e intersects by x, at the point (——,0), when £ = ——, then
a a

b
y=axr+b=a(—=)+b=0.
a
e if ¢ = 0 then y = b then the line is parallel to x axis
e two lines with equations
y = a1x + by, Y = asx + by
intersect at point (xq,yo), if this point satisfies the equations of these lines

Yo = a1To + by, i Yo = axTo + b2
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e two lines are parallel if .zel a; = as. Then the lines have no common point or overlap.
Example 10.2 Draw a graph of the position of two straight lines on (x,y) plane
Y=z, y=1—=x
Find the intersection points with the x and y axes and the point of intersection of the lines.

Solution. The line with the equation y = z intersects the axis x and the axis y at the
origin of the coordinate system (0.0), then z = 0 and y = 0.
Similarly, the line with the equation y = 1 — z intersects by z, when y = 0, i.e. 1 —x =0,
for z = 1, at the point (1.0). This line intersects the y axis when 2 =0, then y =1-0=1
that is at (0,1).
Two straight lines intersect at point (z,y), when the coordinates of this point satisfy both
equations, that is,

y=z, and y=1-=

Where from by the substitution y = = to the second equation, we find

1 1

=1- 20 =1 = =-.

€ x, € 3 € 2, y 2

S N
Hence, the lines intersect at the point (5, 5)
y=1—=x y=x—1
11
-1 0 1
Lines: y=2, y=1-—-=x

Question 10.1 Draw a graph of the position of two lines with equations on the (xz,y) plane
y =2 —1, y=1-2zx

Find the intersection points with the x and y axes and the point of intersection of these
lines.

Question 10.2 Write the equation of a straight line passing through two points (xg,yo) =
(=1,-1) 4 (z1,y1) = (1.1). Check which of the points (0,1), (2,2) lies on a straight.

Question 10.3 At which points the line y = —3x + 6 intersects the coordinate azes. Cal-
culate the value of this linear function for x = 1. Check which point (0.3), (2.0) lies on the
straight line.
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10.3 Quadratic function
A quadratic function is given by the formula
wo(z) =ax?+bx+ec, or y=axr*+br+c, ;a#0. (10.3)

In the case, when the coefficient a = 0, the function is linear y = bx + c.

The domain of the quadratic function is the set of all real numbers R. On the other hand,
the set of the values of a quadratic function depends on the coefficients a, b, ¢ and is not the
whole set of real numbers.

The discriminant of a quadratic function. Expression

A =b? — 4ac,

is called the discriminant of a quadratic function.

10.3.1 Quadratic equation

The quadratic function is zero at z, if g is the solution to the quadratic equation
az? +bx+c=0.
The roots of the quadratic equation are determined by complement method of the expresion
az? + bz + ¢

Namely, if we take the coefficient a # 0 in front of the parenthesis, we get

b
ax® +bx +c=a(z? + —x—l—E).
a a
b2
Then, adding and subtracting the expression (2—)2 = o e write the canonical form of
a a
the quadratic expression
b b2 c b2 b b? — 4ac
2 2 _ 2
ar thrte=ale ot gty —ag) =l g - ]
~——— —_———— ——

This is how, we obtain the canonical form of the quadratic function, below
Canonical form of a quadratic function.

b A
y=ar’+br+c=alr+ —)*—-—,
2a 4a
where the discriminant A = b2 — 4ac.
Roots of the quadratic equation. From the canonical form of the quadratic function,
we can easily find the roots of the quadratic equation. Namely, we write

b A
ar? +brx+c=alr+—)° - — =
2a 4da

For the discriminant A = b — 4ac > 0, we can write the difference of squares as a product
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Hence, we find the formulas for the roots of the quadratic equation

b Vb2 —4dac b Vb2 — 4dac

R T P I M PR
or
—b —Vb?2 — 4ac —b+ Vb? — 4ac
NSy O ey

Note that, when the discriminant A = 0, the quadratic function is a complte square

b
ar? +bx+c=a(x + —)>.

2a
Then, we obtain a double root from the above formulas
b o —b
e = O = = —
CL(.I + 2@) ) x1 T2 %
10.3.2 Vieta formulas
Roots of the quadratic equation
2 +br+c=0, a#0,
satisfy the following Vieta formulas:
The sum and the product of the roots
b c
$1+$2:——, 1 * T2 = —.
a a

Indeed, we find

—b— Vb%2 — 4dac n —b+Vb? —4dac
2a 2a a

X1 +{E2:

b
a

Similarly, for the product of roots

x1xxy = ( ) (

—b — Vb2 —4ac —b+\/b2—4ac)
2a

2a
7 b, Vb2 —4dac,
= (5 - (Y
B b2 b2—4acic
T 4a? 4a®2 d

Example 10.3 Find a quadratic equation, when the sum of the roots is 3 and the product
of the roots is 2.

Solution. Using Vieta’s formulas, we write
c
$1+$2:——:3, $1*$2:—:2.
a a

Hence, we find
b=-3a, c=a.

So that, we have a family of quadratic equations
az? —3ax +a =0

with the parameter a # 0, whose sum of roots is 3, and the product of roots is 2.
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Question 10.4 Find a quadratic equation, when the sum of the roots is 6 and the product
of the roots is 5.

Question 10.5 Find the value of the A parameter for which the equation has two different
roots of the same sign

(i) xx2—-2x4+X-3=0
(15) 2z%2A+2)x—3m—-4=0

(i17) (A+2)2?2 —4x+2X+6=0

10.3.3 Factoring a quadratic function

If the discriminant A < 0 is negative, the quadratic equation has no real roots. Then the
quadratic function does not decompose into linear factors.
When the discriminant A > 0 is non-negative, the quadratic function decomposes into linear
factors.
Indeed, we can represent the quadratic function as the difference of squares
2 b o VA,
ax® +bxr+c=af(z+ 2@) —( 5 )]

Applying the formula for the difference of squares, we obtain the decomposition of the
quadratic function into linear factors

ax? +bx +c = al(z + b @)(x—i-i—i- @

2a 2a 2a 2a

Position of the plot of a quadratic function on the plane. Location of the plot of a
quadratic function on 9z, y) plane in coordinates (z,y), we will determine in the following
cases:
Case 1.

)] = alz —@1)(x — 2)

(1) a>0, A>0, A=0, A<O

(2) a<0, A>0, A=0, A=<0.

Y,
ab 0 a>0, A=0,
A>0 .
La>0 A0/ goublg root ]

uadratic functidn y = ax? +bx +¢, a > 0.
Yy
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In the case (2)
a<0, A>0, A=0, A<O

we present the location of the plot of the square trinomial y = ax? 4 bx + ¢

double root

afl\A>O a<0, A=0

CC% ‘\CCQ
/ \
\\

/
/

/ \

! A

uadratic function y = az? + bz +¢, a < 0.
Y

From the canonical form of the quadratic function, we conclude that

A
e square axis function ga minimum equal to I if
a

a > 0 is positive.

A
e The quadratic function reaches a maximum of “Ia if @ < 0 is negative.
a

A
—, —— the square function reaches the
2a°  4a

minimum or maximum, because then in the canonical form

Indeed, in the minimum or maximum point (—

b A
y=ar’+br+c=alr+—)*— =,
2a 4a
the expresion
b o
~)2_p
(@+5-)
for
b
24’
while the value of the function A
Y= Tia

Example 10.4 For a given quadratic function
y=2x?—6x+4

perform the following operations:

(a) Find minimum values of the function

(b) Decompose functions into linear factors
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(¢) Find the minimum of the function

(d) Plot a graph of the function

Solution. The coefficients are: a =2, b = —6, ¢ = 4.
Let’s calculate the discriminant of the equation

A=b"—4dac=6"—424=36—-32=14> 0.
(a) Using the formulas, let’s calculate the roots of the equation

_ VA 6-V4

= =1
1 % 4 ’
—b=vVA 644
:CQZ = :2
2a 4

(b) According to the formula, the quadratic function is decomposed into linear factors
y=a(r—x1)(x —x2) = 2(x — 1)(z — 2).
(c) Since the discriminant A =4 > 0 is positive, the quadratic function has the minimum

A

=

1

2
-b A 3 1

in point (—, ——) = (=, —2).

in point (0, =) = (2,2

Points (1,0) and (2,0) in which are the roots of the square function and the minimum point

( 3~ 5) determine the position of its plot on the (x,y) plane

(d) Plot of the function y = 222 — 62+ 4
A

Yy
a>0 A=4
N . - v
-1 xlfl 5 $2—2
minimum = —%

Quadratic function y = 222 — 6 + 4.

10.3.4 Quadratic inequalities

The solution of the quadratic inequalities is obtained from the position of the plot of the
quadratic function. Namely, we have the following cases:
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1. for a > 0, A > 0 square function y = ax? + bz 4 ¢ > 0 is positive outside the roots:
x < x1 and x > T3, and is negative y = ax? + bz + ¢ < 0 beteen roots : x; < x < o.

2. for a < 0, A > 0 quadratic function y = azx? + bz + ¢ > 0 is negative except for the
roots: < x1 and x > o, while it is positive y = ax? 4+ bx + ¢ > 0 between the roots:
T <T < T2

Example 10.5 Solve the following inequalities and find the mazimum or minimum of the
indicated functions:

1) 224+24+1>0, y=a2+x+1.

2) —22242xr—-1<0, y=—-22%2+2x—1,

3) 22 —5x+6>0, y=x?—5x+6,

(1)
(2)
3)
(4) —22°42+1>0, y=-22°4+z+1

Solution, (1). We define the coefficients and the discriminant of the function

y=a?+z+1.
Coefficients:
a=1,b=1,c=1.
and
A=b—dac=1*—4x1x1=-3.
Since the coefficient a = 1 > 0 is positive and the discriminant A = —3 < 0 is negative, the
inequality
2 +x4+1>0,
is true for —oo < = < 0.
Function
_ .2
y=a"+x+1
A 13

. . 3 .
attains a minimum of — at point (——,——) = (—=, -).
2a° 4a 2°4
Solution, (2). Determine the coefficients and the discriminant of the function

y = —2x% + 2z — 1.

Coefficients: a = -2, b=2, c= —1.
Discriminat: A = b? —4ac =22 — 4% (=2) x (1) = —4.
Since the coefficient a = —2 < 0 is negative and the discriminant A = —4 < 0 is negative,
the inequality
227 +22-1<0
is true for —oo < z < oo. A .
— 2y =(Z1
5 1) = (3> 1)
Solution, (3). We define the coefficients and the discriminant of the function

The function y = —22% + 2z — 1 reaches a maximum of 1 at point (—

y=x*—5x+6.
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Coefficients: a =1, b= -5, c= 6.
Distinctive: A = b? —dac = (=5)2 —4*1%6 = 1.
Since the discriminant A =1 > 0, /1 = 1 is positive, the function has two different roots

-b—VA 5-1 b+ VA 5+1
xlz = :2, x2: = =
2a 2 2a 2

3.

So inequality
22 —5x+6>0

is true beyond the square, that is, for z < 2 and for z > 3

-A -1 —-b —
The function y = 22—5x+ 6 reaches the minimums of — = T at the point (2—, —
a

a
Solution, (4). We define the coefficients and the discriminant of the function
y=—22>+z+1,

Coefficients: a = -2, b=1, c= 1.
Distinctive: A = 0% —4dac=1% — 4% (=2)x1 =9.
Since the coefficient @ = —2 < 0 the discriminant A = 9 > 0, /9 = 3 is positive, the
function
y=—22>+2zx -1,

it has two different elements

—b— VA -1-3 b+ VA -1+3 1
xlz = :1, x2: =
2a 2% (—2)

2 2x(=2) 2

1
So the inequality is true between roots, that is, for —5 <z <l

—-A -b —A 1
The function y = —222+z+1 has maximum equal to P g at the point (—, )= (Z’ g
a

50’ da ):

Question 10.6 Solve the following inequalities and find the maximum or minimum of the
indicated function:

22 —x2+1>0, y=a2—xz+1.
322 +62x—-3<0, y:—3x2+6x—3.
22 —x—2>0, y=a2—x—2.
42?2 +3x+1>0, y=—4x2+3z+1.
Question 10.7 For which values of the parameter m the square function
y=ax’+2mz+m+1
it is positive for all real values © € R.
Example 10.6 For a square trnomial
y=a>—5x+6
(i) derive the canonical form of the trinomial

(ii) find its roots and find the minimum trinomial
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(i%i) draw the position of the trinomial on the Cartesian plane.

Solution:
(¢) The discriminant of a square trinom with coefficients a =1, b—5, c=6

A=0%—4dac= (-5 —41%6=25-24=1.

A simple transformation of this trinomial leads to a canonical form

) ) 5 1
2 2 942 (22 2yt
y=xz"—-5brx+6=ux 5x+(2) +6 (2) (x 2) T
Where does the canonical post for this trinomial come from
5., 1
y=(z— 5) VS

(#6)  Calculate the roots of the trinomial from the canonical form or directly from the
formula. Namely, the canonical form is the difference of squares, which we factorize

r=ggpllrmgry)=0
5 1 5 1
(x_i_i) 0, or (x—§+§)—0
5 1 5 1
X1 §+§ 3, $2—§—§—2

b VE_ -5 VI_ b VA 5 VI

2= T, 5 T

We calculate the minimum square trinomial directly from the canonical form

5.9
G P
(e-3)
5 1 . . |
For x = 3’ the value of y = vk Thus, the minimum squared trinomial is —.
WY
Voz=b 5
\ 2a " 2
o o o o » <
-3 -1 0 1 2 3
—1 ¢ o 1
Minimum = 3
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10.3.5 Examples
Example 10.7 Quadratic equation
2 —4x+3=0

has two real roots x1 and x2. Using the Viete formulas, calculate the values of algebraic
exTpressions

1 1
2 2 2 T
($1+$2) ’ 7 + T3, I +$2'
Solution: coefficients of the equationa =1, b= -4, c=3
From the Viete formula let’s calculate the sum and the product of the primitives
-b —(—4 3
T1+To=— = ( ):4, xl*xQZE:—:&
a 1 a 1

Where do we calculate the values of algebraic expressions
(14 22)2 =42 =16, 27 4+ 23 = (z1 + 22)? — 22120 = 16 — 2% 3 = 10.

or
1 17$1+{E274

1 o T * To 3
Example 10.8 For which values of the parameter m equation
2 —224+m=0
has two different roots

Solution: The equation
2 —22+m=0

has two different roots if the discriminant is positive

A =b%—dac=(—-2)% —4m > 0,
4—4m >0, 4m<4, m<l1.

Answer: The equation x? — 22 + m has two different roots for the parameter —oo < m < 1
Example 10.9 Find the coefficients a, b, ¢ of the quadratic equation
az? +br4+c=0
whose two real roots x1 and xo satisfy Vieta’s formulas
T+ a0 =17, xq1 *x x9 = 10.

Solution: Using Viete formulas

—b c
$1+ZE2:—:7, $1*$2:—:10,
a a

Solution: From Viete formulas
b= —Ta,; c = 10a.
Hence the equation
az® —Tax +10a =0, or a(x®—Tx+10)=0

satisfies the task condition for every a # 0.



Example 10.10 Find the coefficients a, b, ¢ of the quadratic equation
az? +br4+c=0
which has two real roots xt1 =3 and xo = 8

Solution: Using Viete formulas

—b
$1+$2:3+8:11, —:11, $1*$2:3*8:24,
a

we find the following relationships
b= —1la, c = 24a.
From where we get the equation
az? —1lar +24a=0, or a(z®—1lx+24)=0
which has the roots 1 =3, z9 = 8 for each a # 0.

10.3.6 Questions
Question 10.8 Find the roots of the equation

(i) 22 —3x+6 =0,

(ii) —22% 4+ 9z — 10 = 0,

(iii) 422 — 1224+ 9 = 0.
Question 10.9 For which value of m the equation

2?44 4+m—-4=0
has two different roots
Question 10.10 For which values of the variable x quadratic function
y=a>+4x+3

18 positive.
Find smallest value of this function.

Question 10.11 For which values of the variable x quadratic function
y=—22>+52+3

18 negative.
Find the greatest value of this function.

126

=24

ISH e

Question 10.12 For which values of the parameter m quadratic function

y=a>+4x+m?

is positive for all values of x.
Find smallest value of this function.

Question 10.13 For which values of the parameter m quadratic function

y=—a>+3zx—m,

is negative for all values of x.
Find the greatest value of this function.

Question 10.14 Find a quadratic equation with the sum of the roots equal to 6 and the

product of the roots equal to 5.
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10.4 Polynomials of degree n

Polynomials have a simple structure and constitute an important class of functions in ap-
plications. One of the important application is possibility to approximte a funcgtion with
any precision.

A polynomial of degree n of the variable z is an algebraic expression of the following form:

pn(x> = apx" + anflxnil + an72xn72 + -+ a1z + ao, (27 7£ 0.

If a,, = 0 then the polynomial is of lower degree than .z n

10.4.1 Examples of polynomials

Polynomial of degree n =0

po(x) =ag for all real values x € (—o0,00).
For example, a polynomial of degree n = 0

po(x) =8 for all real values x € (—o0,00).
has a constant value, ag = 8 for all xrealvalues.
Polynomial of degree n =1 of the variable x. It is the linear function

p1(x) = a1z + ag for all real values x(—o0,00).
For example, a polynomial of degree n = 1
pi(x) =5x+7 for x€(—00,00).

has the coefficients a1y = 5, ag = 7.
Polynomial of degree n = 2 of the variable x. It is the quadratic function

pa(z) = agr + a12® + a9 forx € (—oo,00).
For example, a polynomial of degree n = 2

pa(z) =322 +4x+5  for x€ (—00,00).
has the coefficients as = 3, a1 =4, ag = 5.
Polynomial of degree n = 3 of the variable x. It is cubic polynomial

p3(z) = azz® + asx? + a1z + a9 for x € (—o0,00).
For example, a cubic polynomial
p3(z) =20 +32% + 42+ 5, for x€ (—o0,00).

has the coefficients a3 = 2, as = 3, a1 =4, ap = 5.

Similarly, a polynomial of degree n = 5 of the variable z, For example, a polynomial of
degree n =5
ps(2) =22° = 72" + 52242, for z€ (—o0,00).

has the coefficients a5 = 2, a4 = =7, a3 =0, ag =5, a1 =0, a9 = 2.
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10.4.2 Arithmetic operations on polynomials.

Let us state following theorem.

Theorem 10.1 The set of polynomials of degree not greater than n is closed due to addition
and subtraction operations.

Indeed, consider the following two polynomials
Pn() = anz™ + an_ 12" M+ Farr +ag,  qu(x) =bpx" + by 12" 4o 4 by + by,
We find the sum or difference of these polynomials by grouping words at the same power
P () £ qn(2) = (an £ bp)2™ 4+ (an_1F bp_1)x" 4+ -+ (ay £ b1)x + (ap + b.)
We note that as a result we get a polynomial of degree not more than n with coefficients
an by, ap_1Eby_1,....,a1 £ by, ap & bg.

Thus, the sum or difference of degree polynomials of at most n is a polynomial of degree of
at most n. This means that the set of degree polynomials at most n is closed to addition
and subtraction operations of polynomials degree at most n.

Example 10.11 Add the following polynomials
pa(x) =3z* =22 + 245, qa(x) =22°+ 52’ + 22+ 1,
By addition, we find the polynomial
ra(r) = B+0)2*+ (=2+2)23+(0+5)22+ (1+2)z+ (5+1)
= 32*+ 522432 +6.

Hence, we get polynomial of degree n = 4 with coefficients ay = 3, a3 =0, a2 =5, a; =
3, apg = 6.

10.4.3 Dividing the polynomial p,(z) by the binomial = — x,

The polynomial p, (x) of degree n is divided by the binomial x —x of degree n = 1 according
to the division scheme given in the following examples:

Example 10.12 Let us execute division 23 — 1 by x — 1

(@ —=1):(x—1) = 22+x+1
23— 2?
2 -1
2% —x
z—1
z—1
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Thus, the polynomial 22 —1 is divissoble by the binomial x —1 and the result is the trinomial
2?4+ 1.
We check the division by performing the operation inverse to division i.e. multiplication

(x—D(@*+ox+1) =422 —2>-1=2%-1

Indeed, by multiplying the divisor of z — 1 by the result of dividing 22 + x+ 1, we get the
divisor 23 — 1.

Example 10.13 Let us perform the following diivision

(@t =2 —22-2-2):(x-2) = 22 +22+2+1
xt — 223

g

% — 222

2? —x

% — 22

Tz —2

z—2

0

So, the polynomial 24 — 23 — 22 — 2 — 2 is divissible by the binomial z — 2 and the division

result is z® + 22 + z + 1.
We check the result of divition by myltiplication

(-2 +2? 424+ 1) =a'+23 42+ -2 —22> — 20 —2=0at—2® — 22—z -2
Question 10.15 FEzecute the division according to the above pattern:

(z*=1):(z—1)

10.4.4 Dividing p,(z) by the binomial z — xy with remainder.

In the above examples, we divided the 3rd and 4th degree polynomial by the binomial z —x¢
with no remainder, i.e. the remainder » = 0. However, this is not always the case.
Let us divide the polynomial

pn(x):anx"—kan,lx"*l—|—~~~—|—a13:—|—a0, n>1,

by binomial z — xy with the remainder r.
Just like when dividing integers, we write
Pr(x) r

— =)+ :
Tr — X Tr — X

n>1

ju 3

where g,_1(x) is a polynomial of degree n — 1 and r is the remainder of the division.
So the ,polynomial p, (z) we can write in the form

Pn(x) = qn-1(2)(z — 20) +7

From the above equality, the remainder, we fin formula for reminder r = p,,(xo).
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Example 10.14 Let us execute division

(22% + 323 — 42® + 5z +6) : (z — 3)

(22 + 323 — 422 +52+6): (x —3) = 223+ 922+ 232+ 74
224 — 623
9x3 — 422
923 — 2722
2322 + 52
2322 — 69z
T4x + 6
Tdx — 222
226

The polynomial py(z) = 22* 4 323 — 422 + 52+ 6 divided by the binomial z — 3 returns
q3(z) = 223 + 922 + 232+ 74 with the remainder of r = 226.

We write
226

z—3

pa()
r—3

= (22 + 927 + 23z + 74) +

or
pa(z) = 22% +32% — 422 + 52 + 6 = (22° 4 922 + 23z 4 74)(z — 3) + 226.

Hence, the remainder of the division r = p4(3) = 226.

10.4.5 Roots of polynomials. Bezout’s Theorem

The zeros of a linear or quadratic function, i.e. of polynomials of first or second degree, can
be easily found using the known formulas given in the previous paragraphs. Formulas for
the roots of polynomials of the third and fourth degree are also known. But, for polynomials
of degree greater or equal than 5 formulas for roots do not exis.

Namely, it is known, that if a polynomial with integer coeflicients has integer roots, then
these roots are divisors of its coefficient ag.This criterion only applies to polynomials with
integer coefficients. The justification for the criterion is simple. Indeed, let the integer
number zy # 0 be a root of the polynomial p,(x) of degree n with integer coeflicients. We
will show that zg is a divisor of the coefficient ag.

Let us write the obvious equality, when p,,(z¢) = 0.

PalT0) _ @yt a1 2 a e =0 (10.4)
ZTo Lo

The underlined expression anngl + an,lng2 4 ---4ap is an integer as the sum of the

products of integers. From equality (10.4) it follows that the quotient %0 is also a number
x

0
integer, since the sum is zero. So, the root of z( is a divisor of the intercept ag.

Example 10.15 Find the integer roots of a polynomial

p3(z) =2® —2*+ 1 -6
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Solution. The zeros of the cubic polynomial p3(z) = 3 — 2%+ —6 = 0 are among divisors
2 or 3 of the coefficient ag = —6.

We check, if ¢y = 2 is zero of this polynomial
p3(2)=2-224+2-6=8-4+2-6=0

Hence z¢ = 2 is zero of the polynomial py(x).
Next we check, if g = 3 is zero of this polynomial

p3(2) =3 -324+3-6=27-9+3-6=12+#0

So, xg = 3 is not zero of this polynomial.
Note that there are polynomials for which none of the divisors of the coefficient ag is zero.
For example, the quadratic polynomial

pa(z) = 2%+ 22 +8

has no real zeros, because the discriminant A = —28 is negative.
In order to find zeros of a polynomial with integer coefficient, we apply Bezout theorem.

Theorem 10.2 The number xq is a zero of the polynomial
pn(x> :anxn‘kanflxnil‘i‘"'+a1x+a05 n>1,
if and only if the polynomial p,(x) is divisible by the binomial x — xg.

Proof. Note that Bezout’s theorem is a necessary and sufficient condition for the number
o € R to be a zero of the polynomial.
The necessary condition means:
If the polynomial p,(x) is divisible by the binomial x — xo, then the number xq is the zero
of the polynomial, i.e. pp(xo) =0 and the remainder r = 0.
Let the polynomial p,,(z) be divisible by the binomial x — 2y with no remainder. Then the
polynomial has the form

Pa(@) = (@ = 20)gn-1()

where ¢,—1(x) is a polynomial of degree n — 1, at most.

From where x = zy equals p,(xo) = 0 and therefore ¢ is the root of this polynomial.

The sufficient condition means:

If the number xo € R is the root of the polynomial p,(x), then this polynomial is divisible
by the binomial x — xg, and reminder r = 0.

It is known that dividing the polynomial p, (x) by the binomial x — xg, we get the equality

Pn(x) = gn-1(2)(z — 20) +7

where g,_1(z) is a polynomial of degree n — 1.
Since .z xg is zero of this polynomial, that is, p,(z¢) = 0 and p,,(z¢) = r. So the remainder
of r = 0. Then the form of the polynomial follows from the above equalit

Pn(@) = qn-1(z)(x — 20)

in which there is a factor © — z¢ and therefore the polynomial p,(x) is divisible by the
binomial x — z¢ with the remainder r = 0.
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10.4.6 Decomposition of polynomials

From Bezout’s theorem follws conclusion:
Conclusion. If real numbers x1, o, ..., 2, k < n are zeros of the polynomial

pu(2) = ane™ +an_ 12" '+t ar+ag, n>1,
then this polynomial can be written as a product

p(@) = (& —21)(x = 22) - (¥ — 2k )gn—1(2) (10.5)

of n — k linear factors (z — z;), i =1,2,...,k, and polynomial ¢, (x) of degree n — k.
Indeed, for k = 1, Bezout’s theorem directly results in a product

Pn(®) = (& = 21)gn-1()

Applying Bezout’s theorem again to the polynomial ¢, —1(x) for zero xo, we get the distri-
bution

pa(@) = (& — 21)(x = 22)gn—2(7)

By repeating the application of Bezout’s theorem for the next zeros of the polynomial p,(z),
we get the decomposition (10.5) of the polynomial into linear factors in the case when all
ZOTOS X1, ..., Tn, are real numbers.

pr(x) = alx —x1)(x — 22)(x — Tpesg) * oo x (x — Tp)

where qo(z) = a = constant.

Otherwise, there are quadratic factors qx1(7) = ax?® + bz + ¢ with negative discriminant
A =b% —4a * c <0 in the factorization of the polynomial

pr(x) = alx —x1)(x — 22) (& — Tp—g) * ... % (T — Tp) * ... % gry1 ()

Now we will formulate the fundamental theorem on decomposition of the polynomial irre-
ducible factors:

Theorem 10.3 FEvery polynomial
pn(@) =2"+ an12" '+ Farx+ag, n>1,

can be decomposed into linear factors x — x¢ or quadratic factors x> + a1x + ag with the
discriminant A = a3 — 4ag < 0 negative. This decomposition is unequivocal.

In factorization of a polynomial the following operations are applied
1. The decomposion of a quadratic trinomial az? 4 bz + ¢
2. Extracting a common factor in front of the parenthesis

By grouping like expresions

By using simplification formulas of multiplication

oro W

By finding zeros of a polynomial with integer coefficients.
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Example 10.16 Let us factorize the quadratic polynomial
pa(z) = ax® + bx +c

Solution. The quadratic polynomial is factorized depending on the sign of the value of the
discriminant A = b? — 4ac. Namely, if the discriminant A > 0 is non-negative, then this
trinomial has two real roots and decomposes into linear factors

ar? +bx+c=a(x — x1)(z — x2)

This case also includes the double root when A = 0 and z1 = x».
If the discriminant A < 0 is negative then the trinomial ax? + bz + ¢ is not factorized and
then the expression ax? + bz + c is the factor.

Example 10.17 Let us factorize the following polynomial by grouping similar expressions
and extracting a common factor

p3(z) = 2® —22% — 42 +8

Solution. In this case, we group simlar terms. Then, we take 22 and 4 in front of the
bracket as it is done below

p3(x) =23 — 222 — 4o +8 = 2%*(x—2)—4(x—2)
= (-2 -4
Further, using the formula for the difference of squares 22 — 4 = (x — 2)(x + 2) we get the
factorization of this polynomial
p3(zr) =23 —222 —42+8 = 2%(x—2)—4(xz—2)=(z—2)(z?—4)
= (z-2)(z-2)(z+2) = (z—2)*(z+2).
Example 10.18 Let us factorize the cubic polynomial
p3(x) = 2% + 527 + 22+ 10

Solution. In this case, if we put 2 and 5 in front of the bracket, then we get decomposition

of ps(x)
p3(x) =23 +522 +22+10 = 22%(z+5)+ 2(x + 10)

= (z+5)(a*+2)
Since the quadratic expression 2-+2 > 0 is positive for all real x, then, we get decomposition
with quadratic term 2 4 2
p3(x) =23 +522 +22 —10 = 22%(z+5)+ 2(x + 10)

= (z+5)(a*+2)

Example 10.19 Let us factorize the following polynomial

pa(x) = 2 — 423 — 22 + 162 — 12
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Solution. In this case, we look for the integer zeros of the polynomial with integer coeffi-
cients among the divisors —2, —1,1, 2, 3,4, 6 of the coefficient ag = —12.
1. We check, if the divisor of zyg = —2 is zero of the polynomial
pa(—=2) = (=2)* —4(—2)* = (-2)2 +16(-2) —12=16+32-4-32-12=0
So g = —2 is zero of the polynomial and the polynomial has a factor of z+ 2.
2. We check, if the divisor of £y = —1 is zero of the polynomial
pa(—=1) = (=) —4(=1)3 = (=1)? +16(-1) —12=1+4 -1 - 16— 12 = —32 # 0.
So zg = —1 is not zero of the polynomial.
3. We check, if the divisor of ¢y =1 is zero of the polynomial
pa(1) = (1)* —4(1)* = (1)* +16(1) —12=1-4—-1416—-12=0
So zg =1 is zero of this polynomial and the polynomial has a factor z — 1.
4. We check, if the divisor of ¢y = 2 is zero of this polynomial
pa(2) = (2)* —4(2)° = (2)2 +16(2) —12=16-32-4+32-12=0
So zg = 2 is zero of this polynomial and the polynomial has a factor z — 2.

5. We check, if the divisor of xy = 3 is zero of this polynomial
pa(3) =(3)* —4(3)> = (3)2+16(3) —12=81—-108 —9+48 —12=0
So xg = 3 is zero of this polynomial and the polynomial contains a factor x — 3.
Answer: The polynomial ps(x) has the following decomposition into linear factors
pa(z) =2 — 423 — 22 +162 — 12 = (z + 2)(z — 1)(z — 2)(z — 3).
Question 10.16 Find decomposition of the following polynomials

1. quadratic polynomial
pa(z) = 222 + 62 + 4

2. cubic polynomial
p3(z) = (2 —8) + (2% — 4)

3. polynomial of degree n = 4.

pa(z) = 2 + 623 + 1222 + 11x + 6
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10.4.7 Polynomial inequalities

The topics Linear and Quadratic Functions describe ways to solve linear and square inequal-
ities. Now we will deal with the solution of higher degree inequalities n > 3.
Consider the following inequality:

pn(2) = ana" + ap_12" "+ fax+ag >0 n>1, a, #0.
Solving the above inequality, we perform the following steps:

1. We factorize this polynomial

Pn(x) = an(r —21)(x — 22)....(T — k) Gn-r(z), an #0.

In the above distribution we allow k real roots including multiple roots, =1, zo, ...., Tk.
Note that .zeli kK = n is the polynomial p,,(x) decomposes into lion factors and has
all real roots =1, za, ...., Tn.

Here, g,—k(z) is a non-linearly decomposable polynomial of degree n — k. This means
that the polynomial g, _x(z) contains only square factors of the form 22 + bz + ¢ with
the discriminant A = b? — 4¢ < 0 negative.

2. We see that the inequality
Pn(x) = an(r —21)(x — 22)....(T — k) gn-i(z) >0, an #0.
it is equivalent to inequality
pn(z) = (x — 21)(x — 22)....(x — 2k )gn—k(xz) > 0, when a, >0,
or equivalent to inequality
pn(z) = (x — 21)(x — 22)....(x — 2k )gn—k(z) <0, when a, <DO0.

Because we can always divide both sides of the inequality by a, # 0 non-zero, keeping
the direction of the inequality when a,, > 0 is positive and changing the return of the
inequality when a,, < 0 is negative.

3. The solution can be read from the graph of the function
e The case of a, > 0 and all zeros of the polynomial xy, zo, ...,z are different
x; # xj for i # j.
In the figure, an example of inequalities for a polynomial

ps(x) =22° — 2t —102° + 52 + 82 -4 >0, a5=2>0.

We factorize this polynomial
1
ps(z) = (z+2)(@+1)(z - 5)@-1)(z-2) 20

We read zeros 1 = —2, o = —1, z3 = %, r4=1, x5 =2
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T35 5

Inec}&«hty for a/p
.

—

We read the solution from the grath, i.
negative:
Thus, this inequality holds true for x €

9’1§n0mial ps(x) > 0.

e. those intervals in which the polynomial is non-

[-2,-1]U[5,1] U [2, 0]

1
29

o The case of a, < 0 and all zeros of the polynomial x1, x2, ...,z are different z; # x;

for i # j.

In the figure, for example, the inequality for a polynomial

ps(z) = —22° + 21 + 1023 — 522 — 8z 4+ 4 > 0,

We factorize this polynomial

CL5:—2<O.

ps(a) = ~2(e + 2)(z +)a — )&~ 1)z —2) >0

Dividing both sides of this inequality by —2, we get the opposite-equivalent inequality

ps(x) = (z 4+ 2)(x + 1)(

)z —1)(z—-2) <0

T — —

2
We read zeros 1 = —2, o = —1, z3 = %, x4 = 1, x5 = 2 and mark these zeros in
the figure below
A
Y TN
-
/\ / N
Ty =2 T2 —1 T3 % Ti= T5 =2
- Y &- 'Y
/ A . -
\\ N i \\t ///////
.
~ rd

——

Inequality for pol

yniomial ps(z) < 0.

We read the solution from the grath, i.e. those intervals in which the polynomial is

non-positive:
So this inequality holds true for x

€[00, —2]U[-1,3]U[1,2].
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e Case where the polynomial has multiple zeros. Then the graph of the polynomial does
not cross the x axis, if the multiplicity is even 2,4, 6...;
However, if the multiplicity is not even, then the plot of the polynomial cuts the z
axis.
We will explain the case of multiple zeros using the following example:
Solve the inequality:
p3(z) =2° =227 +32x - 1>0

We factorize this polynomial
p3(z) = (z —D(z+1)2>0

Then we read the zeros of x1 = —1, and the double zero x5 = 1. Let us mark these
zeros in the figure Y

/ \g{ouble root

inequality for the polynomial p3(x) >[0. double root at = 1.

We read the solution from the grath, i.e. those intervals in which the polynomial is non-
negative.
So this inequality holds true for z € [—1, x]



138



Chapter 11

Simplified multiplication
formulas and Newton’s binomial

Let us start with binomials and cubes

11.1 Binomials and cubes

1. The following formulas hold: !

(a+b)t = a+b, bilomial degree n =1
(a+b)? = a?2£2ab+b% bilomial degree n = 2
(a+tb)® = a®>—-3a®>*b+3*ax*b?+b3 cubic polynomial n =3

The formulas for the square of the sum or difference are obtained by multiplying the
binomial a 4+ b by itself.
Namely, let’s calculate

(a+b)?=(a+b)(at+b) = ala+b)+bla+b)
= a*+ab+ba+b?
= a?+ 2ab+ b2,

(a—b?=(a—b)a—b) = ala—0b)—bla—>b)
= a?—ab—ba+b?

= a?®—2ab+ b2,

Example 11.1 For a fixed natural number n find the natural numbers a and b such
that
n+a? =b?

Solution
By shifting a? to the right side with the opposite sign, we get

n=>5b%—qa>

1We call identities an equality that is true for all parameter values

139
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because
b2 —a® = (b—a)(b+a)

to
n=(b—a)(b+a)

Then we decompose the given number n into the product
n=1xn
By accepting
b—a=1 and b4+a=n
we calculate the solution

—1 1
n and b:n;

a =

We check that 1
n 2 2

Ifnhasap>1 1 p<n then we decompose the number n into the product

n=pxq

By accepting
b—a=p and b+a=gq

we calculate the solution

We check that n
bT4q q—Dp
()= (5 ) =pxg=n

If n has a different factor p; > p ¢ p; < n then we decompose the number n into the
product
n=p1*q1
By accepting
b—a=p1 and b+a=q

we calculate the solution

a:pl—ih and b:p1+ql
2 2

We check that
(pl + Q1)2 B (pl @

9 9 )2:p1*qlzn

In general, we factorise n into m prime factors
N =Dpo *P1 kP2 * -k Py, po=1
and then using the above decomposition into the product

N = Pk * qk



we calculate the solution

a:pk;Qk and b:pk;Qk
We check that n
Pk + gk Pr — gk
( ) —( ) =prxqr=n

2 2
fork=0,1,2,3,....m
This way we get all m+ 1 of natural solutions.

Example 11.2 Let n = 15. Then we have a decomposition into a product
15=1%15 or p=3%5

So we have the first solution forp= 1 and q= 15

15+1 15—-1
b:TZS and a:T:7
We check that
Roa= (B (Bl g 495
2 2
Then for decomposition
15=3%5

we acceptpy =3 and q1 = 5.
Then we get
b+a=5 and b—a=3

Hence we get the second solution

b:#:él and a:%:l
We check that 543 E_3
b2—a2:(i)2—(;)2:16—1:15

2 2

(a+b)> =a® +3a%b+ 3ab®> + 1%,  (a—b)* = a® — 3a%b+ 3ab® — b°.

Similarly, we check the cube of the sum or the difference.
Namely, let’s calculate

(a+b)3 =(a+b)(a+b)? = ala+b)?+bla+b)?
= a(a® 4 2ab + b?) + b(a® + 2ab + b?)
= (a®+2a®b+ ab?®) + (ba® + 2ab* + b?)
= a® + 3a%b + 3ab? + b3,
(a—b)2=(a—b)(a—0b)? = ala—>b)?—>bla—10b)?
= a(a?® — 2ab+ b?) — b(a® — 2ab + b?)
= (a® —2a%b+ ab?) — (ba® — 2ab* + b?)

= a® - 3a%b + 3ab? — b3,

141
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3. Sum of squares

The sum of squares of two real numbers is equal to zero if and only if both numbers
are equal zero,. If one of them is equal zero, then the sum is positive
Namely, we write

a?+b2>0, when a#0 or b#0,

a?+b2=0, when a=0 and b=0.

. Difference of squares.
Difference of squares of two real numbers can be decomposed into linear factors as
below
a® —b*> = (a—b)(a+D).
We check the decomposition by multiplication

(a —b)(a+b) = ala+b) —bla +b) = (a® + ab) — (ba + b*) = a® — V.

. Sum of cubes.
The sum of cubes of two real numbers is decomposed into the following product

a® + b3 = (a+0))(a® — ab + b?).
We check this decomposition by multiplication
(a+b)(a? —ab+b?) = a(a®?—ab+b?) +b(a? — ab+b?)

= (a® — a®b+ ab?) + (ba? — ab® + b3) = a3 + b3.

. Difference of cubes.
The difference of cubes of two real numbers is decomposed into the product

a® — b3 = (a —b))(a® + ab + b?).
We test this decomposition multiplication
(a—b)(a?+ab+1b?) = a(a®+ ab+b?) —b(a? + ab+b?)

= (a®+ a?b+ ab?) — (ba® + ab® + b3) = a® — b3.

11.1.1 Examples

Example 11.3 Perform arithmetic operations on algebraic expresions

() (Qa+3% @) (G-
(i1)  (3a+ 2)3, (iv) (22 — 3y)3,

Solution. Using the formulas, we calculate

ad.(i)  (2a+3)* = (2a)*+2(2a)3 +3? = 4a® + 12a + 9.
sdii) (-4 = (5P =25+ (-4

2
- %—43:—1—16.



ad. (i) Ba+2)3 = (3a)°+3(3a)22 + 3(3a)22 + 23
= 27a®+ 54a” + 36a + 27.

ad.(iv) (2r —3y)®> = (22)° —3(22)%(3y) + 3(22)(—3y)? —
= 823 — 3622y + bdxy® — 27y>.

Question 11.1 Perform arithmetic operations on algebraic expresions

(5a + 2)? . x?

(4) (2a—3) (i2) (3—1)2,
() Ga+2P, () (G

Question 11.2 Simplify the algebraic expression

(a® + b%)(a® — b3)(a® + b3)
[(a+b)%+ (a—b)?](a® + ab + b?)(a® — ab+ b?)
l+x+22+23

1+ 22

(4)
(i)

11.2 Newton’s binomial (1642-1727).

Newton’s binomial takes the following form

(3y)*
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(a+b)" = a0 (M bt (" )ar e [ et et () e bn (11.1)
0 1 2 n—1 n

or in ¥ (sigma) notation
@y =3 ( ) ek

where Newton’s coefficients

n\ n! (kR )(E+2)(E+3)-xn
<k>_( — k) x k! 1%2x3-x(n—k+1)(n—k)

Let us write Newton’s binomial for n =1, 2, 3, 4, 5

1
(a+b)t = Z (i)alkbk =a+b,
2 e 2-kpk _ 2 2
(a+b)? = Z )@ b® = a® 4 2ab + b,
k=0
3
(a+0b)3 = Z (Z)a?’kbk =a® +3a® b+ 3ab® + b,
k=0
4
4
(a+b)?* = Z (k) a?™FbF = a* + 4a3b + 6470 + 4ab® + b,
k=0
5
(a+b)P° = (Z) a®7Fb* = a® + 5a*b 4 10a3b* + 10a?6® + 5ab* + b°

?r
O

3

(11.2)
n=1
n=2
n=3
n=4
n=>5
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n
Properties of Newton’s coefficients ( k)

1.

2.

(b)=() =

Symmetry of Newton’s coefficients

n\ n
k) \n—k
Indeed, we calculate that

(nﬁk> N <n—k>!<r7i (n— k)~ k!(nni DI (Z>

Sum of Newton’s coefficients

(Z>+(kil> - (Zﬁ)

let us observe that

n B n! B n! k+1
(k) - Kl(n— k)] T kA Dn—k-1) n—k

(kil) Tkt 1)!(2!_ k—1)!

Summing up the above e quations by both sides, we get

n n B n! k+1 n!
(k>+(k+1> T Gk h—k  krD—k—1)
n! k+1

= G-y e Y

B n! n+1

T k-1 n—k

B (n+1)!

T Gkt Dl(n—k)

- n-+1
- \k+1

4. Sum of Newton’s binomial coeflicients

50)--

k=0

2" = (14 1)" = zn: (Z) 1Rk = zn: (Z)

k=0
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11.3 Pascal’s triangle (1623-1662).

Pascal’s triangle is formed by Newton’s binomial coeflicients.

(a +b)° (o)

(a+0)! P OB VI

(a +0)* i (0) . &) . (2) X

(a+ b)z : . () . (1) . (2) . (3) .

(a+0)* .- 5 (0) 5 (1) 5 (2) 5 (3) 5 (4) 5

(@+b)° - 6 (0) 6 (1) 6 (2) 6 (3) 6 (4) 6 (5) 6

(a + b)ﬁ 7 (0) . (1) . (2) . (3) . (4) . (5) . (6) .
(a+0)7" (o) (1) (2) (3) (1) (5) (6) (7)

4

Calculating the values of Newton’s binomial coefficients from the formula

(1) = w6

which are given in the table below

(a+b)° 1

(a+0b)? 1 1

(a+b)? 1 2 1
(a+b)? - 1 3 3 1
(a+0b)* - 1 4 6 4 1
(a+0b)°> -

The properties of Newton’s coefficients can be easily read from the tables above. Namely,

the property 1
n n
= =1.

is visible because the extreme values in each row are equal to 1. The property 2, symmetry,

is also visible in the table
n\ n
k) \n—-k)

To create a table of the values of Newton’s coefficients in the nth row, use the property 3,

which is the formula.
n n n _(n+ 1
k E+1) \k+1

For example, from the values already calculated in the line n — 1 let’s calculate the values
in the line n, as follows

n=1, k=0, ((1)>+G> = 1+1=2 = G)
n=2 k=0, (§>+(3> = 14+2=3 = (i’)
n=2 k= (2>+(2> = 241=3 = (3>

[\]
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Chapter 12

Linear functions

12.1 Straight line in a plane

Let us consider the plot of the linear function
Ly Y Lo

N [=

=1—x X

11
Point of intersection (5, 5) perpendicular lines: Ly : y=1—x, Lo: y==x

The position of geometric figures and their shape, including the positions of lines on the
Cartesian plane, are determined in the coordinates z, y.

Straight lines on the Cartesian plane are defined by linear equations that determine the
dependence of the y coordinate on the = coordinate of points lying on the straight lines.
Let us consider the following four forms of equations:

e Equation of a line in the form of a linear function

e The equation of the line pass through two points

e General equation of the line.

e Parametric equation of a straight line

12.2 Linear functions.

Linar dependence
ylx) =ax+Db, (12.1)

of coordinate y from the coordinate z is called a linear function with the direction coefficient
a and free term b and the variable x.
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The function y(z) = a « + b is linear, because its plot is a straight line with the slope a and
the intercept b.

The equations of a straight line defined by the linear function
ylx) =ax+b
does not include lines parallel to the axis y.

Example 12.1 .
(1) Draw a straight line on the plane in the coordinate system x,y, passing through the two

points (0, —1) and (2,1)
(i) Calculate the coefficients of the linear function
y(z) = ax +b,
when its grath passes through the points (0,—1) and (2,1)

Solution (7)

Plot of the linear function y(x) = x — 1, in cartesian cordinates x,y

Solution (i)
The graph of the function y(x) = ax + b goes through the points (0, —1), (2,1), if

y(0)=-1, y(2) =1
Then the coordinates of these points satisfy the equations
y(0)=ax0+b=-1, b=-1,
y(2)=ax2+b=1, ax2-1=1,
2xa =2, a=1
From there we get the equation of the line
ylo) =z —1

in the form of a linear function with coefficients a = 1, b = —1, on which the given points
(0,—1) and (2,1).
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Example 12.2 . (i) Check which of the points
Pl:(oo)a P2:(151)a
P3:(051)5 P4:(150)
they lie on the straight lines L1 or Lo about the equations
Li: wyi(z)=2, Lo: gyolx)=1-—=x. (12.2)
(#@) Find the intersection point of the lines Ly, Lo. Plot these lines.

Solution (7). The points P; = (0.0), P, = (1, 1) lie on the line Ly because their coordinates
satisfy the equation of the line L, : y ==z

The points P; = (0,1), P> = (1,0) lie on the line Ly because their coordinates satisfy the
equation of the line Ly : y =1 —x,

Solution (ii).
The intersection of (xg,yo) lies on both lines, if

yi(wo) = yo, and y2(zo) = yo.
Then we have the equations
yi(xo) =20 =90 i Y2(x0) =1— 20 = Yo,
T9o=1—1x i 2xg =1,
1
5

1 Yo =

1
$0:§

Answer: The lines y; () = z and ya(z) = 1 — = intersect at (%, %)

yo(r) =1—x yi(z) ==
11
1 3
2
-1 0 1 1
Point of intersection; of the perpendicular lines : y1(x) =z, ya(x) =1—z.

Answer: The lines y; () = z and ya(z) = 1 — = intersect at (%, %)
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12.3 Equations of parallel lines
Let us consider two lines L and Ly with equations !

Ly: y=ax+ by,

12.
Ly y=asx+ bs. (12.3)

Necessary and sufficient condition.
The lines L1 and Lo with the equations (12.3) are parallel if and only if the coefficients
ai, az are equala; = as

Example 12.3 Check if lines

Li: y=z+1,
Ly: y=z—-1 (12.4)
are parallel.
Plot the Ly and Lo lines.
Solution.
Simple L; and Lo with coefficients
a; = 1, bl = 1,

CL2:1, b2:—1

they are parallel because their coeflicients a1, ag satisfy the necessary and sufficient condition
for parallelism of lines in the plane.

CL1:CL2:1.

Graphs of straight lines with equations (12.24)
1
Li: y=x+1 Ly: y=x-1

A1

Example 12.4 Find the equation for the line L parallel to the straight line

Ly: y=z+1

INext we use simplified notation y instead of y(x)
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passing through the point
P=(3,1).

Plot the line Ly and the line L.

Solution.
The straight line L parallel to the line Ly has the same slope as the line Ly, namely a = 1.
Then the line equation

L: y=z+b.

Since the line L passes through the point P = (3, 1), then after substituting the coordinates
of the point we will obtain the equation

1=3+0,
from which we calculate the intercept
b=1-3=-2
Hence, we get the straight line equation
L: y=2-2

Plot of parallel lines Lyp: y=2+1, L:y=x—2

. 4 . .
12.4 Equations of perpendicular lines
Let us consider two lines L; and Lo with equations
Ly: y=ax+ by,
(12.5)

Lo y=asx+ bs.

Necessary and sufficient condition.
The line Ly is perpendicular to the line Lo, if and only if the coefficient as of the line Lo is
equal to the negative reciprocal of the coefficient a1 of the line Ly

ag = ——.
a

Then a line

1
y=——x+b (12.6)

a1

is a perpendicular to the line Ly for any value of the intercept b.
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Example 12.5 Check if the lines

Li: y=z—-1,
(12.7)

are perpendicular.
Plot the Ly and Lo lines.

Solution.
Simple L1 and Lo with coefficients

Cl,lzl, blzla
CL2:—1, b2:1

are perpendicular because their coefficients ay, as satisfy the necessary and sufficient condi-
tion (12.6) of perpendiculars on the plane.

Y

Example 12.6 Find the equation fo/l thelline L perpendicular to the straight line
Ly: y=xz+2

passing through the point
P =(2,-2).

Plot the line Ly and the line L.

Solution.
The straight line L is perpendicular to the line Ly has a slope that is equal to the negative
inverse of the factor a =1 of the line Lg.
Then the line equation

! +b=0

y = ——2x = — X.

(1)
Since the line L passes through the point P = (2,0) then the coordinates of this point satisfy
the equation

0=2+5b
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from which we computed the intercept

Hence, we obtain the equation of the line

L: y=2—-=x

12.5 Equation of a line passing through two points

2 The equation for a straight line that passes through two given points does not include lines
perpendicular to the x azis.
The equation of a line passing through two different points with coordinates

(o, 90), (z1,31), for @0 #x
we write as the following dependence of the y coordinate on the x coordinate:

Tr— X Tr — X

y= Yo + Y1 (12.8)

Zo — 1 Z1 — Zo

Indeed, when x = xg then y = yo or when x = x1 then y = y.
This means that the points (xo,yo), (z1,y1) lie on a straight line.

Example 12.7 Write the equation for a line that passes through two points
(an yO) = (_15 O) and ('rla yl) = (Oa 1)
Find out which of the (1,1), (1,2) points is on the straight.

Solution
We write the equation of a line passing through the points

(anyO) = (_15 O) i (xlayl) = (Oa 1)
Substituting to the formula (12.8) their coordinates we find the equation of the straight line

Tr— X r — X
y = Yo + Y1
Tro— T Tr1 — o
z—0 O+x+1
= *
-1-0 0+1

= z+1

*1

Answer: Equation of a straight line through the points (—1.0) and (0.1)
y=x+1

The point (1,1) does not lie on the line y = x + 1 because its coordinates do not satisfy the
equation of this line because

1#41+1

The point (1,2) lies on the line y = x 4+ 1 because its coordinates satisfy the equation of this
line
2=1+1

2Here we use the simplified notations y = y(z), yo = y(xo), y1 = y(z1)
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Graph of the linear function y =1z +1
—1 ¢

Note that the equations of the line defined by the linear function
ylx) =ax+b

or the line defined by two different points do not include the positions of the lines perpen-
dicular to the x azis. the position of the straight line on the plane is considered in the next
section.

12.6 General equation of a straight line in a plane
General equation of a line on the plane
az +by +c=0, a® +b* >0, (12.9)
where the factors a,b do not disappear simultaneously for a? + b > 0.
Example 12.8 equation coefficients
r+y—1=0

a=1,b=1,c=-1
a2+ =12412=2>0.

does not disappear at the same time The equation of this line can be written as a linear
function

the plot of which is given lhb\ Y

y=1—=x

Plot of the linear fmiwtion y=1—=x
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Let us consider three positions of the line L about the equation
ar +by+c=0, a4+ b2 >0

1. The line L is parallel to the x azis if the coefficient a = 0, and the coefficient b # 0.
Then a straight line about the equation

Y

by+c=0 or y=-3

it is parallel to the x axis

-3 —2 -1 0 1 2 3

_1 r
Plot of the linear function y = —g, for —oo << 0

2.The line L is perpendicular to the x axis if the coefficient b = 0, and the coefficient a # 0.
Then the line equation

ax+c=0 or x:—g, for —oco<y<oo

is perpendicular to the raxis.

3
The plot of the line L with the equationy2x+3 =0orzx= 5 for —oo0 <y < oo we give
below L: |z = _%
— * * * * * x
-3 -2 -1 0 1 2 3
: =1 )
Line L perpendicular to the axis x

3. A straight line L defined by the equation
ax + by +c =0, when a# 0, and b#0
intersects the x azis at the point (—2, 0) and the y azis at the point (0, —g)
Example 12.9 Find the points of intersection of the line
r+y—1=0

with the x axis and with the y axis. Plot the line.
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Solution.
For the line L with the coefficients a =1, b =1, ¢ = —1 we calculate z-coordinate of the
point of intersection of the line x +y — 1 = 0 with the x axis, when y =0

x:——:——:l
a 1

the coordinate of the point of intersection of the line x +y — 1 = 0 with the y axis, when
z=0 =
¢ —
= — - = — —X = 1
b 1
The plot of the line with the equation x +y —1 = 0.

12.7 Parallel lines. General equation.
Let us consider two lines Ly and Lo with equations in general form

Li: ajz+biy+c1=0

L2 : a2x+b2y+02 =0 (1210)

Straight lines Ly and Lo with the equations (77) are parallel if the coefficients a1,b1 are
proportional to the coefficients i by, ba, that is

a1 =kxaz, by =kxby (12.11)
for some k # 0, which we call the aspect ratio.
Example 12.10 Let us check, if the lines

Li: z—y+1=0

Lo: 2—y-1-0 (12.12)

are parallel.
Provide the plot of the straight line Ly i L.
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Solution.
Lines L1 and Lo are parallel because their coefficients

satisfy the proportion condition (12.11)

1=1%1, —1=-1x%1

for the aspect ratio k =1
Plots of equations (12.12)

Lo

Note that the line about the equation
ar+by+c=0

e intersects exis y, in he point (0, —g), when x = 0, then the line is paralell to the exis
x
by+c=0, and y:—g, for b#0, —00 <y < 0.

c
o intersects the exis x, in the point (——,0), when y = 0, then the line is psaralell to the
a
exris y
ar+c=0, and z=-° for a#0, —0<z<oo.
a

e two straights lines are given by the equations

Li: agz+biy+c1=0

L2 : CL2£C+b2y+C2 — O (1213)

intersect at the point (xo,yo), if this point satisfies the equations of these lines

Ll L a1y + blyO +c1 = 0

12.14
L2 . asxo + b2y0 + Cy = O ( )
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Example 12.11 Find the position of two lines with equations on the (x,y) plane
z—y=0,
z+y—1=0

Find their intersection points with the axes x and y and the point of intersection of these
lines.

Solution. The line with the equation xy = 0 intersects at § x io Sy, if y =0, or x = 0,
then © =y = 0. So this line goes through the origin of the coordinate system, through the
point (0.0).
The line with the equation © +y — 1 = 0 intersects by ’s x when y = 0. Then we have the
equation

r—1=0, and =z =1.

The line with the equation x +y—1 = 0 intersects the y azxis when x = 0. Then we have the
equation
y—1=, and y=1.

Thus, this line intersects ’s x at the point (1,0) and intersects the y axis at the point (0,1).
Two straight lines intersect at the point (xo,yo), when the coordinates of this point satisfy
both equations, i.e.

20—y =0, yo=mu0
$0+y0—1:0

Substituting yo = xo into the second equation we find

1 1
zo+yo—1=0, 2z =1, T=5 Y=g
) . 11
We see that the lines intersect at (5, 5)
y=1—=x y=x—1
11
-1 0 1

Plot of the lines: y=z, y=1-—=x

12.8 Perpendicular lines. General equation
Let us consider two lines L1 and Lo with equations in general form
Li: agz+biy+c1=0

L2 : a2x+b2y+02 =0 (1215)
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The lines Ly and Lo with equations (??) are perpendicular if and only if the coefficient
factors a by and as, by satisfy the equation

aj * bl + ag * b2 =0 (1216)

Example 12.12 Check if the lines
Li: 220—y—2=0

Ly: z4+2y4+2=0 (12.17)
are perpendicular.
Provide plot of lines Ly i Lo.
Solution.
The lines L1 and Lo are perpendicular below their coefficients
ay = 2; bl = _15
ag = 1, b2 = 2,
satisfy the proportion condition(12.16)
21+ (-1)%x2=0
Graphs of lines Ly and Lo defined by equations(12.27)
PE!
2
Li:2c—y—2=0
Lo: o 4+2y+2=0 °l
-3 -2 I B 1 2 3 4 5
2
/|r3
Plot perpendicular lines: I; L Lo
12.9 Parametric equation of straight line
Parametric equation of a line L going through two points
P=(z1,1n) and Q= (22,12)
we write in the form
L(t) = P+ (Q— P, —00 <t < 400 (12.18)

or in the for
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Note that the points P and @ lie on the line L(t), because for the parameter ¢ = 0 we have
the point

L(0)=P
and for the parameter ¢ = 1 we have the point
L(1) = Q.

If the t parameter changes from 0 to 1, then the point L(t) changes along the segment
beginning at P and ending at (). However, if the ¢t parameter changes from —oo to +o0,
then L(t) runs through the entire straight line L.
Then the line L is parallel to the vector
vi=Q—P

about coordinates

U= (22 — 1,92 — 41)
The parametric equation of the line L(t) is also written in coordinates

z(t) = a1+t * 22

(12.20)
y(t) =1+t g,

for the paramiter t € (—oo, 4+00).

Example 12.13 .
(1) Find the parametric equation of L(t) passing through two points P = (0,—-1) i Q = (2,1)
(13) Give the graph of the line L(t).

Solution (7)
Substituting the given points into the parametric line equation (12.19)

P=(0,-1)i Q=(2,1)

we get the equation

We write the equation (12.20) in coordinates
z(t) =2t
(12.22)
for the paramiter t € (—oo, 400).
Solution (ii). LA o =(2

3

1 v Q=(2,1)
The graph of the line L(t) defined by {he parametric equation (12.22) is given below
* 5

Lit)=Qxt+(1—t)xP

-3 -2 (-1 0 1 2

P=(0,-1) ;

The plot of the line L(t) [passes through the points P i Q
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12.10 Questions

Question 12.1 .

(1) Draw a straight line on the plane in the coordinate system x,y, that passes through the
two points (—1,—-2) and (2,1)

(i) Calculate the coefficients of the linear function

y(z) = az +b,
passing through the points (—1,—2) and (2,1)

Question 12.2 Give the position on the plane (x,y) of two straight lines L1 and Lo with
equations
Li: y=2z—1, Ly: y=1-2z

Find the intersection of L1 and Ls.

Question 12.3 Write the equation of a line going through two points (xg,yo) = (=1, —1)
i (z1,11) = (1.1). Check which of the points (0,1), (2,2) lies on a straight.

Question 12.4 .
(1) Check which of the points

P, = (0.0), P, =(1,1),
P; = (0,2), P, =(2,0)
they lie on straight lines L1 or Lo with equations
Li: yi(z)=2z, Ly: yalr)=2-=z (12.23)
(#4) Find the intersection point of the lines L1, Lo. Give the graph of these lines.

Question 12.5 Check if the lines with the equation

Li: y=3z+1, Lz3: 2x+3

Ly: y=3x—1, Ly: 3x—3 (12.24)
are paralell.
Provide the graphs of the straight line Ly i Lo.
Question 12.6 Find the equation for the line L parallel to the straight line

Ly: y=1—=x
passing through the point
P = (_15 1)5
Give the graph of the line Ly and the line L
Question 12.7 Check if the straight lines
Li: y=05x—-1
(12.25)

Ly: y=1-2x

are perpendicular.
Provide the plots of the straight line Ly and Lo.
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Question 12.8 Find the equation for the line L perpendicular to the straight line
Ly: y=2—-=x

passing through the point

Plot of the line Ly and the line L

Question 12.9 Write the equation for a line that passes through two points
(zo,y0) = (=1,2) i (21,51) = (0,1).

Find out which of the points (1,0), (2,—1) is on the straight.

Question 12.10 Find the coefficients a,b,c of the equation of the line L in the general
form
L: ar+by+c=0

going through the points
P:(_252)a Q:(LO)

Question 12.11 Plot and find the points of intersection of the line
2r+y—4=0
with the x axis and with the y axis
Question 12.12 Check if the straight lines
Li: 2z2—y+1=0

Ly: 4z —-2y—1=0 (12.26)

are paralell.

Provide the plots of the straight line Ly i Lo.

Question 12.13 Find the position of two lines with equations on the (z,y) plane
20 —y =0,
r+2y—1=0

Find their intersection points with the axes x and y and the point of intersection of these
lines.

Question 12.14 Check if the straight lines
Li: 3z—y—1=0

Ly: z43y+1=0 (12.27)

are perpendicular.
Provide line graphs L1 i Lo.



Question 12.15 .

(1) Find the parametric equation of L(t) passing through two points P = (1,—-1) i Q =

(25 _1>
(#4) Plot the line L(t).

Question 12.16 Find the parametric equation of the line with the equation
y==x
given in the coordinates x,y.
Question 12.17 Find the intersection of lines with parametric equations
Li(t): z(t)=t¢t, ylt)=t  —oco<t<o0.
Lo(t) : z(t) =t¢t, y(t)=-t, —oo<t<o0.

in the plane in the coordinates x,y.
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Chapter 13

Rational functions

Asymptot: horizontal axis z, when y = 0
symptot verdical: axis y, when z =0

1
Hyperbola y = —
x

13.1 Rational functions

A natural extension of the concept of polynomials are rational functions. Namely, fhe
following quotient of polynomials of degrees n and m is a rational function.

_ pa(r)  anpr™ 4+ Q12" P4+ a1z + ag
qm(T) b @™ 4 by 121 4 - by + by

gm(z) #0 (13.1)

Let us note that if the denominator q,,(x) = constant # 0 is non-zero, the rational function
is a polynomial of degree n.

Thus, the domain of a rational functions is the set of these real numbers
x € R=(—00,00),
for which the denominator q.,(x) # 0 is different from zero.

Domain w(z): D ={z¢€ (—o0,00): suchthat qn(x)# 0}

13.2 Examples of rational functions

We will consider some examples of standard rational functions below.
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13.2.1 Hyperbola

The simplest rational function is the hyperbola

1
y=— x#o

x

The domain of the hyperbola is the set

D={re(-00,0): z#0.}

1
The hyperbola y = — attainds all its real values other than zero.
x
1
The values of the hyperbola y = — tends to zero when x — oo.
x

1
The hyperbola — has two asymptots: x exis when y =0 and y exes when x =0
x

Plot of the hyperbola in canonical form

horizontal asymptote x exis when y =0
verdical asymptote y exis when x =0

1
Hyperbola y = —
x

Let us note that this hyperbola has two asymptotes: a horizontal x axis, and a vertical yaxis.
Indeed, when = tends toward positive infinity or negative infinity, we write
T — to0

it is the values of the hyperbola tend to zero
1

w(z)=——0, when z— oo
x

Example 13.1 Let us consider a rational function

r—1

y:

For this rational function, which we denote hereinafter, y = w(x), we will find
1. the domain,

2. the set of values,
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3. fractional form of the function y = w(x)
4. asymptotes of the function y = w(x),
5. graph of the function y = w(x).

The domain of this rational function is the set of real numbers for which the denominator
x+1#0

15 not zero.
Thus, the domain of this rational function is the set

D={z: z € (—o00,0) for which, = # —1.}

Let us write the rational function w(x) in the form of simple fractions. Namely, by adding
and deducting the number 2 in the numerator, we check that

r—1
T +1
r—14+2-2
r+1
(x+1)—2
xr+1
2

= 1-—— ~1.
a1 °F

y=w(x) =

The set of values of the function

2
r+1

y:w(x):l— 751, x;ﬁ—l.

is the set of real numbers different from 1. So that we write
R(D) = {w € (—o0,0), dif ferent from w # 1}
The rational function w(z) reaches all real values other than 1.
The asymptotes of the function y = w(x):
The horizontal asymptote is a straight line parallel to the x azis
y=w(x)=1 for allreal z# —1.

If x© goes to positive or negative infinity then the values of the functionin(x) go to 1.

If ©— fo0, to y=w(r)=1-— 1.

N
r+1

The vertical asymptote is a straight line parallel to the yaxis through the singularity point
r=—1.

If x goes to —1 to the left or right of x = —1, then the values of the functionin(z) go to
plus or minus infinity.

x— -1, to y=w)=wx)=1-
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The graph of this rational function is hyperbola
Y
Y

verdical asymptote parallel to y exis y, when x = —1

) horizontal asymptote parallel to r exis x, when y =1

Note that this hyperbola has two asymptotes: a horizontal y = 1 for each real value of
x € (—00,00) and a vertical one passing through the point & = —1, this is the point at
which the function is undefined.

Example 13.2 Let us cosider the rational function

1

:m, y:’LU(.I), o0 < T <Ooo.

y =w(z)

For the function wymiernej y = w(x) we will find
1. the domain,
2. the set of values,
3. fractional form of the function y = w(x)
4. asymptotes of the function y = w(x),
5. graph of the function y = w(x).
The domain of this rational function is the set of real numbers.
The doimain of the functionis : w(x): is D= (—oc0 < z <,00).

The set of values of this function is the range [1, 00) of real numbers greater than or equal
to 1. Indeed, we note that the values of this function satisfy the inequality

1
le, fOT' —o0o<Tr<oo.

The graph of this rational function is the curve
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y = w(x)

rational function: y = w(x)

The rational function

— (@) = 5T
O T
has one horizontal asymptote x exis x, when y = 0.
Example 13.3 Let us consider rational function
_z-l =w(x) 0o <z < 0o
- xz + 17 y - ) .

For the function w(zx) we will findznajdziemy
1. the domain,
2. the set of values,
3. fractional form of the functiony = w(x)
4. asymptotes of the function y = w(zx),
5. graph of the function y = w(x).
The domain of this rational function is the set of all real numbers because the denominator z2+1 > 1

is positive for every real
z € (—00,00).

The set of function values is the [—1,1) range of real numbers. Namely, we ubserve thatcheck

<1 (13.2)
Indeed, the function in(z) can be written as a difference

:c2—1_1 2
241 2 +1

Positive value of the expression

<2

O<:c2—|—1_

is less than 2, not 2 for x = 0.

in addition

0< — 0, when x — +o0,

2 +1
goes to zero if x rightarrow + occ.
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Hence, we get the inequality (13.2) by the following evaluation
2? —1 ) 2
241 x2+1
< 1, when x — *o0,

and
-1 ) 2
x24+1 241’7

—1, when x=0.

Plot of this rational function, below

Horizontal asympttl)te: parallel to x© axis, when y =1

Hyperbola: w(x) =

13.2.2 Decomposition of rational functions into simple fractions
A simple fraction is one of the following rational functions

A A Ax+ B Ax+ B
r—a’ (z—a)}’ 2?4+pr+q (22 +pr+q)F’

A=p*—4¢<0.

for certain natural number k, coefficients A, B and p, ¢, when discriminand A = p? — 4¢ < 0.

Example 13.4 Decompose a rational function into simple fractions

2x — 1
2 -1

w(zx) =

For the function w(zx) we find
the set of values,
fractional form of the function y = w(x)

asymptotes of the function y = w(x),

e v o~

plot of the function y = w(x).
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Solution. The domain of this rational function is the set of real numbers for which the denominator
is not zero.

D = {ze(-00,00): 22 —1=(z—1)(z+1)#0}
= {z€(-00,00): (z#1)N(z#-1)}

We look for the distribution of a rational function into simple fractions using the co-method ’o 1
indefinite factors. Namely, we find A and B such that the following equality holds

20 —1 2x — 1 A B

22—1 (z—1D(z+1) :c—1+:c—|—1

w(x) =

for every x € D from the function domain w(z), that is for every z # —1 and = # 1.
Thus, the coefficients A and B are derived from the identity
2z —1 A B

(:c—l)(:c+1)::c—1+:c—|—1

which is true for every x # —1 and z # 1.
We will write this identity with a common denominator

2z —1 A(x+1)+B(xz—-1 (A+B)x+(A-B)

(z—1(xz+1)  (z—1L)(x+1) (z—1)(z+1)
Comparing the coefficients for x and the intercepts in the numerator, we get the equations for the
unknowns A and B
A+B=2, A-B=-1.

We calculate
A=B-1, (B-1)+B=2, 2B=3.

Hence, we find

3
B=-, A=B-1=-—-1=-.
2’ 2

Answer: The decomposition of the rational function in(z) into simple forms

1

N w

20 + 1 3 1
w@) =TT T o e,

13.3 Questions

Question 13.1 For the rational function

find the following items
1. the domain of the function in w(x),
2. a collection of function values w(zx),
3. as a fraction of a simple function w(x),
4. asymptotes of the function w(zx),
5. Sketch a plot of y = w(zx).

Question 13.2 For the rational function

() w)=2=,
(i) wiw)= 52

give the followig items
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the domain of the function in(x),
collection of functionvaluesin(z),

asymptotes of the functionin(x), item Make fractions the function w(z),

Sketch a plot of the y = w(z) function.

e v o=~

Question 13.3 Decompose rational functions into simple fractions

w(z) = &e
(z —3)(z2+4)
and give the following items

1. the domain of the function in(x),

2. collection of functionvaluesin(zx),

3. asymptotes of the functionin(z), item Make fractions the function w(x),

4. Sketch a plot of the function y = w(x).



Chapter 14

Exponential function

Let us consider the exponential function given by the following formula
y= f(z)=a", a>0, a#1l.

The real number a > 0, a # 1 positive and different from 1 is called the basis of the exponential
function.
The domain of the exponential function is the set of all real numbers

D={z€eR: —c0o<z<x}. R=(-c0<z<00)
! Every exponential function attains all values from the set of positive real numbers.
Ri={y€eR, 0<y< oo}
Let us note the domain and set of values of the exponential function
f(x) =2, domainis: R, setof values is: Ry, 0< 2% < oo.

These sets of real numbers are marked on the graph, below.

Y

2 xponential function y = 2” when the base a = 2

Let us observe, on the plot, that the exponential function has one asymptote which is x exis. The
function
y=flx)=a"

is ascending if its base a > 1, and it is decreasing if its base 0 < a < 1.

Read D is the set of all real numbers from the interval (—oo, o)

173
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Now let us consider plot of the exponential function y = f(z) = (%)z with the base 0< a = % < 1.

Y

1
\ 42 Exponential function y = (5)z

We can see from the above grath that, the exponential function

is decreasing.
The following realtions between vaues of an exponential function hold.

1. The value of the exponential function at zero when x = 0 is equal to one.

y=f(0) =1, because a’ =1,

for every base a > 0.

2. The value of the exponential function for x = 1 is equal the base a.

y=f(1) =a, because a' = a,

3. Exponential function y = f(x) from the sum of arguments is equal to the product of the

values
fl@+1t) = f(z)* f(t)
Indeed, we have
fla+t)=a"" =a”xa" = f(z) * f(1)

4. The exponential function of the arguments difference is equal to the quotient of the values

_ f(=)
f(x—t)fm
In fact, we have
N SR S A A C)
fla—t)=a =a" *xa == =70

5. The exponential function of the product of arguments is equal to the power

flaxt) = (f(z))'

Let us check
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6. The exponential function of 7* is equal to the nth root of the mth power
m n
F() = ¥/7m)
=a = Yam =

Namelyy, we have
m

m
n

() V f(m)

n

Example 14.1 Calculate vaule of the arithmetic expression

354370
Solution:
In this example, we apply the property 2 to the exponential function
f(@)=a”
when the base a = 3 and the arguments x = 8 and x = —5. So using the property 2, we calculate

F3)x f(=5)=3%%37=3"°"=3%=097
Example 14.2 Calculate value of the arithmetic expression

%122

ol

3

Solution
Using the properties of the exponential function, we find

wojor
o=

5 1
32 %122 = 32 %(3x4)

|
w
wjor
*
w
ol
*
'
[N

olet

= 35+ 41=32%2=18.

Question 14.1 Calculate value of the arithmetic expression
@ (377 (i) 2% %275 %167
Question 14.2 Consider the exponetial function
flz) =27, —00 <z < 0.
Sketch a plot of the function
y=f(z—-1)+1, —00 < 2 < 00.

in the coordinate system x,y
Calculate value of the fuinction f(x — 1) + 1 for x = 3.

14.0.1 Exponential equations and inequalities

We solve exponential equations and inequalities using the following relations
e f(z) =a” > 0 is positive along the whole number line —oo < z < 0.
e set of values of the exponential function consits of all positive numbers,
R+ = (O, OO)
e exponential function f(0) = 0 for each base a >0, a # 1

e exponential function f(z) = a® increments along the entire number line
—o0 < x < 00, if the base a > 1.

e exponential function f(z) = a” is decreasing along the whole number line
—o0 < x < oo if base 0 < a < 1.
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14.0.2 Examples
Example 14.3 Solve the equation
2% —3%x2°4+2=0

Solution. The domain of this equation is the entire set of R real numbers. Now, let’s write this
equation as
(2°) —=3%2"+2=0

Using the substitution ¢ = 2% we get a quadratic equation
2 —3t+2=0, A=(-3)—-4x2=1.

we find the roots of this equation

Returning to the variable z, we calculate the solution:
if 2 =1,to x=0.
if 2 =2,to z=1.

Example 14.4 Solve the equation

2x—1

3%-1 =9

Solution. The domain of this equation is set of real numbers different from %. Now, let’s write

3
this equation as follows
2x—1

33e-T — 32
Hence, we get the equation
20 — 1
=2,
3r—1
and we find the solution
20 —1=2Bz—-1), 2x—1=6x—-2, 4z=1, :c:i

Question 14.3 Solve the equation
3" +27x37 " —12=0.

Question 14.4 Solve the equation
3z—1
522-3 = 25.



Chapter 15

Arithmetic root {/a

The operation to calculate the root of degree n from a real numbera is the inverse operation to
exponentiation. But the reverse operation not always is possible in real numbers.

Let’s start by calculating the arithmetic square root.

Definicja 15.1 The square root of a non-negative number a > 0 is the non-negative number b > 0,
which satisfies the equality
b’ = a.

The square root of a > 0 is denoted by the symbol
b=+a.

Example 15.1 The square root of a = 4 is b = 2 because the number is positive 2 and satisfies
2> = 4.

We write

V4 =2.

Also, negative number —2 satisfies equality
(—2)2 = 47

However, by definition, —2 is not the square root of 4.

In general, real roots of even degrees

do not exist of negative numbers. In particular, the square root of negative numbers does not exist
in the set of real numbers.

15.1 Square root function
Similarly, we define the square root function.
Definicja 15.2 The square root function

Y=z,

is the square root of a non-negative real x > 0.
So the square Toot function is well defined for the argument z € [0, 00) and its the values of y € [0, 00)
belong to the interval [0, co).

177
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Y
Square root V4 = 2
2
p 1
-2 —1 X
; ; ; O '1 '2 '3 4
Plot of the function y(z) = V&

Example 15.2 Simplify the expression by decomposing a number under a square into prime factors

(i) V200, (i) V144

Solution.
()

V200 = v/2 % 100 = V2 * 102 = 10v/2
(ii)

V432 = /3 % 144 = V3% 122 = 12V/3

Example 15.3 Calculate the value of the expression

(10 — v10)(10 ++/10) 100 —10

V10 V10
_ %, VD
- V10 V10
_90V/10
T
= 910

Example 15.4 Simplify the expression by factorization the numbers under the root
V432 — /48

Solution.
In order to decompose numbers 432 and 48 on prime factors we write

432 |
216 |
108 |
54|
|
|
|

W NN NN

|
|
|
|
27 |
9

3
1

W W W NN
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Hence, we get the decomposition of numbers into prime factors
432 =2"%3%, 48=12"x3
Now, let us do simplification of the expression
VI VE = VI F Va3
= 3V16x3-V16x3=2V3

Example 15.5 Simplify the expression

V90 —v40 V9% 10— 410
V10 B V10
V32510 — V22 %10
V10
3v/10 — 2v/10

V10
V10

io

15.2 Algorithm digit by digit to calculate the square
root
Let’s start the description of the algorithm with examples.

Example 15.6 Calculate the approzimate value of the root \/2 with the accuracy of 4 decimal
places.

The scheme of the algorithm for computing the square root of a = 2.0 > 0 is similar to the scheme
for dividing integers.

1. In the first step, digits of a = 2.0 are completed with zeros and divided into groups of two to
the left of the decimal point and to the right of the decimal point, as shown below

v/02.00 00 00 00

2. We find the largest number p such that p? is less than the first two digits of a. In this example
p2 <a=2.
Sure, for a = 2 number p = 1 because p? = 12 < 2.

Thus, the number p = 1 is written above the dash, as shown below

1. digits
+/02.00 00 00 00 | 1
Subtract px1 =1x%1= 1 from 02 as in written division
1. cyfry va
4/ 02,00 00 00 00 |
01 | |
- — = | =100 | 1
|

0100 |
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3.The next digit of the number /2 is found by adding to the number 2% p = 2 % 1 the one digit «
for which the product

y= (20p + z) xz <7y = 100. (15.1)

In this way we increase the digits of p by one digit x which we compute, in this example, by
substituting p = 4 into the equation (15.1)

y=(20%4+4) x4 =96.

The number 4 is added to the number 1. above the decimal point, then we perform the subtraction
operation as in written division

1.4 cyfry va
1/ 02,00 00 00 00 |

01
r1 =100

|
|
|
096 | ro=20%x4+4=96
|
|

000400

4.We find the next digit of p = 1.4 in a similar way.
Namely, the number p = 14 is multiplied by 2 and added to the product of digits = for which the
value of the expression

(20p+z)*xx=(20% 14+ 1) « 1 = 281 < 400

is the largest and less than 400. We can easily check that x = 1.

Digit z = 1 is added to the number p = 1.4 above the line. Next we perform the subtraction
operation as in the written division

1.41 cyfry va
1/ 02,00 00 00 00 |
01 | |
—_ | 7= 100 | z=1
100 | |
96 | r2=20%x4+4=96 | z=4
- | |
400 | |
281 | r3=(20%14+1)%1=281 | z=1
- | |
191 | |

The number 4 is added to the number 1. above the decimal point, then we perform the subtraction
operations as in written division

1.4 cyfry va
1/ 02,00 00 00 00 |
01 | |
- | =100 | z=1
100 | |
096 | 7—2=20%44+4=96 | z=4
|
|

000400

5. We find the next digit of p = 1.41 in a similar way.

Namely, we multiply the number p = 141 by 2 and add to the product the digit = for which the
value of the expression

(20p + ) * & = (20 * 141 + 4) » 4 = 11256 < 11900
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is the largest and less than 11900. We can easily check that x = 4.
The number x = 4 is added to the number p = 1.41 above the line. Next we perform the subtraction
operation as in the written division

1.414 cyfry va
4/ 02,00 00 00 00 |
01 | |
S —_ | r =100 | z=1
100 | |
96 | r2=20%x4+4=96 | z=4
——- | |
400 | |
281 | r3=(20%14+1)%1=281 | z=1
——- | |
11900 | |
11296 | r3=(20%14+1)%1=281 | z=4
S | |
604 | |

6. We find the next digit of p = 1.414 in a similar way.
Namely, we multiply the number p = 1414 by 2 and add to the product the digit x for which the
value of the expression

(20p + z) * x = (20 = 1414 + 2) * 2 = 56, 564 < 60, 400

is the largest, but less than 60,400. We can easily check that z = 2.

The digit x = 2 is added to the number p = 1,414 above the line. Next we perform the subtraction
operations as in the written division

1.4142 cyfry va

+/02,00 00 00 00 |
01 | |

[ | 71 =100 | 2 =1
100 | |

96 | ro=20%x4+4=96 | z=4
- | |
400 | |

281 | rs=(20%14+ 1)1 =281 | 2 =1
- | |
11900 | |

11296 | 73 =(20%1414+1) %1 = 281 | 2 =4
-—= | |
60400 | |

56564 | r3=(20%1414 +2) x2=56564 | = =2
—-—= | |
3836 | |

Finishing the calculations with an accuracy of 4 digits after the decimal point, we get the approxi-
mate value of the root v/2 ~ 1.4142.
Sure, we can continue with this v/2 process to get more precision than 4.

15.2.1 Equations with root /x

Let us explaine solution of equations with /= on examples.
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Example 15.7 Solve the equation:
x =z, z > 0.

Solution. Naturally, we are looking for a solution in the domain of this equation, that is, in the
range [0, 00) non-negative numbers. Squaring this equation of both the sides, we get an equation
not equivalent

T° =z, —00 < x < 00, (15.2)

which makes numerical sense for all real numbers including negative numbers.
We find a solution easily

r—22=0, a(z—1)=0, =0,
or (15.3)
z—1=0, r=1.

which makes numerical sense for all real numbers including negative numbers.
Let’s check that both the roots of z =0 or = 1 belong to the [0, 00) domain. Thus this equation
has two solutions to x =0, x = 1.

Example 15.8 Solve the equation

V2r =z —1 (15.4)

Solution

Note that the equation (15.4) is defined for the root expression 2z > 0 when x > 0 and for the
right-hand expression x — 1 > 0, when = > 1.

The domain of this equation is the ray [1,00).

Squaring the equation (15.4) by sides, we get an equation not equivalent

20 =x —1,

which has the solution
r=—1

does not belong to the domain of equation (15.4), write z = —1 ¢ [1, 00).
Answer: Equation (15.4) has no real solutions.

Example 15.9 Solve the equation:
Ve+l—vz—1=1, x> 1. (15.5)

Solution. Naturally, we are looking for the solution in the domain of this equation, that is in the
range (1,00), when z +1>0and z —1 > 0.

Squaring this equation with the sides, we get an equation not equivalent
(z+1)—-2y/(z+D)(z-1)+(z—-1)=1
lub (15.6)
2 —2¢/xz2—1=1

which makes numerical sense for all real numbers x < —1 or > 1 including negative numbers less
than —1. Thus, equation (15.5) has a domain different from that of equation (15.6).
Let’s write the equation (15.6) as

22—-1==—uz, x> 1.

1
2



Further, by squaring the last equation once again, we get an equation not equivalent as well

which makes numerical sense for all real numbers.
The solution to the last equation is z = 1 > 1 which belongs to the inherited equation.

We check that = = 5 is the solution of the equation (15.5)

4
/5 /5 9 1 3
241y /2-1=1 Sy =2-
i 1 ’ \/; \/; 2

15.3 Cubic root /a

Unlike the roots of even degrees, there are real negaive roots of odd degrees

from negative numbers.

n=2%+1 k=12 3.,

- —x
lub
:c2—1:——:c—|—:c,
lub,

5
x—Z—O,

N —

=1
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Definicja 15.83 The cubic root, whenn = 3, of positive or negative number a is a number b = ¥/a

which satisfies equality

¥ =a

For example, for a = 8 or a = —8 the cubic root
b= ¥8=2, because
b= /—8=-2 because

The cubic roots of some numbers are given in the table below

a

-125

-64

=27

-8

-1

0

125

y=vVa

-5

-4

-3

-2

-1

0

15.4 Cubic root function y = /=

Like the square root function, we define the cubic root function.
Definicja 15.4 The value of y of the function cubic root
y = vz,

is equal to the cubic root of x, where x € (—00,00).

Thus, the cubic root function is well defined for the x € [—00,00) argument and the y € (—o00, 00)
values belonging to the set of real numbers (—oo, 00).
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Note that the root function is increasing, that is, it has larger values for larger arguments, we write

If arguments x1, x2 satisfy the inequality
xr1 < T2

then the corresponding values of y1, y2 satisfy the inequality

Y1 < y2.
Y
?’ Root V/8 =2
Root v/—8 = —2
CE——— S
s e » | x
o . . e . : |
-2
Plot of function y(x) = ¥z

15.5 Examples

Example 15.10 Calculate the value of the expression

V81
V64
Solution.
Let us observe that 81 = 3% and 64 = 25.
We calculate
V81 /3% 3
V61 v A

Example 15.11 Calculate the value of the expression

V81 — /64

V3—4

w

Solution.
Clearly
81 =3 64=2°

Hence we find the value of the expression
VBL- V64 _ VF V20 _3V3-4
33 —4 3V3-4  3Y3-4

Example 15.12 Simplify the expression by decomposing a number under a square into prime fac-

(i) V192, (ii) V648

tors
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Solutionn.

(i)

V192 = ¥/3%64 = V326 = V343 =43
(ii)

V648 = V8% 81 = V23 %31 =2V33 %3 =2%3V3=6V3
Example 15.13 Calculate value of the expression

(100 — ¥/1000)(100 + {/1000)
/1000

Solution.
Let us observe that +/1000 = 10 and applying formula for difference of squares

(100 — {/1000)(100 + /1000) (100 — V/10%)(100 + ¥/10%)

¢/1000 B 10
(100 — 10)(100 + 10)
- 10
1002 — 102 10000 — 100
o 10 o 10 =990

15.6 Arithmetic root of degree n
Let us start with definition of arithmetic n — the root of a real number a.

Definicja 15.5 The arithmetic root of degree n — th of a non-negative number a > 0 is the non-
negative number b > 0, which satisfies the equality

b" =a, n=23,4,..;
The arithmetic root of a > 0 is denoted by the symbol
b= Va.
We give the arithmetic roots of some non-negative numbers below.
Example 15.14

forn=2, a=256, +/256=16, b= 16, 16% = 256,

forn=3, a=512, 612=8, b=3§, 8% =512,
forn=4, a=256, V256=4, b=4, 4* = 256,
forn=5, a=1024, /1024 =4, b=4, 4% = 1024,

15.7 Operations on arithmetic roots

The formula for arithmetic operations on roots is given in the table below

Yar =a a>0 an =a
(L/a*b:{‘/a*% a>0 b>0
a Ya
== a>0 b>0
b D) =
Vam™ = (/a)™ a>0 | YVam =an
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For example

Yo =2 a=2>0 2w =21 =2
Vhx9=/4xY9=2+3=6 a=4>0 b=9>0
3
2125 V125 _ 5 a=125>0 b=164>0
64 V64 4
V3 = (V3)° a=320| V3 =31=3"=9

Example 15.15 Let us calculate value of the following expression

V096 = /217 = Va2t = Y25 = {/(22)7 =22 =4

15.8 Questions
Question 15.1 Calculate the value of the expression by decomposing the number under the square
into prime factors
() V300, (it) V169
Question 15.2 Calculate value of the expression

(20 — /10)(20 4 +/10)
V3

Question 15.3 Calculate the value of the expression by factoring the numbers under the root

V3072

Question 15.4 Simplify the expression

V160 — v/90

V10

Question 15.5 Calculate value of the expressiona

&72
512

d

w

Question 15.6 Calculate the value of the expression by decomposing the number under the square
into prime factors

(i) /384, (i) V1296
Question 15.7 Calculate value of the espression

(20 — /1000)(20 + +/1000)
/1000

Question 15.8 Calculate value of the espression

w
g
(=]

w
s‘
(=2}

Question 15.9 Solve the equation

}

T+
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Question 15.10 Solve the equation

V2x—1=1
Question 15.11 Solve the equation

VaFi-va—2=2
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Chapter 16

Logarithmic function

The logarithmic function is inverse one to the exponential function. Thus, if the exponential
function defines dependence of the variable y on the variable z by the formula

y=a", a>0, a#1

then the inverse function determines the dependence of the x variable on the y variable by the
formula
x = loga v, y > 0.

The constant @ >0, a# 1 or 0 < a < 1 is called the base of the logarithm.
Therefore the domain of a logarimic function is the set of values of the exponential function

D=R,={y: 0<y< oo}
and the set of values of the logarithmic function is the domain of the exponent function
Ry={z: 0<z< o0}
For example, the decimal logarithm, when a = 10 we write
x = logio vy, for y>0

We swap the role of x and y. Namely, we denote the independent variable with the letter x, while
the dependent variable denoted by the letter y.

We write the decimal logarithm without the base 10 as below
y = log x, x>0,

Logarithmic function monotonically increases for base greater than one a > 1, and is decrement if
base 0 < a < 1. )
Let us see the graths of the logarithmic function, when the base a =2 or a = 3

y =logs x, O0<z<oo

or
y:log%:c O0<z<oo

189
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The grath of the logarithmiv function y = logs =

WY
¢’ Plot of logarithmic function y = log, «
J ! Logarithmic function is increasing, when a > 1
T
—4 -3 —2 -1 0 1 2 3 4
®—1;
The grath of the logarithmiv function y = log 1
N
< 2 Plot of logarithmic function y = log 1
1
¢ Logarithmic function is decreasing when 0 < a = 3 <1
—4 -3 —2 —1 x
O 3 4
®—1

16.1 Natural logarithmic functions

The natural logaritmic function
r=lIney or xz=Ilny, 0<y<oo
with the base

a=er~e=2."71828182845904523536028747135266249775724709369995...;

is inverse to the expotential function

y=e", or y = Ezplz], —00 < x < 00.

16.1.1 Properties of logarithmic function

1. The value of the logarithmic function
y = g(z) = logax
for x =1 is equal to zero.

g(1) =loga 1 =0, because a’ =1, a >0, a#1.
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. The value of the logarithmic function
y = g(a) = logaxw
for £ = a is equal to one.
g(a) =logs =1, poniewaz a'=a, a>0, a#l.
. The logarithmic function of the product of arguments is equal to the sum of the values
loge x xt =logex + loga t, © >0, t>0, a>0, a#1.

or we write
g(z) =log, =, g(z=*t)=g(x)+g(t), >0, t>0.
Indeed we check

y1 = log, , to z=a"", a>0, a#1,
yo = loga t, to t=a"?, a>0, a#L
Hence we find
Tt = a¥t xaq¥? =a¥tY2 >0, a# 1.
logo zxt = log, a¥*™¥2 =y +yo = logs = + log, t

. The logarithmic function of the quotient of the arguments is equal to the difference of the
values .
loga ?:logax—logat, >0, t>0, a>0, a#1.
or we write "
9(z) =log, z, g(3)=g(x) —g(t), ©>0, t>0.
Indeed we check

y1 = log, , to z=a"", a>0, a#1,
yo = loga t, to t=a¥?, a>0, a#L
Hence we find
z _oat iy,
? = CL? =a , a> O7 a 74— 1.
logs — = log, a'7¥2 =y —y2 =logs v —log, t
. Logarithmic function from z*, k =0,1,2,,3, ...,; is equal to the product of the power expo-

nent k times the logarithm of the base of the power x
loga, 2" =k« logax, x>0, k=0,1,2,3,..;
This relationship is a direct result of the logarithm of the product. Namely

loga:ck:loga rxrx---xx =log, v+log, v+ -+ +loga x =k =xlog, =

k k
. The logarithmic function of s equal to the logarithm

log 2% =mxlog ¥z
Namely, we check using the relation of the logarithmic and exponential functions

log,, :c%:loga Yz +log, Vr+ - +logs ¥Vxr=m=xlog, V.

m
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7. Assuming a > 0, a # 1, ¢ >0, ¢ # 1, b > 0, we can change the a basis of the log, b arithm

to ¢ according to the formula
log ¢ b
loga b— 109 b
logc a
In order to chech this formula we intrduce notation
p=log, b, g=log, b, r=log. a

From the definition we find

Hence follows equality

b= ()", b=c,
log, b=p=xrlog.c, log.c=1,
log.b=pxr, log.b =log, b * log, a,
log, b= logeb ,

log, a

8. In the case of ¢ = b replacing the base with the logarithmic number b leads to the reciprocal

of the logarithm
1

log, a

logasb =

In fact, with relaion 7, for ¢ = b we have

log,b 1

logasb = bo log,b=1

log,a log,a’
Example 16.1 Calculate expresion
(1) log, 64, (13) logs 125
Directly from definition we find
(i)  log,64 =log,2° =6, bo 25 =64,
(i)  logs 125 =logs5° =5 bo 5° = 125.

Example 16.2 Calculate the value of logarithmic expressions

. log, 625

() EO®,
0g3 5

g logg 5

(i) .

(i1) log,(log, \/3) — log,(log, 5),

Using the relationship between the values of the logarithms, we calculate

(i) log, 625 _ logs 5* _ 4logs 5 _
logs 5 logs 5 logs 5
(i) logg 5 _ log, 5 _ 1 _ 1
log, 5 log,8log, 5  log,23 3
log, \/5

log, 5

log, \/5

1
:5* =log, - =—1

log, \/5

(iii)  log,(log, V5) — logy (log, 5) = log,

Example 16.3 Calculate the value of logarithmic expressions
(7) log,(log, 16),

(43) logs(logs 125).



193

Using the relationship between the values of the logarithms, we calculate
(¢) log,(log, 16) = log,2log, 4 =log,2 =1,

(i5) logy(logs 125) = log, logs 5° = log, 3logs 5 = logy 3 = 1,

Question 16.1 Calculate the logarithm
(1) logs 81, (i) log, 16807

Question 16.2 Calculate the value of logarithmic expressions

. log, 3125
(i R
g log, 8
() oy

(iii)  logs(logs V'T) — logs(log; 7),

Question 16.3 Calculate the value of logarithmic expressions
(i)  logs(logs 3125),

(#3) log,(logs 6561).

16.2 Logarithmic equations and inequalities

An equation in which the unknown occurs under the sign of the logarithm is called the logarithmic
equation. We start solving the logarithmic equation by determining its domain. That is, values of
the argument x for which the left and right sides of the logarithmic equation have a numeric sense.
We are looking for roots in the domain of the logarithmic equation. By solving an equation, we
transform the equation into an equation of simple form that may have roots outside its domain.
Roots of a logarithmic equation from outside of its domain are called foreign roots. The methods
of solving logarithmic equations are based on the properties of the logarithmic and exponential
functions. Below we present examples of solving logarithmic equations.

Example 16.4 Solve the equation
log, x =4

Solution
First, we define the domain of the logarithmic equation. Namely, the logarithm is only determined
for the positive values of x. Thus the domain of this equation is the set x > 0. we write

0<z<oo or zé€/(0,00).
From the definition of the logarithm as the inverse of the exponential function, equality follows
z=2"=16.
We check that the solution z = 16 € (0, c0) belongs to the domain of equation
log, 2t = 4log,2 =4, log,2=1.
Example 16.5 Solve the equation

logs (5 — z) + logs(5 + x) =2
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Solution
First, we define the domain of the logarithmic equation. Namely, the logarithm is only determined
for the positive values of the argument

5—z>0 and 5+x>0.
Hence the domain of this equation is the set
x <5 or x> -5
Then we write the domain of this equation as an open interval
—5<xz<b5 or ze€(-hD5).
From the property of the sum of logarithms equality follows
logs(5 — z) + log(5 + x) = logs(5 — z)(5 + z) = 2.
By definition, we have an equality
(5-z)(5+x)=3" or 25—a>=9 or 2> =16.

We calculate the square roots

va? =lz|, V16 =4.

Hence we get two solutions
when |x|=4 to 1 =—4 or =z =4.

We check that the solution 1 = —4 € (—5.5) and z2 = 4 € (—5.5) belongs to the domain of the
equation

logs(5 4+ 4) +logs(5 — 4) log; 9% 1 =log, 3% =2

and

logy(5 —4) +logs(5+4) = logy 19 =logy3* =2.

Note that both the solutions of 1 = —4 € (—5.5) and 22 = 4 € (—5.5) belong to the domain of
this equation. Let’s mark the domain and the solution on the number line

-5 :E1:—4 0 :E2:4 5

Number line. The domain of the equation is open interval (—5,5)

Example 16.6 Solve the equation
logs(z — —2) +logg(z — 4) =1

Solution
First, we define the domain of the logarithmic equation. Namely, the logarithm is only determined
for the positive values of the argument

r—2>0 and x—4>0.
Hence the domain of this equation consists of x which satisfy inequalities
r>2 or x>4.
Then we write the domain of this equation as the left-hand open endless interval

x>4 or € (4,00).
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From the property of the sum of logarithms, equality follows

logs(z — 2) + logs(x — 4) = logg(x — 2)(x —4) = 1.
By definition, we have an equality

(x—2)(z—4)=3", or 2> —6x+8=3 or 2°—6z+5=0.
We calculate the roots of the equation.
2® —6z+5=0

The discriminant of this equation for the coefficients a = 1,= —6, ¢ =5 is

A=b—4dxaxc=6"—4%1x5=36—20=16.

Hence, we calculate the roots of the equation

6-VI6) = o2 =1, a2 =5(6+VI6) = 5 =5

Tr1 =

N —

We check that the foreign root 1 = 1 ¢ (4,00) does not belong to the domain of the equation,
while the root 2 = 5 € (4, 00) belongs to the domain of the equation and the second root z2 = 5
satisfies the equation

logs(5 —2) +1logg (b —4) = logg3x1=1logs3=1

Note that only the root of x2 =5 € (4, 00) belongs to the domain of this equation. Let’s mark the
domain and the solution on the number line

—1 0 1 2 3 4 T2 =05

The domain of the equation is the open interval (4, o)

Example 16.7 Solve the equation
log,(log, =) = 1.

Solution
The domain of this equation is the set of those x for which

log, x >1, xz>4, z€ (4,00)
By definition of the logarithm, we know that if
log, = = 2!

then
z=4%  z=16.

The solution to z = 16 € (4, 00) belongs to domain.
We check that x = 16 satisfies the equation
log(log, 16) = logy(log, 4%)
= log,(2log,4)

= logy,2=1
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16.2.1 Questions

Question 16.4 Define the domain and find a solution to the equation
log,z =3
Question 16.5 Define the domain and find a solution to the equation
log,(1 — z) —log, (14 z) = 0.
Question 16.6 Solve the equation
log,(z — 1) +log,(z —2) =1

Question 16.7 Solve the equation
2log(x —1) =1

Question 16.8 Solve the equation
log,(logg z) = 1.



Chapter 17

Plane geometry. Planimetry

17.1 Introduction

FEuclidean geometry, planimetry and stereometry are an important part of mathematics curricula
in primary and secondary education.

The scope of planar geometry includes structures with a ruler and a compasses for flat figures as
well as measurement relationships between angles and sides in triangles, rectangles, parallelograms,
circles and polygons, including regular polygons.

17.2 Points, segments and vectors on the plane

Points, lines and planes are primary concepts, they do not need to be defined. A point is under-
stood as a dimensionless geometric figure. A straight line is a one-dimensional Euclidean space
that consists of points co-linear. Similarly, a plane creates a Euclidean space composed of points
coplanar. Points located on a straight line or on a plane are marked with capital letters A, B, C, ...;
The segment with the beginning at point A and end at point B is denoted by the symbol [A, B].
Length of the segment [A, B] at the beginning of A and the end of B is marked with the symbol
|AB].

The vector with the package at point A and the end at point B is the segment directed AB with
the return from A to B. The length of the vector | AB] is equal to is the length of the segment |AB|.

line L

. point F D

i ~ interval [C, D
. point I A vector AB [ ]

. point H

17.3 The position of geometric figures on the plane.

We define the position of geometric figures on the plane in Cartesian coordinates.
In the Cartesian coordinate system, the coordinates of points

A = (al,ag) and B = (bl,bg)

197
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are written in brackets. And the vector
A_B = [az —ai, bz — bl]

of which the coordinates are equal to the difference of the coordinates of the points A and B is
written in square brackets.

Example 17.1 Let the points A = (3,1.5) and B = (5,3.5) form the vector AB with beginning A
and ending B. Then the vector

AB =1[5—3,3.5—1.5] =[2.2]
has the coordinates x1 = 2, xa = 2.

Cartetesian coordinate system

X2
b B = (b1, b2)
A: (al,ag)
0 al by 1

17.3.1 Arithmetic operations on points

The sum of two points
A: (al,ag) and B = (bl,bz)

is equel to the point
P = (p1,p2) = (a1 + b1, a2 + b2)

with coordinates p1 = a1+ b1 and p2 = az + ba.
Example 17.2 Calculate the sum of points
A=(1,2) and B=(2,1)

Solution. The sum
A+B=(12)+(121)=(1+22+1)=(3.3)

Answer. The sum of the given points A = (1,2) and B = (2, 1) is the third point P = (3,3).
with the coordinates x1 = 3, 2 = 3.
Below in the figure is the geometric interpretation of the sum of points

A+B=(12)+(21)

X2
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Difference of two points
A= (al,ag) 7 B = (bl,bz)

is equal to the point P = (p1,p2) = (a1 — b1, a2 — ba2)
for coordinates p1 = a1 — b1 @ p2 = az — ba.

Example 17.3 Calculate the difference of the points
A=(1,2) ¢ B=(2,1)
Solution. The difference
A-B=(33)-(21)=38-23-1)=(1.2)

Answer. The difference between the given points A = (3,3) and B = (2, 1) is the point
P=(1,2).

T2

a1 L A=(33)

P=(1,2)
P
P — . B=(21)
L
1
0 1 2 3 1

17.3.2 Vectors on the plane

Let points A = (a1,a2) and B = (b1, b2)begiven.
The vector AB about the package at the point A = (a1,a2) and the end at the point B = (b1, b2)
we define as the difference of points

A_B:B—A: [bl—al,bz —az].
23 For example, a bound vector beginning at A = (0, 1) and ending at B = (2,0) has the coordinates

AB=b—a=(2,0)—(0,1) = [2,—1].

17.3.3 Arithmetic operations on vectors

Sum of vectors
The sum of two vectors
U= [v1,v2] and W= |wi,ws]

is equal to the vector
Q = [#1, 22] = [v1 + w1, v2 + wo]

with coordinates
z21=v14+w1 and z9 = v + wa.

Example 17.4 Calculate the sum of vectors

v=[1,2] and W=][2,1]

1No concept of product or ratio of points
2The coordinates vy, v2 of the free vector ¥ = [v1,v2] are written in square brackets.
3A free vector is defined by its length, direction and sense, does not depend on the position on plane.
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Solution. We find
T4+ =[1,2]4+(2,1)=[1+2,24+1] =[3,3]

Answer. The sum of the given points 7 = [1,2] i @ = [2,1] is the vector @ = [3,3].

4 2o
5 @ =033

..................................... '17 — [17 2]
DY @ = [2,1]

T ;
1 /
w

0 1 2 1

Difference of vectors The difference of the two vectors ¥ = [v1,v2] ¢ W = [w1,w2] is equal
to vector

Q: [z1,22] =T — W = [v1 — w1, V2 — W3]
with the coordinates z1 = v1 — w1 % 29 = V2 — Wa.
Example 17.5 Calculate the difference of vectors v =[1,2] i @ =[2,1]
Solution. We calculate the difference of vectors
v—w=[1,2]-[2,1]=[1-2,2-1]=[-1,1]

Answer. The result of subtracting the data of vectors 7 = [1,2] i @ = [2,1] is the vector @ =
[—1,1].

31 G=[-11
______________________________________ _
2 a / @ = [2,1]
I ;
1 /
W
0 1 2 3 o

17.3.4 Scalar product of vectors

4 The scalar product of vectors is important operation on vectors that is used in mathematics,
physics, chemistry, and other science.

Definicja 17.1 The scalar product of the vectors © = [v1,v2] © W = [w1, ws] is the number defined
by the following formula

—

(U, W) = v1 * w1 + v2 * wa (17.1)
The value of the scalar product of vectors is not a vector, but it is a number
Example 17.6 Calculate the scalar product of vectors

v=1[2,5] and W=][7,3].

4The scalar value is a number
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Solution. Using the formula (17.1) we calculate the scalar product of the given vectors, we write
(U,@) = ([2,5] % [7,3]) =2* T+ 5+3 =14+ 15 = 29.

Answer. The value of the scalar product of the given vectors ¥ = [2.5] i @ = [7.3] is a number 29,
we write
(U, W) = 29.
The scalar product of vectors preserves all the properties of the multiplication operation.
Let’s consider two vectors
U = [v1,v2] and W= [w1,w2]

e scalar product is commutative
(v, 4) = (), ¥)
Indeed, we check that
(U, W) = v1 * w1 + v2 * w2 = w1 * v1 + w2 * v2 = (W, D)
e Scalar product of vectors is separable with respect to the vector addition operation
(0, (@ + Q)) = (7, @) + (7,Q)
Indeed we check that
(T, T+ Q) = w1k (w1t 21) + v * (w2 + 22)

= VixWi+U1*%21FU2kwWF 2+ vk 20

= V1 *xw1 + V2 *x w2+ V1 * 21+ V2 *k 22

(@@ @.@)
= (0,4) +(7,Q)

e scalar product of the vector ¥ by itself is equal to the square of its length

Sy

(T,7) = v1 % v1 +v2 *v2 = v} + 05 = |7]?

The following theorem holds:

Theorem 17.1 Vectors ¢ and W are perpendicular if and only if their scalar product is equal to
zero. We write it in the formula
U1 <= (U,@) = 0.

Proof. There are a few proofsof this claim. Here we will give a proof based on the Pythagorean
theorem. Namely, we will prove that the triangle with the arms ¥ and & is rectangular if and only
if the scalar product is equel to zero

(W, @) =0
We calculate the square of the length of the vector difference ¢’ i W
|T—w]? = (¥—wW,7—0)

L

= (7,0) — 2(¥,7) + (W, W)

? —2(0, @) + |

<4

Note that if the scalar product is equal to zero
(¥, @) =0
then the sides of the triangle AABC
|AB| = 7], |AC|=|w|, [BC|= |7 -
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satisfy the equality

7P 4 @] = v Zw|? (17.2)
X2
A
i -0
C i B
X1

On the other hand, the sum of the squares of the two sides of a triangle is equal to the square of
the length of the third side if and only if the triangle is rectangular.

Thus, the angle ZACB between the vectors ¥ and o is right angle if and only if the scalar product
of these vectors is equal to zero.

End of proof.

Example 17.7 Calculate the scalar product and the length of the vectors
v=106,8], @=1I9,12].
Solution. We calculate the scalar product using the formula (17.1) for the vectors
U=[v1,v2] =[6,8], and &= [wi,w]=1]9,12]

So the scalar product
(U,W) =69+ 8x%12 =54 4 96 = 150.

is equal 100.
We know that the square of the length of the vector ¥ = [6.8] is equal to the scalar product of this
vector through itself.

|5]° = (7,0) = 6 %6 + 8% 8 = 36 + 64 = 100

Where does the length of the vector come from?
7] = V100 = 10.
Similarly, we calculate the length of the vector @ = [9, 12]
@] = \/(@, @) = VI*9+ 12% 12 = /81 + 144 = /225 = 15.

Example 17.8 For what value of paramiter m the vectors

v =[m,6], @ =1I3,2]
are perpendicular?
Solution. We calculate the scalar product using the formula (17.1) for the vectors

7= [Ulvvz] = [m7 6]7 and W= [wlvwz] = [37 2]
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Vectors are orthogonal if their scalar product is zero. We calculate the scalar product
(U,0) =m*3+6%2=3m+12=0.

Hence the scalar product is zero

6m+12=0, dla m:—13—2:—4.
In fact, we check that for m = —4 the scalar product of the vector ¥ = [m, 6] by the vector @ = [3, 2]
is equal to zero
(U,W) = —4%3+6%x2=0
Answer.: Vectors
U= [Ulv UZ] = [m7 6]7 and W= [w17 wz] = [37 2]

are perpendicular for the parameter m = —4.
Question 17.1 Calculate the scalar product and the length of the vectors
v =[12,16], @ =[15,20].
Question 17.2 For what value of the parameter m vectors
U =[m,15], @ =]I5,3].

are perpendicular?

17.4 Constructs with compasses and ruler

The basic constructions using a compasses and a ruler include
e Symmetrical division of a segment

e Construction of a line perpendicular to a given straight line that passes through a given point
lying beyond the straight line,

e Construction of the bisector of a given angle,
e Constructure of straight parallel lines,
e Construction of a triangle with given sides,

e Construction of a quadrilateral with given sides.

17.4.1 Symmetrical division of a segment.

Let the segment [A, B] be given with the length a = |AB|. Place the compasses at the point A
and with the compasses width greater than half of the segment [A, B] we draw two arcs above and
below the episode. We draw a line L through the points that intersect the arcs. The straight line
L is the symmetrical line of the segment|A, BJ.

Question 17.3 Ddraw a symmetrical line of given segment [A, B] of length 6cm using a compasses
and a ruler.
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17.4.2 Construction of a line perpendicular to a given straight line

Consider the line L and the point P not lying on L. We place the compasses at the point P and
draw an arc intersecting straight line L in points A and B. Place the compasses at the point A and
draw an arc. Then we place the compasses at B and draw an arc. We mark the point of intersection
of the arcs with the letter P*. Use the points P* and P to draw a straight line L*, as in the figure
below.

P
L*
A B L
P*
Question 17.4 Draw the line perpendidular to the given line L through a given point P not lying

on the line L, using a compasses and a ruler.

17.4.3 Construction of bisector of an angle

Let a be a given angle with vertex at point O and arms L; and Lo.

Lo

0 A

In order to draw besection of the angle o we place the compass at the vertex O. Next we draw an
arc crossing the arms of L; and Ly in points A and B. The points A and B are equally distant
from the point O, we write |OA| = |OB|. Then we place the compasses at the point A and circle
tuk. Similarly, we place the compasses at B and circle the arc. We denote the point of intersection
of the arcs with the letter P. Through the points O and P we run a bisector of the angle

L
P

X A\L1

Question 17.5 Draw the bisector of the angle o given below using a compasses and a ruler.
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Construction of a line parallel to a given line L. The construction of a line parallel to a
given line L and passing through a given point P is based on drawing a parallelogram.

P

In the first step of the construction, we place the compasses at the given point P and we draw the
arc that intersects the given straight line L in two points A and B as below on the plot

L)

P

AW J/

A\_/B

In the second step of the construction, we connect the point A intersection with the given point P
with a ruler. Then we place the compasses at the point B and we draw an arc with the compasses
width equal to the distance |AP| of the A point from the P point.

P

A\/B

In the third step of the construction, we place the compasses at the point P and with the compasses
width equal to the distance |AB| of the A point from the B point, we draw the second arc. We
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mark the point of intersection of the arcs with the letter P*.

In the fourth step of the construction, we draw with a straight ruler through the points P and P*.
Finally, we connect the points B and P* with the ruler.

» \P* L*

We can see that in this way we have drawn a parallelogram ABPP*, whose side [P, P*] lies on the
line L* parallel to the line L passing through the given point P.

Question 17.6 Draw a line parallel to the line in the picture and passing through the given point

17.4.4 Two parallel lines cut by a third straight line

Let us consider two parallel lines L and Lo intersected by the third line L. Below in the graph we
observe the pairwise equal angles.
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5 6 L

Two parallel straight lines L1 and Lo are intersected by a third straight line L

e pairwise vertex angles equal
L1=14, L2=1/,3, L5=/L8, L6=LT
e pairwise angles equal
L1=1/.LDb, L3=LT, L2=/16, L4=1/.L8
e angles alternating inner pairs equal
L3=1.,6, L4=1LD5,
e alternating outer angles in pairs equal
L1=1/18, L2=1/LT,
e adjacent angles, the sum of which is equal to 180°

Z 1 adjacent to £ 2, [ 3adjacentto L4, /1 adjacentto L 3,
Z 2 adjacentto L4, L5 adjacentto L6, L7 adjacentto L 8,
Z 5 adjacentto L7, L6 adjacentto L8

Question 17.7 One of the vertex angles is equal to 30°.
L L,

5 /6 L

Two parallel straight lines cut by a third straight line

Calculate all angles

(a) vertex angles

(b) locally alternating angles

(¢) corresponding angles

(d) adjacent interior angles

(e) adjacent outer

Mark the values of all angles in the graph
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17.5 Circle

The area inside the circle is also called a circle.
The perimeter of the circle
Operimiter = 2% % T,

circle field
314

Pcirce: 27 ~ — = 3.14.
1 TXT ™ 100
perimeter = 2mwxr
A N/ > . 2
field = mxr

2r diamiter

the diameter of the circle is 2 times the radius of the circle.

Question 17.8 Draw a circle with a compasses with a radius of 3 cm. Use a crayon to mark the

inside of the circle of 3cm radius.
Calculate the diameter of the circle, the circumference of the circle, the area of the circle.

17.5.1 Arc angle measure

Let us consider a circle with a radius of R

C

| = AB

The arc measure of the angle a« = ZBCA based on the arc [ = AB is defined as the ratio of the
length of the arc ! to the radius of R

a=—

R

The full angle, which is 360° in an angular measure, is based on the arc

l=2r*R

equal to the circumference of the circle.
So the arc measure of the full angle is equal to
21 * R
o= =

i 2w
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Likewise, a semi-full angle that is 180° is based on an arc
l=7m*xR

is equal to half the circumference of the circle. This means that the arc measure of a half angle is
equal to

Tx R
7
Also, a right angle that is 90° on an angle is based on an arc
2rx R wxR
T Ta T2
equal to the fourth part of the circumference of the circle. This means that the arc measure of a
right angle is equal to

™

l

xR w

2R~ 2

In fact, the arc measurement arc does not depend on the length of the radius R. Therefore, we can
take the radius of the circle R = 1.

The unit of measure for the arc angle is 1 radian. The full angle has 2 % 7 radians, which is equal

to 360° in angular terms. So, one degree

10 _2*7{'

= i7’adianow
360 180

and
0

1
1 radian = 80 stopni
Example 17.1 Find the arc measure of angle 30°.
Solution. We use proportion, angle 180° corresponds to the arc measure of this angle © radians.
Thus, the angle 30° corresponds to the arc measure x radians. We write this proportion with the

equation
T T

180 30
Where do we calculate the arc measure of an angle 30°

_ 307w w
~ 180 6
Question 17.9 Find the arc measure of angle o, if its angular measure is equal to

() =30 (ii) a=60" (i) o=120°

Question 17.10 How many degrees is the angle «, if its arc measure is equal to

(i) a:%” (i) a:%”
(#i7) az%r () a:%r

17.5.2 Angle inscribed in circle and the central angle

The angle inscribed in the circle with the radius R and the center at the point O is the angle «
whose vertex C' lies on the circle and the arms AC and BC intersect the circle at points A and B
as below on the graph

C
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From the definition of the arc measure and the angular measure, we know that the value of the
inscribed angle ZBCA = « does not depend on the size of the radius R. So we assume that the
radius R = 1.

Lemma 17.1 The value of the angle L BC A = « inscribed in the circle is constant and independent
of the position of the vertex C' and the mg,ius R of the circle centered in O.

The change of position of the angle ZBC A = « inscribed in the circle to position C* = LBC* A = «,
does not change the a value of the embedded angle in the circle.

Indeed, the angle a with at the vertex at C' and with the arms AC and BC which intersect the
circle at points A and B. The value of angle « in the radians | = AB coresponds to degrees

o — Ilxm
~1800°
l
If the vertex C moves in the direction of the point A, then the entered angle o = 1;—07;, does not

change value, because the length of the arc [ = AB remains the same.

If the vertex C coincides with the point A, then the interval AC will reduce to the point A. If the
vertex C' exceeds the point A and continues to move towards the point B then the angle o will
have an arc of length 27 — [, and its angular measure

(2r — 1) % 180°

™

Center angle. The central angle is the angle between the radii of the circle R = |AO| and
R = |BO]J at the vertex in the center of the circle O.

|=AB
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17.5.3 Relationship between center angle and inscribed angle
The following theorem holds
Theorem 17.2 The center angle, based on the same arc as the inscribed angle, is twice the inscribed

angle. Thus the equality holds
LBOA =2«

a=0pB+9

We give two proofs of the inscribed angle and central angle theorem.

Proof 1. From Lemma 1, we know that the value of the entered angle a does not depend on the
position of its vertex C' on the circle.

Therefore we assune the position of the vertex C' on the diameter of the circle passing through the
vertex C' and the center of the circle O.

The radii of the circle AO, BO and CO form triangles AAOC i ABCO equal and congruent.

So their angles 3, v and the center angle ZBOA = X satisfy the equations

=20,
Y+26=m7
2y 4+ \ = 2m.

Where do we calculate the center angle
A=21r—2y =21 —2 (7 —208) =48 = 2a.
——
¥

Proof 2. First, we will provide the proof in the case when the center of the circle O lies between
the arms of AC and BC of the inscribed angle ZBC' A = «, then in the case when the center of the
circle O lies outside the arms of the inscribed angle.

In the first case, we notice that isosceles triangles AAOC, ABCO with arms equal to the radius of
the circle R have angles at their bases equal. The triangle AAOC has angles equal to § at the base
of AC and the triangle ABCO has angles equal to Satthebaseof BC . Inserted angle /BCA = «
is marked with the Greek letter «, and the center angle ZAOB is marked with the Greek letter A,
as in the picture.

Then we notice that the angles «a, 3,7, d, €, A satisfy the system of linear equations

a=L0p+9, LBC A inscibed o
280+y=m, sum angles ofatriangle A BCO rowna 7
20 +e=m, sum angles ofatriangle A AOC rowna m (17.3)

Y4+ €+ A =2m, theangle full is equalto 2w
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We will solve the system of linear equations (17.3) using the substitution method.
Namely, from the equation of the second and third in the system (17.3) we calculate

7:7‘-—2/87
e=m—20

Hence sum of angles
y+e=2m1—2(8+9)
From the fourth equation in the system of equations (17.3) we calculate the median angle
A=2r—(y+e)=2r— 27 —2(8+90)) =2(8+9) =2«
—_——— ——
Y+te «

So, we figured out that the central angle X is twice the angle entered o, we write below

A =2a
End of proof of the first case.

Proof. Proof in the second case, when the center of the circle O lies outside the arms of AC and
BC of the inserted angle ZBCA = a.

|OB| = |0C| = |0A| = R

LOCA=a+p
LCAO=a+
LAOC =§

We note that the isosceles triangles AAOC and ABOC with arms equal to the radius of the circle
R have angles equal, respectively

LOCA=/,CAO=a+f and LCBO=.0OCB=2g.
The sum of the angles in the triangles AAOC i BOC is equal to 180° or 7, we write

LOCA+ LCAO+ LtAOC =7 2@+B)+d=m
—_—

2(a+6) ° (17.4)
LOBC + LOCB+/BOC=n  28+0+A=n '
N —— N——

23 S+

The system of linear equations (17.4) will be solved by the substitution method.
Namely, we calculate from the first equation

0=m—2(a+pP)
and substitute into the second equation

24+ (r—2(a+B))+A=m, A—2a=0.
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From where the central angle ZBOA = 2« is twice the angle entered ZOCA = a, we write
A =2a

or
LBOA =2/0CA.

Koniec dowodu przypadku 2.

Conclusion:The angle based on the diameter of the circle is straight, has 90°, the arc measure is
equal g radians.

17.6 Triangles

17.6.1 Construction of a triangle with given sides
Let us consider three segments [A, B], [B,C], and [A,C]

B

A c

Let us choose the segment [AB] as the base of the triangle AABC. With the compasses width equal
to the length of segment [A,C] we draw an arc, placing the compasses at point A. Then with the
compasses width equal to the length of segment [B,C] we draw an arc by placing a compasses at
point B. The point C* of intersection of arcs, we connect with points A and B.®

*

B

A C A B

Let us note that a triangle can only be built when these segments satisfy triangle inequality
The sum of the lengths of two sides of the triangle is greater than the length of third side.
Indeed, we have the following relations

|AB| + |BC| = |ACY,
|AB| + |AC| = [BC],
|AC| +|BC| > |AB|

17.6.2 The sum of angles of a triangle

The sum of the angles of each triangle equals 180°, or in radians 7. Below on the graph the geo-
metrical interpretation of sum of angles of a triangle.

5The segment starts at point A and at the end in point B denote by the symbol [A, B]
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o B
A B

c
From the figure, we can see that the sum of the angles of each triangle is 180°. Indeed, the line DC

is parallel to the base AB of the triangle ABC. Internal alternating angles « at base and « at DC
are equal. Also angles 3 at base AB and n at DC' are equal.
Thus we can see that
a+pB+~=180"
This means that the sum of the angles of each triangle is 180°.

17.6.3 Equilateral triangle.

An equilateral triangle has all sides equal and all angles equal o = 60°, in radians a = T asin the

picture

Constructing an equilateral triangle. We draw a segment with a fixed length of the sides of
the triangle. We put the compasses foot at the beginning of the segment and draw a circle with
a radius equal to the segment’s length. Then we place the compasses foot at the other end of the
segment and draw a circle with the same rad of the circles with the ends of the segment. In this
way, a triangle with equal sides and equal angles was created.

60°
B

Equilateral triangle AABC

The height h of the triangle A ABC'is a bisector of the angle « and divise the base a at point D on
half. Similarly, the heights of an equilateral triangle on the other sides divide them into two halves
and all intersect at one point O. The point O intercept divides these hights in propotion 1 : 3.
Thus the following proportion holds

DO _ 1

De = 3 |DC| = h

Indeed, we have
1 2
|DO| = §h’ i |oC|= §h
From the Pythagorean theorem we calculate the value of hight h of triangle A ABC

2_ 2 (G2 § 2
h =a (2) - 4CL I
Hence the height of an equilateral triangle
av3




215

Now we can calculate the area of an equilateral triangle with sides equal a

a3 a’V/3

P=hs2= « 2=
2~ "2 79 4
P:azf

Question 17.11 Measure the sides and angles of the triangle AABC' below in the draw

C

qf

Calculate the area and perimeter of the triangle AABC, with side a = 3cm.

17.6.4 Isosceles triangle

An isosceles triangle with the base equal to the segment [A, B] and equal arms [A,C] = [B, C] has
angles equal to Zatthebase [A, B] CAB = LABC = «. Height h = |CD| divides the base [A, B] in

half.
The angle at the vertex of C' in an angular measure

B8=180"—2xq

or arc measure

B=7mm—2%*«
The height h = |CD| divides the base of [Ab] in half

C

v
b b
h = |CD|
a D S
A B

a=|AB|

The area of an isosceles triangle AABC is calculated using the general formula

1 1
Paapc = = |AB| % |CD| = =a * h.
2 2
axh
Question 17.12 Consider the isosceles triangle AABC. Calculate the perimeter, area and sum
of angles of an isosceles triangle when length of base equals |AB| = 3cm, and length of arms equal
|AC| = |BC| = 4cm.
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17.6.5 Rectangular triangle

In a right triangle, we distinguish the right angle ZCAB = « with vertix at point A and two angles
LABC = 3 and LBCA = . The legs [A,C] = b and [A, B] = ¢ adjacient to right angle o = 90°.
Hypotenuse [B,C] = a lying opposite to right angle. ©

C
Il

o B

A B
a

Rectangular triangl AABC

b
Area of the triangle = %, perimeter of the triangle =a+ b+ ¢

Question 17.13 Draw a triangle with the same angles and sides twice as short, using a ruler and
a compasses. Calculate the sum of the angles of this triangle

17.7 Congruent triangles

Two triangles are congruent if their respective sides and angles are equal. Obviously, two triangles
are congruent, if one of the three listed below qualities of congruence triangles holds.

First features of triangle congruence.

Two triangles A ABC and A A'B'C'are congruent if their respective sides are equal.

c=4cm A

’
c =4cm

(4,B]=[AB], [AC]=[A,C], [B,C]=[B"C]
Second feature of triangle congruence. Two triangles are congruent if they have one of sides
coresponding equal and the angles adjacent to that side also equal

[AvB] = [AlvB/]v c=¢
a=a  p=g

Third feature of triangle congruence. Two triangles are congruent if they have two sides equal
and the angles between them also equal.

6The lengths of segments [4, B], [A, C], [B,C] are marked with the letters a, b, ¢, respectively
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[A,B]=[A",B], [A,C]=[A"C"
c=c, b=V a=dad
17.8 Similarity of triangles
The two triangles AABC and A'B'C are similar, we write

AABC ~ AA'B'C

if they have corresponding sides proportional in the k ratio, that is

AB| _ JAC| _ |BC| _,
|A/B/|7|A/O/|7|B/O/|7 bl
|AB| =k« |A'B'|,
|AC| =k« |A'C'),
|BC| =k «|B'C’|.

Let us consider the triangle AABC with sides
|[AB| =c¢=4em, |BC|=c=2cm, |AC|=0b=3.5cm
and the triangle AA'B'C" with sides
|A/B/| =c = 8cm, |B/C’/| =c = 4dem, |A/C’/| =b="Tcm

Note that the proportions of the triangles AABC' 1 AA'B'C s equal to k = 2. 4

c=4cm A

¢/ =8cm
Below we give three features of the similarity of triangles.

The first feature similarity of triangles. The two triangles AABC' i AA'B'C' are similar if
they have sides proportional in the proportion scale k, that is

|AB| =k« |A'B'|,
JAC| =k« |A'C'),
|BC| =k« |B'C'|.

Question 17.14 Draw the triangle AABC with sides
|AB| = ¢ = 5em, |AC| = b = 4cm, |BC| =a = 3cm
using a ruler and a compasses.

Draw a second triangle AA'B'C" with sides twice the longer of sides triangle AABC.
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The second feature of the similarity of triangles. Two triangles AABC i AA'B'C are
similar if they have two proportional sides in the ratio scale k and the angles between these sides
equal, that is @ = «

AB| _ |AC| _
|A/B/|7|A/O/|7 k)
|AB| =k« |A'B'|,
|AC| =k« |A'C'),

Question 17.15 Draw a triangle AABC with sides
|AB| = ¢ = 3cm, |AC| = b= 5cm,

and given angle o = 45°

a = 45°

using a ruler and a compasses.

Draw a second triangle AA'B'C" with sides twice the longer then sides of the triangle AABC.

The third feature of similarity of /tri/angles. The two triangles AABC and AA'B'C are
similar if they have the §ides AB/ and A B propo/rti/onal in the scale of k£ and the adjacent angles
are equal, that is, a = a 1 =03 and AB and A B sides in k scale

|AB|

=k
AB] "
|AB| =k« |A'B'|.

Question 17.16 Draw a triangle AABC with the side
|AB| = ¢ = 6cm,
and with adjacent angles Lo = 30°, £3 = 60° to side AB.

Draw a second triangle AA'B'C" with sides twice longer of the sides of triangle AABC.

17.8.1 Thales theorem

If the arms of the angle are cut by two parallel lines, the lengths of the sections delineated by the
lines on one arm of the angle are proportional to the length of the sections delineated by the lines
at the other arm of the angle

If the lineL1 is parallel to the line Lo, we write straighti || straights then the proportions are
satisfied

< |8 alo



219

Lo

Ezxample 17.9 Calculate the height of the tree from a ce of 50m. using Thales’ theorem.

Solution. Let us draw plot of tree location

tree hight

a=10m b=40m

where geodesian stick x = 2 and y is nunknown hight of tree
We calculate the height y of tree from proportions
b
a :£7 hence y:(a+)*x
a+b y a
From the plot above, we find:

a+ b= 50m.
Next we measure distance a = 10m, and hight of the geodesian stick x = 2m and we substiute these

results of mesurements to the proportion

10_2 hence _50x2
50 g’ Y="10 ~
Answer: Hight of tree equals 10m.

10

17.8.2 Division of a segment in a given proportion

Thales’ theorem is applied indivision of a segment in a given proportion.
In order to clarify division of a segment in given proportion k, we consider the following example.

Example 17.2 Divide segment AB in the propotion 2 : 8

A B

Solution. On the AC arm we mark three points D, E and the point C with any compasses width.
Next, we connect the point C to the point B using a ruler. We draw parallel to the segment BC
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through the points D and E. Thus, we get the division of the segment AB by the point F' in the
ratio 2 : 3, So, from Thales’ theorem we have the proportions

|AF] _ 2
|AB| 3

The geometric interpretation of this proportion is given below in the figure

c

Question 17.17 Calculate the height of the tree from a distance of 150m, knowing that the height
of the geodesic bar is 2m and its distance from the measuring point is 10m.

Question 17.18 Divide AB in the ratio 1:3

A B

17.8.3 Pythagorean theorem

There are wide applications of Pythagorean theorem. Here we apply this theorem to describe regular
polygons, circles, arc measure of angles, constructions of plane figures, spatial figures, straight

prisms, cylinders, cones, pyramids.

C

Rectangular triangle AABC

Theorem 17.3 In a right triangle, the sum of the squares of the hypotenuses is equal to the square

of the hypotenuse
>+ b =¢ (17.5)

where adjacent sides to right angle are marked by letters a and b, and the hypotenuse by the letter

C.

Question 17.19 Find the side z of the rectangular triangle.
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A B
Rectangular tringle AABC
Question 17.20 Find the side y of the rectangular triangle

C

10 6

A B
Y

Rectangular triangle AABC

Question 17.21 Calculate sides adjacent to right angle of the isosceles rectangular triangle know-

ing that the hypotenuse ¢ = 9.
C

A B
a

Rectangular triangle AABC

Question 17.22 Calculate all sides of a rectangular triangle, knowing that a = 12cm, b is 4cm
longer than a, and c is 8cm longer than a.

17.9 Heron’s formula.

Heron’s formula concerns relationship between the perimeter and the area of a triangle. Let us recall
perimeter of the triangle AABC is equal to the sum of the lengths of its sides

Ob= |AB|+|AC|+|CA| or Ob=a+b+c
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The area of the triangle AABC' is calculated using the Heron formula. 7
Heron’s formula.

PaaBe = \/P(P —a)(p—b)(p—o),
a+b+c
2 ’ ,
Proof. Consider two identical triangles AABC and ABA C, as in the picture

where half of the circumference p =

C A

x =|DB]

c—x=|AD|

A B

Let us note that the area of the parallelogram ABA'C is equal

PABA/C:C*h

The height h = |DC| we calculate using Pythagorean theorem. Namely, the following relationships
follow from the Pythagorean theorem
From the right triangle AADC' we have the equality

=0 —(c—x)?

Similarly from right triangle ADA'C

2 2 2
h"=a" —=x

Hence, we calculate the length of the segment x = |AD)|
b — (c—x)? = a® — o2
V-4 2xx—a®=a—a?
2cxx = a’ — b+ c?
a? — v + ¢
2c

"We apply the Heron formula to the triangle AABC with sides of different length
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Now we calculate the square of the parallel height of ABA'C using ¢ simplified multiplication for-
mulas

a® — b + 2

2_ 2 2 2 2
hi=a" -2 = a —( 5% )

42 — (a® — % + ¢)?

N 4c?

_ (2a0)® = (a® = b* +¢°)?

N 4c?

_ (2ac—a® + b — ) (2ac +a® — b + %)

B 4c?

_ (= (a=0)*)((at+c)? —b?)

B 4c?

_ (b—a+c)b+a—c)((a+c—b)(a+c+b)

N 4c?

_ (a+b+c—2a)(a+b+c—2c)((a+b+c—2b)(a+c+b)

B 4c?

_ 2(p—a)2(p—c)2(p—b)2p _a+b+ec

- 42 o PT Ty

_ Aplp—a)p—b)(p—c) _atb+te

N c? ’ P= 2

Finally, the area Of; the triangle AABC with the given side lengths is equal to half the area of the
parallelogram ABA C. So we have Heron’s formula for the area of the triangle AABC

PAABC:lC*h - ¢ 4p(p —a)(p —b)(p — ¢
2 2 c2

= Vpp—a)(p—b)p—c)

Example 17.10 Find the perimeter and area of the triangle AABC with the sides

a=|AB|=3cm, b=|CA|=4cm, ¢ =|AB| = 5cm
Solution. The circumference of the triangle AABC is equal to the sum of the lengths of its sides
Ob=a+b+c=3cm+4cm + 5em = 12cm,
half of the circumference

a+b+c 3cm + 4em + bem
p= 5 = 5 = 6cm,

Area of the triangle AABC we calculate from Heron’s formula
Pape = /plp—a)(p—"b)(p—c)

= \/6cm(6cm — 3em)(6em — 4dem) (6em — 5em)

= =+6%3%2%*1lem? = V/36cmt = 6em?2.
Question 17.23 Find the perimeter and area of the triangle AABC with the sides

a=|AB|=6cm, b=|CA|=_8cm, ¢ = |AB| =10cm

17.10 Quadrilaterals

Consider a quadrilateral ABCD with vertices A, B, C, D with four sides a, b, ¢, d, and angles
LABC at vertex B, angle LBCD at vertex C, LLCDA at vertex D.
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The sum of the lengths of any selected three sides of the quadrilateral is not less than the length of

the fourth side, we write
|AB| + |BC| + |CD| > |AD,|.

The sum of the angles of a quadrilateral is equal 360°, in the arc measure 2, we write

LABC + /BCD + LCDA+ /DAB = 360°

D

A a B

Question 17.24 Measure the sides and angles of this quadrilateral. Calculate the perimeter and
sum of the angles of the quadrilateral quadrilateral ABCD.

89

17.10.1 Regular quadrilateral. Square.

The square ABCD is a regular quadrilateral with four sides a and four right angles 90° or in the

™
arc measure 5

D C
= 90° v = 90°
a a
=90° 8 =90
A a B

The square has two diagonals AC and BD, which intersect at a right angle equal to 90° or in an
arc measure —. We calculate the length of the diagonal from the Pythagorean formation

|AC|? = |BC|* = a* + a* = 24*°,  |AC| = |BC| = aV2.

The radius of the circle inscribed in the square is equal to the half of the side

a
r=—
2
8There are the following quadrilaterals: square, rectangle, trapezoid, parallelogram, rhombus,
deltoid, quadrilateral, any an inscribed circle and a circle encircled by a quadrilateral.
9The construction of a square with a compasses and a ruler is described in the Basic Figures project.
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The radius of the circle described on the square is equal to half the diagonal

a2

R:2

The area of the square

2 L
Papcp =axa”, circuit square Ob =4 x* a.

Question 17.25 Calculate the perimeter Ob and the area P of the square, the length of the diag-
onals, the radius v of the circle inscribed in the square and the radius R of the circle inscribed in
the square, if the side of the square is a = 4..

17.10.2 Rectangle.
The rectangle ABCD has four pairs of equal sides

and four right angles equal to 90°
We calculate the diagonal of the rectangle from the Pythagorean theorem

|AC| = |BD| = \/a? + b2

Rectangle area
PABCD =a * b.

The perimeter of the rectangle Ob = 2xa+ 2xb

D ¢ C
5 =90° v=9
d b
:900 /8:90
A a B

The circumscribed circle of the rectangle has a radius R equal to half the diagonals

R:%Mﬂ:%BQ: (a® + 1)

N =

On the other hand, there is no circle inscribed in a rectangle, except for a square which is a special
rectangle with equal sides.

17.10.3 Paralleogram.
Parallelogram ABCD has two pairs of equal sides

a=c, b=d
and two pairs equal angles

a=/DAB= /BCD, 180° — a = LABC = LCDA.
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180° «

o a=|AB]| 180° — «

The height of the parallelogram is denoted by the letter h.
The area of the parallelogram
PABCD = a * h.

Indeed, note that the area of the parallelogram ABCD is equal to the area of the rectangle EBCD.
It means that
PABCD = PABCD = qa * h.

and perimeter of the parallelogram
Ob=2xa+2xb.

17.10.4 Rhombus.
Rhombus ABCD has four equal sides

a=|AB| = BC| = |CD|

and four pairs of angles equal

o=, B =24.
The height of the Thombus is denoted by the letter h.
Note that the circumference of the rhombus

Ob=4xa.
Rhombus field
P=axh.
D
6 =180° —
@ h
B =180°—
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17.10.5 Trapezoid
Trapezoid ABCD

b=|CD|

a = |AB|

A E

is a quadrilateral with the length of the lower base a = |AB| parallel to the upper base with the
length b = |CD|.
The field of the trapezoid

1
Pagep = §(a —+ b) * h.
Indeed, notice that the area of the trapezoid Papcp is equal to the sum of the area of the parallelo-

gram .
PAECD = (b* h

and triangle fields

Pigc = %(a— b) * h.
So the trapezoid fieldu
Pspcp = Pagpcp+ Pige

= b*h—|—%(a—b)*h

= %(a—kb)*h

Trapezoid circumference
Ob = |AB|+ |BC| + |CD| + |AC|.
10

17.10.6 Deltoid.

Deltoid is a quadrilateral with pairs of equal sides
|AB| = |AD|, |CD| = |AD|

1 with angles LADC = AABC
Deltoid has two perpendicular diagonals L1 and L2, one of them is the symmetry of the other, as

10The theorem about a circle inscribed in a quadrilateral is described in paragraph o quadrilaterals This
theorem applies to all quadrilaterals, including trapezoids
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below in the picture

Ly = |DB|horizontal diagonal
D B

L, = |AC| vertical diagonal

A
The deltoid area is half the product of the diagonals
1
Ppettoia = §L1 * Lo

Indeed, we note that the field of the deltoid Papcp is equal to the sum of the fields of the triangles
AABD and ABCD

Ppeitoia = Papp + PoBc =

1Ly % |AO| + LL2 + |OC|
1
2

(l40] +10C1)
—_——

11

17.10.7 A circle described on a quadrilateral.

The conditions for the existence of the circle described on the quadrilateral and the circle inscribed
in the quadrilateral are given below.

Namely, let us consider the quadrilateral ABC D inscribed with a circle of radius R and center at
the point O.

¢ =1 angles LBCA = LBDA opate on an arc AB

n =+ angles LBCA = /BDA based on the arc AD
0 =« angles LBCA = LBDA based on the arc DC

B=¢ angles LBCA = LBDA based on the arc BC

As we know, the center angles based on the same arc are equal.

11 The theorem of a circle inscribed in a quadrilateral and inscribed in a quadrilateral is described in
paragraph o quadrilaterals This theorem applies to all quadrilaterals in this deltoid
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Thus, we note in the figure that
(=1 based on arc AB

n=+~ based on arc AD
. (17.6)
0=a based on arc DC

B=¢ based on arc BC

The necessary and sufficient condition of ploting a circle on a given quadrilateral with vertices
A, B,C, D is given in the form of the following theorem

Theorem 17.4 A circle can be described on the quadrilateral ABCD wvertices A, B,C, D if and
only if the sums of the opposite lyingg angles are equal to

LABC + LCDA = (BCA+ LDAB (17.7)

12 Proof. Proof from the theorem derives from the equality (17.6) of the angles a, 8,7, 8,7, ¢ which
form diagonals with the sides of the quadrilateral. Now we check for equality (17.7)

(6+7)+(¢+ )
N—— N——
LABC LCDA

= (a+n)+ B+

= (a+p8)+(n+Q)
—— N——

LDAC BCD
= [/BCA+ /DAB

The formula for the area of a quadrilateral inscribed in a circle

Papcp = \/(p— a)(p—b)(p—c)(p—d)

where the lengths of the sides

LABC+ LCDA

a=|AB|, b=|BC|, c=|CD|, d=|DA|

and the letter p stands for half the circumference of the quadrilateral

1 1
p= 5(a+b+ c+d) = 5(|AB| +|BC|+|CD + |AD)).

17.10.8 Circle inscribed in a quadrilateral

The description of the circle inscribed in the quadrilateral with the vertices A, B,C, D let’s start
with the following observations:

(a) The sides of the quadrilateral are tangent to the circle inscribed at the points of tangency
A*, B*,C*, D"

(b) Tangents to the circle drawn from the vertices of the quadrilateral mark the segments in pairs
of equal length, we write

v =I|A,A" =AD",  y=|A"B|=|BC"|

z=|B*C| =|CC"|, t=|C*D| = |DD"| (17.8)

2Here ZABC is the angle at the vertex B and the arms [A, B] and [4, D].
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The necessary and sufficient condition for a circle to inscribe in a given quadrilateral with the
vertices A, B, C, D we write in the form of the following theorem

Theorem 17.5 A circle can be entered in the quadrilateral ABCD with vertices A, B,C, D if and
only if the sums of the lengths of the opposite sides are equal to

|AB|+ |CD|= AD|+ |BC| (17.9)
Proof. The proof of the theorem follows from the properties (a) and (b) to the tangent to the circle
and from the equality (17.8), namely, we check that the left side of the equality(17.9)
|AB| 4 |CD| (x+y)+ (z+1)
—_———  ——
bok |[AB|  bok |CD|
= @+t +y+2)
S—— =

bok |AD|  bok BC|
— |AD|+|BC,

is equal to the right side of the equality (17.9). '
Area of the quadrilateral and the radius of the circle inscribed in the quadrilateral.
Note that the radius v of the circle inscribed in the quadrilateral is equal to the heights triangles

AAOB, ABCO, ADCO, ADAO

sideways

[A,B], [B,Cl, [C.D], ;[DA]
quadrilateral ABCD.
So the areas of these triangles are equal respectively

Paapo = %r * |AB|
PaBco = %r * |BC|
Pacpo = %r x |CD|
Papao = %r x |[DA|
The area of the quadrilateral ABCD is equal to the sum of the areas of the four triangles, we write

Papcp = PaaBo+ Paco + Pacpo + Papao

= %r x |AB| + %r x| BC| + %r x |CD| + %r x| DA|

1
= 5r(|AB|+|BO|+|OD|+|DA|)

= T*xp

13Here we use the equation of addition
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where the letter p denotes half the circumference of the quadrilateral ABCD.

1
p= 5(|AB| + |BC| +|CD| + |DA)).

17.11 Vector product and its applicatios

In this section we will apply vector product to compute the area of an arbitrary quadrilateral. ABCD
with given vertices A, B, C, D in Cartesian coordinates.

Let us clarify that Vector product is described in the next chapter on spatial geometry. In this
chapter, concerning plane geometry, we use the vector product to calculate the area of an arbitrary
quadrilateral. Let us consider two vectors

U = (v1,v2,v3), and W= (w1, ws2,ws)
in three-dimensional space
3
R’ ={x = (z1,22,23) : —00 < x1,%2,23 < 0O }
7 X W
w

U
The result of multiplying the vector U by the vector W is the third vector U X W, the coordinates of
which are calculated from expansion of the matrixz from the coordinates of the vectors

1 1 1
V1 V2 U3
w1 w2 ws

Namely the product

T x @ = [Det{ vz s } ,—Det({ vLo s }),Det{ v v }]
w2 W3 w1 w3 w1 w2
where determinants are defined by formulas

V2 VU3
Det = Vg * W3 — V3 * Wa,
w2 ws

U1 U3
—Det = —(v1 * w3 — V3 * w1),
w1 w3

V1 V2
Det = V1 * Wg — Vo ¥ W1
w1 w2

Hence, we get the formula for the coordinates of the vector product
U X W = [v2 % w3 — v3 % w2, —(V1 * W3 — V3 * W1), V1 * W2 — V2 * w1). (17.10)
Vector U X W is perpendicular to the vectors U i W, we write
IRV N AN
We know that vectors are perpendicular if and only if their scalar product is equal to zero

(_‘,ﬂ)‘) =0
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Let us calculate the scalar product
(0,0 x W) = ([vi,v2,v3], [v2 * ws — v3 * w2, — (V1 * W3 — V3 * W1),V1 * W2 — V2 * Wi])
= v1(v2 * w3 — vz * w2) — v2(v1 * w3 — vz * w1) + v3(vV1 * W2 — V2 * W)
= (vivaws + vavswi + v3viw2) — (Vivswe + Vav1W3 + V3V2w1) =0

Indeed, the scalar product
(U,0x W) =0
equals to zero

The length of the vector U X W is equal to the area of the parallelogram with sides U and 0.
1 S0 the length of the vector

|17’><1Z)’|:\/|vg*w3—v3*w2|2+|—(vl kw3 — vg kw1)|2 + |v1 * w2 — v * w2

17.12 Examples of application of vector product.

As one of possible applications of vector product we calculate area of a quadrilateral. Namely let us
consider a quadrilateral ABCD
D

Q

N
w

o+

B
spaned on vectors
U = [v1,v2,v3] = AB, W = [w1, w2, w3) = AD,

Q = [21722723] = O_B, i= [tl,tz,t;g] = O_D,

where the coordinates of the vectors U, 0, Cj, i are determined by the differences in the coordinates
of the vertices A, B,C, D of the quadrilateral ABC'D

Ulzbl—al, ’Uz:bz—az, 1)3:1)3—(13,
wlzdl—al, w2:d2—a2, w3:d3—a37
lebl—cl, Zszz—Cz, Z3:b3—037
151:(11—617 tdez—Cz, t3 = d3 — c3.
Using the vector product (cf. (17.10)) we can calculate the area of any quadrilateral with the given

coordinates of its vertices. Namely, the area of a convex quadrilateral ABCD is equal to half of the
sum of the vector product of vectors *

Tx @+ G x i (17.11)

MTength of the vector product | x @ = |¥] * || * cosa, where « is the angle between the vectors @, 0.
The quadrilateral field PApcp = |U X @ = || * || * cosa is equal to the length of the vector product vctor.

15The area of a concave quadrilateral is equal to the difference of vector products Pagcp = %ﬁx w— %Q xt



Example 17.11 Find the area of the quadrilateral ABCD determined by vectors

7=1[3,0,0] = AB,

Q = [07 —67 O] = O_B7

X2

@ =[0,3,0] = AD,

t'=1[-3,-3,00=CD

‘ A=(0,0,0)
Vector product ) S | B =(3,0,0)
7 x @ =0,0,9 C=(3,6,0)
@ xt=10,0,—18] D = (0,3,0)
Length of vector N
product D 3 v=AB =3,0,0]
|7 x @] =9 . @ = AD =0,3,0)
) " q L
|Q x #] =18 Q@ =CB=10,-6,0]
{: O_‘ = [_37 3, O]
A B
7 3 1
x3

We calculate the vector products of ¥ X i and Q x t using the formulas (cf. (17.10))

¥ X 0

and the product of vectors

gxt

[0x0—3%0,—(3%x0—0%0),3%x3—0x0]

[0.0,9]

[-6%x0—3%0,—(0%x0—3%0),0%3 — 6% 3|

(0.0, —18]
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We calculate the area of the quadrilateral ABC'D as the sum of half the vector product of the vectors

M, il
v, W and Q, t.

L
Papcp = §|”U X Wl + §|Q x 1]

1 1

= VO 4024924 o] /02 02+ (-18)2
1 1

= g* 9+ 3 * 18

= 4549=135

16
16The length of the vector ¥ = [v1,v2,v3] with the coordinates vy, v, vs is given by the formula|d] =

/212 2 2
v1+v2+v3
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5.0

3.2

Example 17.12 Calculate the area of the quadrilateral ABCD spanning by the vectors

7 =[4.0.0,0] = AB,
@ = [—0.5,2.4,0] = AD,
Q=[-1.0,4.2,0] = CB,

f=[-35,-1.8,00=CD

A= (15,0.8,0)
B = (5.5,0.8,0)
C = (4.5,5.0,0)
D = (1.0,3.1,0)

&= AB = [4.0,0,0]

1.0 1.5

@ = AD = [~0.5,2.4,0)
G =CB=1[-1.0,4.2,0]
B t=CD =[-3.5-1.8,0
45 55 o

We calculate the vector products of ¥ x @ and Q x t using formulas (cf. (17.10) )

vxw = [0x0—0%24,—(4%x0+0.5%0),4%24+ 0.5%0]
= 10.0,9.6]
and the product of vectors
Qxt = [42%x0+1.8%0,—((—1) %0 — (—3.5) % 0),1% 1.8 + 4.2  3.5]
= [0.0,16.5]
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We calculate the area of the quadrilateral ABC'D as the sum of half the vector product of the vectors

v, W and @, i
Namely

Papcp

= Sloxal+ 5l x ]
1 1
= 3 02—|—02+9.62+§\/02+02+16.52

- %*96+%*m5

= 4.848.25=13.05

Question 17.26 Calculate the length of the vectors

(1) ¥=13,0,4], = [8,—6,0]

(43) Calculate the vector product T X W0 of vectors

7= [37074]7 o= [87_6701

(#41) Check if the vectors U and W X W are perpendicular by using scalar product

UL x W
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Question 17.27 Check if the vector
W= [wl, w2, O]
is perpendicular to the vector
7 X W,
where
7= [v1,v2,0]

17.13 Regular plane figures
Regular figures on a plane are plane figures with all sides and all angles equal.

17.13.1 Regular triangle

An equilateral triangle is a reqular triangle Equilateral triangle has all sides equal and all angles
a = 60°, in arc measure o = T as in the picture

60°

Regular triangle AABC

The height h triangle A ABC' is the bisector of angle o and halves the base a at point D. Similarly,
the heights of an equilateral triangle, dropped to the other sides, divide the bases into half and
intersect at the point O, that is in the center of the circle inscribed in the equilateral triangle. The
intersection of O divides these amounts by 1 : 3. That is, the following proportion holds

DO 1
B3 wa-s

Hence we have 1 5
DO| = =h, i OC|==h
DO|=zh, i |0C| =2

We calculate the height of h triangle by the Pythagorean theorem A ABC

Thus height of the equilateral triangle
av3
h=——
2

We derive formula for the area of an equilateral triangle

a av3 a azx/g
P=h+5==5"*3=7
a®V3

P=

4

Thus area of the equilateral triangle with side a is given by formula

P:azf
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17.13.2 Square.
The square ABCD is with four sides equal a and four right angles 90° or g Below, the circle

a
inscrobed in the square of radius r = 5

D “ C
=9 v OO
a O a
=90° 8 =90
A a B

The square has two diagonals AC and BD, which intersect at a right angle equal to 90° or in an
arc measure g We calculate the length of the diagonal from the Pythagorean formula

|AC|”> = |BC|> = a* 4 a®> = 24>, |AC|=|BC| = aV2.
Radius r of the circle inscribed in the square is equal to half of the side

re 2
2

Radius R of the circle described on the square is equal to half the diagonal

a\/§
2

R=

Area of square
S =ax az, perimeter thesquare Ob =4 x a.

A
On the graph beloww, thr circle described on the square wih radius R = % half of diagonal [A, C)|

D C
= 90° v = 90°
a O a
=90° 8 =90
A a B

Question 17.28 Calculate the perimeter, length of the diagonals and the area of the square of side
a=4
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17.13.3 Regular pentagon

Regular pentagon has sides equal a and equal angles /EAB = o = 108° or o = 3%

D

LAOF = 36°

(EAB = /ABC = /BCD = /CDE = /DEA = a = 108°

The area of a regular pentagon. The area of a regular pentagon consists of 5 areas of isosceles
and congruent triangles of height h and the base of a.
The area of one of the five triangles AAOFE

Praore = %a x h

where hight
1

5—2v5

L V5 +2v5
V25 — 20

h= %a % ctg 36°

ol e

IS]

[\V]

_a V5425
2 V5

_ a, V25+10v5

2 5

Thus, the area of a regular pentagon with the side a is determined by the formula

2
P:5*PAAOE:5*%*a*h: %\/25+10*\/5

—_———

Regularfield fivetimes

Radius of the circle described on a regular pentagon. Radius R = |AO| of the circle described
on the regular pentagon, we calculate from the right triangle AAOF using the Pythagorean theorem.



Namely, the square R? is equal to the sum of the squares |FO|* + |F A|?|, we write

R* = |FO|?+|FAP|
——

h2
— B2 a2
+(3)

= (35 V254 10V5) +(5)°

h2

25a°
100

2
a
= @+ 10V5) +

2

a
= g0+ 10V/5)

Hence, the radius of the descibed circle on a regular pentagon is given by the formula

a2

100

- %\/50“0\/3
|

R

(50 + 10vV/5)
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Radius of the circle inscribed in a regular pentagon. Radiusr = |FO| of the circle inscribed
in a regular pentagon, we will calculate from the right triangle AAOF using Pythagorean theorem.
Namely, the square r* is equal to the sum of the squares |FO|*> + |FA|?|, we write Note that the

radius r = |FO| = h equals

r=-2 /25 +10V5

10
The diagonals of a regular pentagon. A regular pentagon has 5 equal diagonals of length

d=|EC| = 2a*cos%

17.13.4 Regular hexagon

2
Regular hexagon has siz sides equal to a and siz equal angles o = 120° or il

andsizsides|AB| = |BC| = |CD| = |DE| = |EF|=|FE|=a=R

where R is the radius of the circumscribed circle on the reqular hexagon with vertices A, B,C, D, E, F

and angles

2w

LABC = /BCD = (CDE = /DEF = /EFC = /FAB=a=120°. or a= =
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Graph of the hexagen 5 e

Regular hexogen
Siz sides of length a each

Six angles o = 120° each

Siz congruent regular triangles

with common vertices at point O

A B

The construction of a reqular hexagon with the help of a compasses and a ruler is very simple,
Namely, let the side of the hexagon be given as a segment [A, B|

Place a compasses at any chosen point O, and with the compasses’s width equal to the segment
[A, B] we draw a circle with the radius R = |AB| = a equal to the side of the hexzagon ABCDEF.
Next, we place a compasses at a point in the A i circle with the compasses width R = a we draw
an arc that intersects the circle at B, then we place the compasses at B and we draw an arc that
intersects the circle at C, then we place the compasses at C and we draw an arc intersecting the
circle at at D, we place the compasses at D and draw an arc intersecting the circle at E,, then we
place the compasses at E and draw an arc intersecting the circle at F.

We join the points A,B,C,D,E, F on a circle with a ruler. Thus we drew a reqular hexagon
ABCDEF.

Note that a regular hexagon consists of 6 equilateral triangles with sides equal to R and all angles
60° or g

Let us list all 6 of congruent triangles
AABO, ABCO, ACDO, ADEO, AEFO,

whose heights are equal to h = r = |OG| to the radius of the circle inscribed in the hexagon.
The height h is calculated by applying the Pythagorean theorem to a right triangle AAGO. Namely

IRV

B2 — R? _ (2
B ()P = .

2

The area of a regular hexagon consists of 6 areas of equilateral triangles with different sides a =
R = |AO|.

The area of one equilateral triangle is equal to
2
Pa = %a xh = a—\/g

So the area of the hexagon is equal to

2 2
P:6*PA:6*%\/§: 3% 3
~——

area P hexagon
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The perimeter of a regular hexagon is equal to

Ob=6xa lub Ob=6x«R, bo a=R.

17.13.5 Regular octagon
Regular octagon about eight equal sides
|AB|=|BC|=|CD|=|DE|=|EF|=|FE|=|FG|=a
and with eight equal angels
LABC =/(BCD=/CDE = /DEF=/FFG=/.FGH

= /GHA=/HAB=a=135

. 3
in the arc measure o = VR

17.13.6 Construction of a regular octagon.

We will make the construction of an octagonal shape with a given side using a compasses and a
ruler.

1. Construct a square with side a = |AB| using a compasses and a ruler. *

A B

a

2. We draw diagonals and symmetricals of the sides of the square. The diagonal and symmetrical
sides of the square intersect at one point O.

3. On the lengthening of the symmetrical base of the square we place the compasses width equal to
half the diagonal, that is the segment |AO|, placing the compasses at the point O of the intersection
of the diagonals. We denote E octagon apex as on the grath below

17Elementary constructs described in previous paragraphs
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A B

a

4. With the compasses width equal to the radius R = |PE| we draw a circle, placing the compasses
at the point O. Then we extend the diagonals of the square and the midpoints of the sides to the
points of intersection A*, B*,C, D, E, F,G, H with a circle, that is to the vertices of an octagon of
a formal A*B*CDEFH with a given side a = |AB].

We connect the tops A*, B*,C,D,E, F,G, H eight with a ruler. In this way, we constructed a
regular octagon

A*B*CDEFGH

with the radius of the circumscribed circle R = |PE)|.

S

2+

RradiusR = a B
—_———

radius.circle.descibed.

R =|EO|

r= |OQ| Tradius, = %(1 =+ \/5)

——

radius. circle.inscribed

Parea = 2(12(1 + \/5)
—_———

area osmiok.

with the radius of the circumscribed circleA

LOEP =225 ~ %, LEPO = 67.5° ~ 3%.

Area of a regular octagon. Every regular octagon is composed of 8 congruent and isosceles tri-
angles with arms equal to the radius R of the circle circumscribed octagon and all angles 135° ~ ??TW
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The 8 regular triangles
AA*B*O, AB*CO, ACDO, ADEO,

AEFO, AFGO, AGHO, AHA™O

whose heights are equal to h = r = |OQ)| to the radius r = h of the circle inscribed in the octagon.
Applying the Pythagorean theorems to a right triangle AOQE we calculate the square of the height

R =|0EP —|QEP = (5+5V2°+ (5 ~(5)°

R2
CL2 2
Z(1+\/§) .

Hence, we calculate the heights and the radius of the circle inscribed in the octagon
h=r=3201+v2)

Radius R of a circle described on an octagon. The radius of a circle described on an octagon
results from the construction of a reqular octagon. Its value is calculated by applying the Pythagorean
theorem to a right triangle AOQE. Namely, the square of the hypotenuse R = |EO| is equal to

R? = |[EO]? = |QO|2+|ES|2:h2+(%)2

= Ga+v+ (5

a
2

1
= CL2 (1 + 5\/5)
Where do we calculate the radius of the circle described on the regular octagon

242
2

R=a

The area of a regular octagon. The area of a regular octagon consists of 8 areas of equilateral
triangles with the length base a and sides of length R.
The area of one isosceles triangle is equal to

1 a?

So the area of an octagon is equal to

2
P=8+Pr=8%2(1+v2) = 2°(1+2) .
4 N

area P octagon

The perimeter of a reqular octagon is equal to Ob = 8 * a.

The radius r of a circle inscribed in an octagon and a radius of R of a circle inscribed on a regular
octagon with a given side, we will calculate using trigonometric relationships in a right triangle
AOQE. Namely, the radius of the circle inscribed in the octagon

r—la*ct z
207

The value of the ctgg function is calculated using the trigonometric identity

1
ctgo — —— = ctg2a
ctgo
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™
fora= 3
T s T
19T — tgT cosg  sing
ctgz —tgg = —m — —=
I8 8 sinZ  cosZ
8 8
2w T
_ cos"g —sing
T T
sing * cosg
2% cosy
= — = 2ctg—
sin’ 4
Hence, we have equality
s 1 " s
Cg9g — = —Cgg
8 tgg

or

™ ™
tg° = — 2ctg— —1 =0
Cg8 Cg8

For z = ctgg we find the value of z by solving the quadratic equation

5

2+
2

S

22 —22—1= 0, wyroznik A =8, wartosc z=
So ctgg =1+ V2 and the radius of the circle inscribed in a regular octagon

r= %a*ctgg = %(14—\/5)
——
Question 17.29 Find the perimeter and the area of regular hexzagon ABCDCEFG of the side
length |AB| = 2

Question 17.30 Given the radius r = 8 of the regular octagon, calculate the radius R of the circle
of the regular octagon.

Question 17.31 Given the side a = 3cm, calculate the radius r of the inscribed circle and the
radius R of the circle described on the regular octagon.

Question 17.32 Construct a fororem octagon with side a = 3cm using a compasses and a ruler.
Measure the radius v of the circle inscribed in the octagon and the radius R of the circle of the

regular octagon.

Question 17.33 (i) Find the perimeter and area of the angle AABC with the sides

|AB| =10, |BC|=8, |AC|=6

(#1) Check if the triangle AABC' is rectangular.

Question 17.34 Find the perimeter and area of the triangle AABC with the sides

|[AB|=3, |BC|=5, |AC|=7

using Heron’s formula

Question 17.35 Calculate the perimeter and area of the parallelogram ABCD with the sides
|AB|=|CD| =4, |BC|=|AD|=5,

using Heron’s formula
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Question 17.36 Calculate the perimeter and area of the regular hexagon ABCDCE by the side
length |AB| =5

Question 17.37 Plot a regular octagon with compasses and a ruler



Chapter 18

Geometry in the space R°.
Stereometry

In this chapter we cover the following topics:
1. Cartesian coordinate system.
2. Points and vectors in space.
3. Parametric line equation
4

. Prisms and cuboids,
volume and surface area

N

Pyramids, volume and surface area

6. Solids of rotation: cylinder, sphere, cone,
volume and surface area.

7. Platonic solids

Among the figures in space R®, we distinguish prisms, cuboids, pyramids, cones and a sphere.

Also among the figures in space, we distinguish regular and Platonic solids. Regular solids have all
congruent sides. Platonic solids include regular tetrahedron, regular cube, reqular octahedron, dodec-
ahedron and regular icosahedron. Platonic solids were considered in ancient times, in the Academy
of Plato (427-347, B.C.), to be ideal figures.

18.1 Points and vectors in Cartesian space R?
The positions of points and vectors are defined in the Cartesian coordinates.
R® = {(z1,x2,22) 1 —00 < 21, 22,23 < 0.}

The point
A = (al, az, a3)

in the Cartesian space R® has coordinates
1 = aq, T2 = az, T3 = as.

The position of the point A = (a1, az2,as), is on the graph below
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7 A= (al,ag,ag)

The following operations are performed on the points
A= (al,ag,ag) and B = (bl,bz,b;g)
o The sum of points

A+ B = (a1,a2,a3)+ (b1,b2,b3)

= (a1 +b1,a2 + b2, a3 + b3).
is equal to the point
C=A+B
with its coordinates
ci=a1+bi, ca=ax+b2, c3=as-+ bs.

e The difference of points
A—-B = (a17a27a3)—(b1,b2,b3)
= (al—bl,az—bz,a:;—b;g).

is equal to the points
C=A-B

with its the coordinates
c1=a1 — b1, c2 = az — b, c3 = a3 — bs.
e The product of a point by a numbert is equal to the point
tx A=tx(a1,a2,a3) = (t*xa1,t*az,t*as).

with coordinates
c1 =t*xai, c2=t*az, ca =1%*as.

Example 18.1 These points will be given A = (2, —3.4) and B = (2,—1.3).

Calculate
(1) A+ B, (ii) ab, (iti) 2*x A+ 3x*B.

Solution. We calculate

(i) A+ B (2,-3,4) + (2,-1,3)
= (242,-3-1,4+3)
(4,-4,7).

Answer: A+ B

C, C=(4,-4,7).

(i) A—B (2,-3,4) — (2,-1,3)
= (2—-2,-3—-(-1),4-3)
= (0,-2,1)

Answer: A—-B = C, C=(0,-2,1).
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(iii) 2% A4+3%xB = 2x(2,-3,4) 43 (2,—1,3)

(2%2+3%2,2%(=3)+3*(—1),2%4+3%3)
= (10,-9,17).
Answer: 2+« A+ 3« B=C, C=(10,-9,17).
Question 18.1 Consider points
A= (3,2,-1), B=(1,-1,2).

Calculate
(i) A+B, (i1) A—B, (iti) 3xA+5xB.

18.1.1 Vectors in the Cartesian space R?
The vector AB with beginning at point
A= (al, az, a3)

and with the end at point
B = (b1,b2,b3)

has coordinates detrmined as difference of points.
That is

A_B:B—A:[bl—al,bz—az,b:;—a;g].

L2 For example, the bound vector starting at A = (0,1,3) and with the end at B = (2,0, 5) has the
coordinates
AB=DB—A=(2,05)—(0,1,3) = [2,—1.2].

Adding Vectors. The sum of vectors
U= [v1,v2,v3] and W= [wi, w2, ws]

is equal to the vector
Q = [z1, 22, 23] = [v1 + w1, v2 + w2, v3 + W3]
with the ccordinates
z1 =v1 +wi, 22=0v2+ w2, 23=0U3+ ws.
Ezxample 18.2 Calculate the sum of vectors
v=1[1,2,1 and wW=]2,1,2]
Solution. We calculate the sum
v+ =[1,2,1]+(2,1,2) =[14+2,2+1,1+2] =[3,3,3]

Answer. The sum of the given vectors v = [1,2,1] 1 @ = [2, 1, 2] is the vector

@ =1333].
Difference of vectors.The difference of two vectors

U= [v1,v2,v3] and W= [wi, w2, ws]
is equal to the vector

Q: [21722723] :17—13: [vl—wl,vg —w2,1)3—w3]

with coordinates
z1=v1— w1 and 2z =v2 —wWs2, 23 = VU3 — W3.

LCoordinates v1, v, v3 of a free vector ¥ = [v1,v2, v3], we write in square brackets.
2Free vector does not depend on the position location on the plane or in space.
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Ezxample 18.3 Calculate the difference of vectors
v=1[1,2,6] and wW=]2,1,5]
Solution. We calculate the difference of the vectors
v—w=][1,2,6]—[2,1,5|=[1-2,2—1,6 —5] =[-1,1,1]

Answer. The result of subtracting the data of vectors ¥ = [1,2,6] and @ = [2,1,5] is the vector

Q = [—17 17 1]

18.1.2 Scalar product of vectors in the Cartesian space R?

3 Scalar product of vectors is an important operation on vectors, which has wide in applications
mathematics, physics, chemistry, and other sciences.

Definicja 18.1 The scalar product of the vectors ¥ = [v1,v2,v3] i W = [w1, w2, ws] is the number

(U, W) = v1 * w1 + v2 * wa + v3 * w3 (18.1)
So, the scalar product of vectors is not a vector, it is a number
Example 18.4 Calculate the scalar product of vectors

Uv=102,5,3] and W=1[7,3,-2].
Solution. Using the formula (18.1) we calculate the scalar product of the given vectors.

(v,@) = ([2,5,3]%[7,3,-2])
= 2%xT7+5x3+3*(—2)=14+15—-6=23.

Answer. The scalar product of the given vectors ¥ = [2,5,3] i W = [7,3,—2] is a number 23, we
write
(v, W) = 23.
The scalar product of vectors preserves all the properties of the arithmetic operation.
Let’s consider two vectors

U = [v1, v2, V3] and W= [wi, w2, ws]
e a scalar product is commutative
(v, W) = (&, v)
Indeed, we check that
(U,W) = wvi*wi+ve*ws+ v *ws
= w1 *v1+ w2 * U2+ W3 * U3
= (4,7)

e scalar multiplication of vectors is separable from addition

—

(@, (@ + Q) = (¥,d) + (#,Q)
Indeed, we check that
(7,4 + Q)

v1 % (w1 + 21) + v2 * (w2 + 22) + v3(ws + 23)
= Vi*xW1+ VU *x21 +U2xw+ 2+ v * 29 + U3 ¥ W3 + U3 * 23

= w1 *x w1+ V2 *xwa+ V3 * 23+ v1 k21 + V2 k2o 4+ U3 * 23

(,) (7,3)

3Scalar product or dot product of vectors , it is a number



e The scalar product of the vector U by itself is equal to the square of its length
(U,U) = wi*v1+ v2*xva+ vs*vs
= of + 03 +0f = 9%
Now we will give an important theorem in the form of a sufficient and necessary condition

Theorem 18.1 .
Sufficient condition: If the scalar product is equal zero

(v,4) =0
then the vectors ¥, 1 are perpendicular, we write
AR
Necessary condition: If the vectors ¥ and W are perpendicular
AR
then their clear product is equal to zero
(U, W) = 0.
Together we write the necessary and sufficient condition in symbols

U1 <= (U,@) = 0.
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There is some evidence for this claim. Here we will give a proof based on the Pythagorean theorem.
Namely, we will prove that a triangle with the arms ¥ and W is rectangular if and only if the scalar

product is equalo to zero
(U,W) =0

Proof of the sufficient condition. We assume that the scalar product of the vectors U and W is

equal to zero

(U,W) =0
We will prove that the vectors ¥ and W are perpendicular.
Calculate the square of the length of the vector difference ¥ i W

|0—w? = (§—,0—w)

Note that if the scalar product

(v, @) =0
Then length of sides of the triangle AABC
X2 . — - -
A |AB| = 7], |AC|=|w|,  |BC|= |7 -
w U —
C v B
O X1

|[AB| = |0], |AC| =], |BC|=|7—d
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hold the equality

|91* + @] = Jo = w|® (18.2)
On the other hand, the Pythagorean theorem shows that the sum of the squares of two sides of a
triangle is equal to the square of the length of the third side (cf. (17.5) if and only if this triangle
is rectangular.
Thus, the angle LACB between the vectors U and W is right angle if the scalar product of these
vectors 18 zero.
End of proof of sufficient condition.
Proof of the necessary condition. Let vectors U and W be perpendicular.

GARTIS
We will prove that the scalar product
(U, W) = 0.
For this purpose, let’s calculate the square of the length of the difference of the vectors U and 0.

- _;|2 -

= ({-w7-d

=

= (7,0) — 2(¥,w) + (W, W) (18.3)

= |0 - 2(3,@) + |

By assumptionle, the vectors U and W are perpendicular. So the sides of AB and AC of the triangle
AABC they are also perpendicular. Hence, the triangle AABC' is a right triangle

We know from the Pythagorean theorem that the square of the length of the hypotenuses [B,C| is
equal to the sum of the squares of the lengths of the legs [A, B] and [A, C], we write

|BC]? = |AB> + |AC|>  or |7—d|* =|0)* + |@]?, (18.4)
where
|AB| = [7], [AC|=|@], [BC|=[7— .

The equality of (18.3) and (18.4) results in the equality of the sides

|7 — @* = [5]* - 2(7, @) + ||

|0 — @] = 7> + |,

|91 — 2(3, @) + [@]* = 7> + |,

—2(7,W) =0
So the scalar product of the vectors U and W is zero

(v, @) =0,

if DLW are orthogonal. End of precondition proof. *
Ezxample 18.5 Find the scalar product and the length of the vectors

7 =6,80, @=][9,12,0].

4The scalar product (7, @) = 0, if and only if 7L, in symbols we write

U1l < (0,%W) = 0.
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Solution. We calculate the scalar product using the formula (18.1) for the vectors
U= [v1,v2,v3] = [6,8,0], and W= |wi,ws,ws]=1[9,12,0]
So the scalar product

(F,) = 69+ 8% 12+ 00 = 54 + 96 = 150.

is equal 150.
We know that the square of the length of the vector ¢ = [6,8, 0] is equal to the scalar product of this
vector by itself.

|7 = (7,7) =6%6+8%x8+0%0 =236+ 64 =100

Where the length of the vector

9] = V100 = 10.
Similarly, we calculate the length of the vector @ = [9,12, 0]

—

[l = /(w, @)

= V9x9+12%12+0%0
V81 + 144 = /225 = 15.

Example 18.6 For what value of the parameter m vectors

U =[m,6,3], w=][3,2,4].
are perpendicular ?
Solution. We calculate the scalar product using the formula (18.1) for the vectors
U= [v1,v2] =[m,6,3], and W= |wi,ws]=[3,24]
Vectors are orthogonal if their scalar product is zero. We calculate the scalar product
(U, W) =m=*3+6%x2+3%x4=3m+24=0.

Hence we get the equation

3m+24=0, dla m:—23—4:—8.
In fact, we check that for m = —8 the scalar product of the vector ¥ = [m,6,3] by the vector

o = [3,2,4] is equal to zero
(U, W) = —8%x3+6%x2+3x4=24—-24=0
Answer: Indeed the vectors
U= [v1,v2,v3] =[m,6,3], and W= [wi,w2,ws]=[3,2,4]
are perpendicular for the value of parameter m = —8.
Question 18.2 Calculate the scalar product and the length of the vectors
v =[12,16,0], o = [15,20,0].
Question 18.3 For what value of the parameter m vectors
v =[m,15,2], @ =][5,3,4].

are perpendicular ?
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18.1.3 The vector product
Let’s consider two vectors

U = (v1,v2,v3), and W= (w1, ws,ws)
in three-dimensional space

R® = {z = (z1,22,23) : —00 < T1,ZT2,23 < 00 }

<L
X
g

g

<L

The result of multiplication of the vector U by the vector @ is the third vector U X W, the coordinates
of which are calculated from the Laplace expansion of the matrixz formed from the coordinates vectors

1 1 1
V1 V2 V3
w1 w2 ws

ddocument Namely the product

7 x @ = [Det{ ve s } ,—Det({ vros }),Det{ vroo }]
w2 W3 w1 w3 w1 w2
Hence do we get the formula for the coordinates of the vector product

U X W = [v2 % w3 — v3 % w2, —(V1 * W3 — V3 * W1), V1 * Wa — V2 * W1). (18.5)

The vector ¥ X W is perpendicular to vectors ¥ and w0, and its square of length is equal to the area
of the parallelogram with side with sides ¥ and W. So the length of the vector

|17’><1Z)’|:\/|vg*w3—v3*w2|2—|—|—(vl kw3 — vg kw1)|? + |v1 * w2 — v * wi?

18.1.4 Area of the quadrilateral.

We will consider a quadrilateral ABC'D
D

<y

N
w

o+

B

with vertices
A= (a1,a2,a3), B = (b1,b2,b3)

C = (c1,c2,¢3), D= (d1,d2,d3)
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spanned on vectors
7= [1)1,1)2,1)3] :A_B, W= [wl,wg,wg] :A_D,
7= [21,22,23] = OB, t'=[t1,t2,ts] = CD,

where the coordinates of the vectors ¥, &, §,  are determined by the differences in the coordinates
of the vertices A, B,C, D of the quadrilateral ABC' D

Ulzbl—al, ’Uz:bz—az, 1)3:1)3—(13,
wlzdl—al, w2:d2—a2, w3:d3—a37
lebl—cl, Zszz—Cz, Z3:b3—037
151:(11—617 tdez—Cz, t3 = d3 — c3.
Using the vector product (cf. (18.5)) we can calculate the area of any quadrilateral with the given

coordinates of its vertices. Namely, the area of the quadrilateral ABCD is equal to half the cave
root of the vector product of vectors

Papcp =

Example 18.7 Find the area of the quadrilateral ABC'D spanned on the vectors
7=1[3,0,0] = AB, @ =1[0,3,0] = AD,

7=10,-6,00=CB, t=[-3,-3,00=CD

X2
\ A=(0,0,0)

Vector product 6 B =(3,0,0)
U x = [0,0,9] C =(3,6,0)
gx1T=1[0,0,—1§] D =(0,3,0)
Length of vector product .

p L 3 v=AB =3,0,0]
|7 x @] =9 @ = AD =[0,3,0)

w q .
7% ] =18 ¢=CB=[0,-6,0]

f=CD =[-3,-3,0]
A B
17 3 X1

x3
We calculate the vector products of T x @ i @ % t using the formulas(cf. (18.5))

UxwW = [0x0—3%0,—(3x0—0%0),3%x3—0x0]

[0,0,9]
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and the product of vectors
Gxt = [-6%0—-3%0,—(0%0—3%0),0%3—6x3]
= [0,0,—18]

We calculate the area of the quadrilateral ABCD as the sum of half the square root squared from
the vector product of the vectors ¥, @ and , .
Namely

1., o 1,
Papcp = §|fu><w|—|—§|q><ﬂ

1 1

= 5\/02 +0% 492 4 2[/0% 4 02 + (~18)2
= %*94—%*18

= 454+9=135

5

Let us consider another example of calculating the area of a quadrilateral using a vector product.
Example 18.8 Find the area of the quadrilateral ABC'D spanned on the vectors

¥ =1[4.0,0,0] = AB,

@ = [—0.5,2.4,0] = AD,

g=[-1.0,4.2,0] = CB,

t=[-35,-1.8,00=CD

A= (15,0.8,0)
5.0 B = (5.5,0.8,0)
C = (4.5,5.0,0)
D = (1.0,3.1,0)
3.2
7= AB =[4.0,0,0]
@ = AD = [~0.5,2.4,0)
7=CB=[-1.0,4.2,0]
0.8 L
0 t'=CD =[-3.5,—1.8,0]
1.0 15 45 55 o

x3

We calculate the vector products of T x @ and § x T using the formulas (cf. (18.5))
UxwW = [0x0—0%24,—(4%x0+0.5%0),4%244 0.5%0]
= [0,0,9.6]

5The length of the vector 7 = [v1,v2, v3] with the coordinates v1,v2,vs in the Cartesian space R? are

given by the formula 7] = \/v? + v2 + vg
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and the product of vectors
Gxt = [42%04+1.8%0,—((=1)%0— (—3.5)%0),1%1.8 +4.2%3.5]

= [0,0,16.5]

We calculate the area of the quadrilateral ABCD as the sum of the half of the quartar from the
vector product of the vectors ¥, @ and J, t.
Namely

1, 1,
Papcp = §|v><w|—|—§|q><ﬂ

1 1
= 3 02 4+ 02 4+ 9.62 + 5\/02 + 02 + 16.52

- %*96+%*m5

= 4.848.25=13.05

18.1.5 Parametric equation of a line in space

Simple operations on points and vectors in space lead to a parametric equation of the straight line.
Namely, let us consider two points

A= (a1,a2,a3), B = (b1,b2,b3),

and vector
AB =B — A.

We can easily write the parametric equation of the line L
L(t)= A+tx AB

or
Lit)=(1—t)x A+ B «t.

Here the parameter is the real variable t € (—o0, 00)

Parametric equation of line L

Lit)y=(1—-t)«x A+ B xt

fort=0, L(0)=A

vector AB fort=1, L(1)=1B

X1

x3

et us note that if t changes from minus infinity —oo to plus infinity oo, then the point L(t) moves
along the line L.
A parametric equation for the straight line, we also write in in terms of points A and B. Since the
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vector AB = B — A, the parametric equation of the straight line going through the points A and B

has the form
L(t) =A+ (B — A) xt,

or L(t) = A+ ABxt,
or Lit)=(1—-t)x A+ Bxt, —oo<t<oo.
Example 18.9 Write a parametric straight line equation
(i) with the beginning at point A = (1,2, —1) and the direction of the vector v = [2,—1,4]
(i) that goes through the points A = (1,—1,2) and B = (2,1,2)
Solution.

(i) Substitute the data:
1. point A = (1,—1,2) and the vector ¥ = (2,—1,4) for the general equation
L(t) = A+txv

(17 _17 2) +1x (27 _174)
= (142t —1—1t,2+41).

Answer. L(t)=(14+2t,—1—¢t244t), —oo<t< 0.
(#) Substitute the data: point a = (1, —1,2) and point B = (2,1, 2) into the general equation
Lit) = (1-t)A+t*xB=(1-1t)(1,-1,2) +t*(2,—1,4)

= ((I—=t)+2t,(1—t)—t,2(1 —t)+4t)
= (1+t,1—2t,2+21)

Answer. L(t) = (1+4+1t,1—2t,2+2t), —oo<t< oo.

Question 18.4 Write a parametric straight line equation
(i) starting at point A = (0,1, —1) and vector direction v = [2,1, 3]
(ii) going through the points A = (3,1,2) i B = (0,2, 2)

18.2 Prism with the base of an equilateral triangle

A prism with vertices A, B,C, D, E, F and the base of a eqilateral triangle ABC with a side of the
base a.

F

|AB|=a

On the graph a prism with the base of a reqular triangle AABC, the side lengths
|AB|=|AC|=BC| =a



257

and hight h.
The surface of the prism consists of two bases of lower base and upper base and of surfaces of the
three side walls.
Thus the total area and volume of the prism we calculate from the formulas
The total area
a®V3

P. = 5 + 3a * h.
a®V3
2
Ezxample 18.10 Consider a prism with the base of a regular triangle with the sides a = 4, and the
height of the prism h = 6.

Calculate

(i) total area of the prism,

and the volume

V= ) *h

(%) volume of the prism .

Solution. Substituting the data a =4 and h = 6 into the formulas into the total area and volume,
we calculate

(i) area of the total area of the prism

2
a4 \/§+3a

5 +3%4%6=8V3+72

Pc: xh =

4?V3
2

(i) the volume of the prism

a’V/3 42V/3
2 2

Question 18.5 Consider a prism with the base of a regular triangle with the sides a = 2, and
ofthe height of the prism h = 5.
Calculate

(i) total area of the prism,

V= (=) sh=(—") %6 = 48V3.

(i) volume of the prism.

18.3 Cuboid with the base of a rectangle

Below on he grath cuboid with the base of the rectangle ABCD with the length of the sides of the
rectangle |AB| = a, |BC| =b and of the height of the cuboid |BF| = h

H G
E F
h
D C
IIBC[=b
A |AB|=a B

The total area of the cuboid consists of two bases and four side walls.
So that total area of the cuboid and its volume are given by the formulas:



258

The total area
P.=2axb+2a*xh+ 2bxh.

and volume of the cuboid
V=axbxh
Ezxample 18.11 Consider cuboid with the base of a rectangle with dimensions
a =4, b=75 and of hight h = 6, compute
(i) total area of the cuboid,

(%) volume of cuboid.

Solution. Substituting into formulas we calculate

(i) The total area

P.=2axb+2axh+2bxh=2x4%x54+2%x4%x6+2*5Hx06=148.
(%) volumeV =a*xbxh=4x5%6=120.
Question 18.6 Consider a cuboid with the base of a rectangle with dimensionsa =2, b= 3 and
of hight h = 5, calculate

(i) total area of the cuboid,

(%) volume of the cuboid.

18.3.1 Regular cube

A regular cube is a cuboid of which all six faces walls are congruent and all adges equal a.
Below on the graph are marked 8 vertices A, B,C, D, E,F,G,H, 12 adges [A, B;b,C, ..., |G, H] and
2 diagonals [A,C], [[E,G]

Area P, = 6a>

Diagonal of base dp = a\/2

[A,C)l = dy = av2

Diaggnal gf cube = d. = a\/g y/

I[4,G]| =d. = aV/3
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From the grath above we can easly find the following formullas

Total]; area of the cube P. = 6a°.
Volume of the cube V. = a®.

Diagonal basics of the cube dy = a\/§.
Diagonal cube d. = ax/g.

Example 18.12 Consider the cube with side a = 4, calculate
(i) total area
(%) volume.
(#ii) diagonal of the base
(i) diagonal of the cube.
Solution. Substituting into formulas we calculate
(i) area of total cube P. = 6a> = 6 * 42 = 96,
(ii) wvolume of a cube V. = a® = 43 = 64.
(iii) the diagonal of the cube base dp = av/2 = 4/2.
(iv) the diagonal of the cube d = av/3 = 4v/3.

Question 18.7 For a cube with side a = 5, calculate
(i) the total area of the cube,
(%) volume of the cube.

(#i) the diagonal of the cube base.

() the diagonal of the ’s face.

18.3.2 A prism with a base regular hexagon

The drawn of a regular prism with base of a reqular chexagon we present below

) K
G J
h = |AG]
F o B
A J D
B C

a

The area of the base of this prism consists of the areas of 6 equilibrium triangles

a’V/3
4

Pbase:6*

Thus the area of the hexogan is eqoal

3a® \/g
2

Pbase =
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Total area of a prism based on a regular hexagon

P.=2Pyyse +6%a*xh = 2
Pc:3a2\/§—|—6a*h
————

area of prism

2
3a2\/§—|—6a*h,

The volume of a prism based on a hexagon of a regular cygon
2

3a 2\/§ oh

——

volumeo fprism

V:Pbase*h:

Ezxample 18.13 For a prism with the base of a regular heragon with side a = 2, high h = 4,
calculate

(i) total area,

(%) volume.

Solution. Substituting into the formulas for the total area and volume, we calculate

(i) total area
P.=3a*V3+6axh = 3%22V3+16%2+4=12V3+48.
———

area

(i) volume

3a2\/§*h_ 3*22\/§
2 o 2

V="Pxh= 4= 6V3
~—~

volume

Question 18.8 For a prism with the base of a regular hexagon with side a = 4, height h = 5,
calculate

(i) total area

(%) volume.

18.4 Pyramids

A pyramid is a polyhedron, the base of which is any polygon and the side walls are triangles with
a common verter. Among the pyramids, we distinguish regular pyramids, the base of which is a
regular polygon and the bottom of the height lies in the center of the circle described at the base of
the pyramid.

18.4.1 Regular tetrahedron

A regular tetrahedron has all four faces that are equilateral triangles. Thus, face angles are 60° or
2

T radians. Area of each face 3, where a is the length of each edge of the tetrahedron.

The total area of a reqular tetrahedron is four times the area of one wall.
P. =d’V/3.

We compute the | tetrahedron edge from the Pythagorean theorem. Namely, we know that the height

a3

of the sidewall h = ——. Its saucer lies in the middle of the base edge %.
So we calculate Y )
3 a
lz _ hz @2 _ a 2 a
5= (1) L
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The volume of a formal tetrahedron is one third of the base area times the height of H

_1aV3
3 4

Vv * H

The amount of H is calculated depending on the given edge of a. Namely, the bottom of the height
h of the side wall lies at the intersection of the height of the base at a point distant from the vertex

of the triangle by gh = 2 * a\/g. Tetrahedron edge | = a. From the Pythagorean theorem, we
calculate the height of the tetrahedron

2 2 2 2_2_% a32_22 _ 2
H"=a (3h) =a (3* 2 ) =39, Ha\/;.

= H
14 372 *
1a*V3 2 a®
v 374 *“\/;E\/5
1 H
a

Regular tetrahedron P, = a*V/3, V= a_\/i
——

area

18.4.2 Pyramid with a square base

The drawn of a pyramid with square base we present below

W

P.=a% 4+ a\/412 — a2

area

V:éaz*H
—_——

volume
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where:

a the side of the square at the base of the pyramid
H the height of the pyramid

h the height of the side wall of the pyramid

l the side edge of the pyramid

P, the area of the base of the pyramid

P, the lateral area of the pyramid
e P. the total area of the pyramid
o V the volume of the pyramid

The area of the base of a reqular pyramid is equal to the area of the square Py = a® with the side a.
The lateral surface area of the regular pyramid is equal to the area of four isosceles triangles with
the base a and the height h.

So that

ax*h
P =4 5
Thus the lateral area of the pyramid is equal
P, = 2a * h.

The height of the side wall is expressed depending on the side a and the edge . Namely, we calculate
the height from the Pythagorean theorem

h? =12 —(

e

Then the side wall field
1
P = Za* 412 — g2.
The total area of the pyramid is equal the area of the base P, plus the lateral area P;.
Total area of a regular pyramid

Pc:Pl+Pc
P.=a? + a/4al2 — a2

The volume of the regular pyramid

1 4
V=cal«H
3a*

18.4.3 Regular pyramid with a hexagonal base

The drawn of a pyramid with hexagonal base we present below

Pyramid Pe = 3[a®V/3 + aV/4l® — a?]

Volume V = %azx/g* H

where a
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a the side of the hexagon in the base of the pyramid is up

H the height of the pyramid
h the height of the side wall of the pyramid

e | the side edge of the pyramid

P, the area of the base of the pyramid

Py the area of the side of the pyramid
e P. is the total area of the pyramid
o V the volume of the pyramid

The area of the base of a regular pyramid is equal to the area P, of a regular hexagon with side a.
Thus the surface of the hexagon
3a*V3

2
The surface of side wall of a regular pyramid P, is equal to the area of six isosceles triangles with the
base a and the height h. The area of the side of the pyramid Py is equal to the area of an isosceles
triangle with the basis a and the height h.

P, =

Py = %a * h.
We express the height of the side wall depending on the side a and the edge l. Namely, we calculate
the height from the Pythagorean theorem

The side walls surface
1
Py = 1% 412 — a?.
The area of the total area of the pyramid is equal to the area of a reqular hexagon in the base with
the side a plus the area six isosceles triangles with base a and arms .

Total area of a reqular pyramid

P. = P.+6PR
2
P = 3a2\/§+ga 42— a2

P = g[a2ﬁ+a,/4zz—a2]

total surface

The volume of the pyramid
13a°V3
3 2
2
v = ¢ ;/§ x H

H

v

18.5 Revolving solids

Among the revolving solids, we distinguish a cylinder, a cone and a ball.
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18.5.1 Cylinder

A cylinder is created by rotating a rectangle around one of its sides. The simple shape of the cylinder
leads to obvious formulas on its total area and volume.

/ o &\ B
‘..-
o | e
H !
A 0 B

The figure above shows the radius R and the height H of the cylinder with the diameter of the base
|AB| = 2R and the radius of the upper base |O*B*| = R. The letters O and O* denote the centers
of the circles at the lower and upper bases.

The total area of the cylinder consits with area of the lowre base wR* and with the area of upper
base m>R* and of the area of side wall 27+ R+ H

Thus the total area of a cylinder

P. = 2rR*+2mx«R+H
P. = 2r«R(R+ H)
The volume of a cylinder
V =rR*H.

18.5.2 Cone

A cone is created by rotating a right triangle around one of its legs.
The draw of a cone is presented below

C
H
l

where LT -
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R radius of the base of the cone

l forming of a cone
H height of the cone
e diameter |AB| = 2R of cone base

o center O of the base of the cone with the apex of C
e P lateral surface of the cone
e P. total area of the cone

e V cone volume

e base area of the cone Py = mR?,
e cone lateral area P, = 2wR |

e total area of the cone P. = tR(R+ H)

1
e cone volume §7TR2H.

18.5.3 Sphere

Let us consider the sphere with the center at point O of radius R drawn below

The area of sphere

P =4rR?

and volume V = %WRB

Example 18.1 Calculate the area and volume of the sphere with a radius R = 5.

Solution. Substituting R = 5 into the formula for the surface of the sphere
S = 4nR?

and to the formula for the volume of a sphere

V= %WR3
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We calculate the surface of the sphere
S =4 x5 = 1007

and volume 4 500
V = §7T53 = TT{'



Chapter 19

Trigonometry

The word trigonometry was used since ancient times in Babylon, Egypt and Greece. The
term trigonometry covers the measurement relationships between sides and angles in trian-

gles

19.1 Trigonometric functions

e sin «, read sine «, cos «, read cosine c«,

e tg v or tan o, read the tangent «,

e ctg a or ctg o, read cotangence «,

e sec a, read secant o, csc «, read cosecant a,

e — e

e
e sinha= — read the hyperbolic sine «,

e
e cosh a = ———— read the hyperbolic cosine «

The trigonometric functions are defined in a right triangle or on a trigonometric circle.
Let us consider a rectangular triangle AABC with the vertices A, B, C' and the perpendic-

ulars sides AC and BC' and the hypotenuse of AB.
1
C

[A, C] perpendicular to [B, C)| v = g [B, C] perpendicular to [A, C)|

hypotenuse ¢

1In higher mathematics trigonometric functions are defined by power series

267
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The lengths of perpendicular legs [A, B] L[B,C] and the hypotenuse satify the relations
listed below
a=|BC|, b=|AC|, c¢=|AB].

Definicja 19.1 The sine of the angle « is the ratio of the cathetus a to the hypotenuse c
. a
sin a = —
c

Definicja 19.2 Cosine of angle o is the ratio of cathetus b to hypotenuse c
b
cos o= —
c
Definicja 19.3 The tangent of the angle « is the ratio of the side a to the side b
tga == or t 2
a= - or tana= —
S b

Definicja 19.4 The cotangent of the angle o is the ratio of the side b to the side a.

ctgae = — or ctana = —
a a

Definicja 19.5 The secant of the angle a is the inverse of the sine of the angle . Therefore

C
sec o = —
a

Definicja 19.6 The cosecant of « is the inverse of the cosine of a. Therefore
c
csc o=+
b

Note that the inverse of the tangent « is equal to the cotangent of angle a and the inverse
of the cotangent of angle « is equal to the tangent of angle ta «

1 1
— =ctga, —— =tga
tga ctga

Example 19.1 Give the values of trigonometric functions defined in a right triangle with
sidesa=3,b=4,c=15

Solution. Angle th of this right triangle o = 30°, 5 = 60°, v = 90°

. 3 4 3

sina=—-, cosa=—, tgoa=—,
5 5 4

. 4 5 5
ctgoa = -, seca = - csco = —.
ge=3 3 1

Note that the definition of trigonometric functions in a right triangle applies only to angles

s
0<a<90° or inthearcmeasure 0 <a < 5

In a right triangle the angles a and 8 change from 0 to right angle g Therefore cotangent

and cosecant are undefined for « = 0 and § = 0. Also for a = = g tangent and secant

are not specified.
Also we consider the trigonometric functions on the trigonometric circle. Let us note that
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sine and cosine functions are defined for all real values of the argument o € {—00, c0}. The

tangent functions are defined for the real values of the argument a # %, k=0,1,2,...;

and the cotangent function is defined for all real argument values « # kmw, k =0,1,2,3,...;

The values of the sine and cosine functions belong to the closed interval [—1,1]. Values of
the tangent and cotanges run the entire set of real numbers from minus infinite —oo to plus
infinite oo.

The sign of the values of the trigonometric functions depends on the first quadrant I, second
II, third or fourth IV to which the argument abelongs.
To determine the sign of the value of trigonometric functions, we use the heuristic rule:

In the first quarter all are positive sine, cosine, tangent and cotangent, in the second only
sine is positive, in the third tangent and cotangent are positive, and in the fourth only cosine
18 positive.

Question 19.1 Calculate the value of the trigonometric expression

(7) szn% + cos%
(i) tg— + ctge
6 6

Question 19.2 Calculate the value of the trigonometric expression

) _ A4m 4ar
(7) sin—- + ey
(17) tg4—7T + ctg4—7T

3 3

19.2 Trigonometric circle.

For all real, negative or positive angles, the trigonometric functions are defined in the
trigonometric circle.
Y Y

trigonometric circle trigonometric circle

point B = (z1,y1)
second quarter I1

B B

a+90°) = |AB|
R=1
_ _ cos(a+90°) = —|OA|

sin « sif(o + 90°) al+ 90°

A A 0
D 4

X cos(a + 90°) X
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trigonometric circle sin a(a +180°) = —|AB)| trigonometric circle

third quarte cosa(a +180%) = —|OA]

o+ 180
cos(a + 180°)
-A 0
* i > 4

fourth quarte IV

in(a + 270°) = —|AB|

/7 cos(

cos(a H270°) A

+270°) = |OA|

:
R x R a + 270 x
sin(a + 180°) \; sinfa + 270°)
| >
R =1
R =1
h point B = (z1,y1) .

Definicja 19.7 The sine of the angle « is the ratio of the coordinate y1 to the radius R

sina=2
R
Definicja 19.8 The cosine of the angle o is the ratio of the x1 coordinate to the radius R
x1
cos o= —
R

Definicja 19.9 The tangent of « is the ratio of y1 to x3
tg = y_la x1 # Oa
x1

Definicja 19.10 The cotangent of « is the ratio of the x1 coordinate to the y1 coordinate

ctg a = ﬂa y13£0,
n

Definicja 19.11 The secant of the angle « is the inverse of the sine of the angle a. There-
fore

R
seC & = —, yl#oa
Y1

Definicja 19.12 The cosecant of « is the inverse of the cosine of a. Therefor
R
csca=—, x1#0.
x1

In order to determine the values of trigonometric functions, it is enough to consider four
trigonometric functions sine, cosine, tangent and cotangent, in the first quarter of trigono-
metric circle and then use the table of reduction formulas.

19.2.1 Reductive formulas

Directly from the definition of trigonometric functions, we observe that all functions are
nonnegative in the first quadrant of the trigonometric circle, because for the angle

0< a<90°
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the coordinates of the point p = (x1,y1) are non-negative, that is 1 > 0, y; > 0 and the
radius R > 0.

In the second quadrant, only the sine of (sin « > 0), is non-negative because the coordinate
y1 > 0.

In the third quadrant, tangent and cotanges (tga > 0, ctga > 0), are non-negative, since
both x1 < 0,y; < 0 are negative and then the quotient of (z—l >0) or (ﬂ >0).

In the fourth quadrant, only the cosine of (cos a > 0) is nlon—negattivg,1 since the coordi-

nate 1 > 0. In this position «, from the trigonometric graph we read the values of the
trigonometric functions written in the table below

0<a<90° sin >0 |cosa>0| tga>0 | ctgaa >0
90° < o < 180° sin >0 |cosa<0|tga<0 | ctga<O
180° < <270° | sin @« <0 | cos a <0 | tga>0 | ctga >0
270 < a < 360° sin a <0 |cosa>0|tga<0 | ctga<O0

The trigonometric functions reach all possible absolute values in the first quadrant of the
trigonometric circle. Thus, the other values differ only in sign. These differences set the
reduction formulas, which are given below. First, notice that if the angle 0 < o < 907 is in
the first quadrant then the angle 90° —« is also in the first quadrant and the angle 90°+« in
the second quadrant. However, the angle —« lies in the fourth quadrant. In this position of
the angle «, from the trigonometric graph we read the values of the trigonometric functions
written in the table below

sin(90° — a) = cos a | sin(90° + ) = cos « sin(—a) = —sin «
cos(90° — ) = sin o | c0s(90° + o) = —sin « | cos(—a) = cos «
tg(90° — a) = ctga tg(909 + a) = —ctga | tg(—a) = —tga
ctg(909 — a) = tga | ctg(90° + o) = —tga | ctg(—a) = —ctga

Now, notice that if the angle 0 < a < 90° is in the first quadrant, then the angle 180° — «
is in the second quadrant and the angle 180° 4+ « is in the third quadrant.

sin(180° — o) = sin « sin(180° + o) = —sin «
cos(180° — o) = —cos « | cos(180° + a) = —cos «
tg(180° — a) = —tga tg(1809 + ) = tga
ctg(1809 — a) = —ctga | ctg(180° + ) = ctga

Note also that if the angle 0 < o < 90° lies in the first quadrant then the angle 270° — « is
in the third quadrant and the angle 180° + « is in the fourth quadrant. Thus, we have the
following reduction formulas:

sin(270° — a)) = —cos « | sin(270° + ) = —cos «
c0s(270° — ) = —sin « | cos(270° + ) = sin «
tg(270° — a) = —tga (2709 + a) = —ctga
ctg(270° — a) = —ctga | ctg(270° + a) = —tga
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Below in the table, we present the collected reduction formulas in the arc measure of angles.

angle sinus cosinus tangens cotangens

5 —a | sin(§ —a)=cos a cos(g ) =sin « tg(5 — a) = ctga ctg(5 — a) = tgo
Z4+a |sin(f+a)=cos « cos(f +a)=—sin a | tg(5 +a) = —ctga | ctg(§ +a) = —tga
m—a | sin(r —«a) = sina (cos7r —a)=—cosa | tg(m —a) = —tga ctg(m — a) = —ctga
m+a | sin(r+a) = —sina cos(7r + ) = —cosa tg(m + a) = tga ctg(w + a) = tga

I — o [ sin(Z —a) = —cosa | cos(Z — a) = —sina | tg(3F — a) = ctga tg(2F ) =tga

Z +o | sin(3E +a) = —cosa | cos(Z i3 + a) = sina tg(2F + o) = —ctgo ctg((’zfr + a) = —tga
2r —a | sin(2r — ) = —sina cos(27r a) = cosa tg(2m — a) = —tga | ctg(2m — a) = —ctga

19.3 Questions

Question 19.3 The side lengths of a right triangle AABC are equal, respectively
a=|BC|=6, b=]AC|=38, c=|AB|=10
Calculate the values of the trigonometric functions
sin o, sin (3, cosa, cos[3,
tga, tgpB, ctgoa, ctgp
angles a, B opposite the respective sides of BC, AC.
Question 19.4 (i) Draw the positions of the points
p=(pp2) = (V3,1), ¢=(q,q2) = (—V3,-1).

on trigonometric circle with radius R = 2.
(#) Calculate the values of trigonometric functions

(a) sin30° = % sin 60° = %
(b) cos30° = % cos 60° = %
¢) tg30° = tg60° =
(c) tg o g .
d) ctg30® = B ctg60° = 2

P2 yas

(#41) Calculate the values of the trigonometric functions

(a) sin210° = % sin 240° = ‘%
b 2100 = L 240 = &
(b) cos R cos R
) tg210° = - tg240° = L&
(c) tg m g ”
d) ctg210° = & ctg240° = L

q2 q1

Question 19.5 Using the reduction formulas, calculate the values of the trigonometric functions

(a) sin 120° sin 150°
(b) cos 120° cos 150°
(¢) tg120° tg 150°
(

d) ctg 120° ctg 150°
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Question 19.6 Using the reduction formulas, calculate the values of the trigonometric functions

a) sin 210°

b) cos 210°

)
¢) tg210°

(
(
(
(

d) ctg 210°

sin 240°
cos 240°
tg 240°

ctg 240°

Question 19.7 Using the reduction formulas, calculate the values of the trigonometric functions

Question 19.8 (i)

a) sin 300°

b) cos 300°

)
) tg 300°

c

(
(
(
(

d) ctg 300°

sin 330°
cos 330°
tg 330°

ctg 330°

Calculate the period of the function:

19.3.1 Periodic functions

The function f(x) is periodic if there is a positive number w > 0 such that

flx+w) = f(2),

(b)

0<z<

—3r<x <37

™

> w

for each real value of the argument belonging to the domain z € D. 2
Clearly, if the function f(x) is periodic with period w > 0, then the following identity holds:

fl@+kw) = f(z),

for every integer k =0, +1, +2,...;
The period of the function f(x) is the smallest of the numbers w > 0 that satisfies the

identity (19.1). 3

2The domain of the f(z) function is the set of 2 arguments for which f(z) is defined
3Identity that is, the equality that holds for all 2 values in the identity domain = € D.

reD,

(19.1)
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We check below that trigonometric functions are periodic. Namely, we observe that if the
radius R rotates 360° or in the arc by 27, then the point p = (x1,y1) will return to its
original position. Moreover, if the radius R turns in the positive or negative direction by
a multiple of w = 360° or in an arc measure by a multiple of w = 27, then the point
p = (x1,y1) will also return to the starting position.

The period of the sine and cosine functions is the number w = 360° or in the arc measure
the number w = 27. However, for the functions tangent and cotangent the period is the
number w = 180° or in the arc measure w = 7. Indeed, the tangent and cotangent functions
achieve the same values in the first and third quadrants of the trigonometric circle, since

Y1 ! Z1 —T1

tga = — = —— and ctgoa=—=——, 1 #0, y1 #0.
T —I At —h

Example 19.2 Calculate the period of the function:

f(z) =sin gx

Solution. We know that the sine function has the period 27. Thus, the period of f(x) is
the number w such that

.3 . 3 3 .3
f(z +w) =sin i(x—l-w) :sm(ix—l- iw) =sin oz = f(z)

for every real one z.
Hence, we calculate the period
—w=2T, w==-T

2 3

4
We check that the period of f(z) is the number w = 3™ Indeed, we have equality

4 .3 4
flx+w)=f(z+ gw) = sin 5(3:—1— gw)
= sin(§x+§é7r)
B 27 237

= sin(gx—i-%r) =sin gx = f(x).

19.3.2 Questions
Calculate the period of the function

Question 19.10

, . T
(1) sin—-

3 T
(i) cos -5

Question 19.11 Provide a plot of the function

(7) sin%, —dn <z <A4rm

(14) cos%, 0<z<8m.
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Question 19.12 Calculate the period of the function

. . 21z
(i) sin 3
. 21z
(44) cos—2=
Question 19.13 Provide a plot of the function
(0) . 21z 3T <4< 3m
i) sin—g—, g ST
2
(17) cos%, 0<z<3m.
uestion 19.14 Calculate the period of the function
Q p
T
N
(@) tg—

T
N g™
(44) ctg=

19.3.3 Graphs of trigonometric functions

The trigonometric functions sine and cosine are periodic for all real values z € (—o0, 00).
with the same period w = 2.

These functions satisfy the identities

f(x + 2m) sin(z + 27) = sin z) = f(x),

g(x + 27) = cos(x + 27)cos x = g(x)

for everyone x € (—o0,00).

When plotting trigonometric functions, we put the argument z on axis as shown in the
figure. y

graph of function sinz

nx in theNnterval [0,27)

the sine function

|sin:c|:|y—]%|§1, because R > |y1|, for —oo <z < 0.

we find that its values do not exceed the range [—1, 1]. This means that for all the values of
the argument —oo < x < oo

—1 <sinz <1.
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Indeed, we have the inequality
|sinz| = |%| <1, when R>|y|, for —oo<z<oo.

Similarly, the cosine function is periodic with the period 27 and defined for all real z i.e.
—00 < x < 00. Its values do not exceed the range [—1.1], Thus, the inequality holds

cosx:ﬂgl, when R > |z1], for —oo <z <o0.

R
graph of function cosz | y
1

................................................................ e
I - &n the interval@
2 2 'Y ~

The trigonometric functions tangent and cotangent are periodic with the period w = 7.
Indeed, the angle = + 7 lies in the third quadrant of the trigonometric circle. From the
table, read the value of tg(xz + 7) = tgz we find that the following identity holds

fl@ +m) = tg(x +m) = tgz = f(z),
for each argument x in the domain of the tangent function

zeD={x :x;ﬁ(2k+1)g, k=0,41+2 ..},

A
Y
graph of function tgx
forxze (=%,%)
1
tqx
_r _r 0 = s x
2 2
-1
Ry
graph of function ctgx,
in interval (0, )
14
ctgd for z€(0,m)
¢ ¢ ¢ ¢ ¢ T
_r _r 0 =«
2 4 19 4
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19.4 Trigonometric identities

A trigonometric identity is an equality that is true for all angle values in the domain of
identity. Unlike identity, the trigonometric equation is only true for certain angle values in
the domain of the equation.

Trigonometric formulas are the identities, which hold for all values of argument . As the
example of trigonometric identity we present below ”trigonometric one”

Example 19.3 The "trigonometric one” identity
sina + cos*a =1
holds for all real values of angle a € (—00, 0).

Straight from the definition of the sine and cosine functions, we find sides a and b of a right
triangle AABC

a=csin o, b=ccos a.

C

theleg — b a «— theleg

)
Il
|

hypotenuse ¢

From the Pythagorean theorem follows that the sum of the squares of the legs of the right
triangle is equal to the square of the hypotenuse

a? 4+ 0% =32,

After substitution
a=cxsina, b=cx*xcosa

we get identity

(esin @)* + (ccos a)? = ¢, *(sin?a+cos?a) = ? | :
Hence follows the ”trigonometric one: identity

sin? a + cos’a =1
for each value of a € (—o0, ).

From the ”trigonometruc one” identity one can get the trigonometric identities listed below

1+ t92a = oo



In fact, from the definition of the tangent function, the identity equality follows

9 sin® « cos® o+ sin? « 1 9
I+tgfa=14+ ——= 5 = 5— = cscha
cos? « cos? o cos?a

for each angle o # (27 + 1)%, k=0,4+1,4£2, +3,...; when cos a # 0.

4
Similarly the identity follows from the definiton of the cotangent function

cos? a sina + cos’a 1

1+ctg?a=1+ —— = — = = sec’a.
sin” « sinca sin” «

for each angle o # k*m, k=0,41,42, £3,...; when sin a # 0. ®

19.4.1 Questions
Question 19.15 Check the identity

sin*z — cos*rz =1 — 2cos’x 00 < x < o0.
Question 19.16 Check the identity

k
(14 tg*x)cos’s =1 T # %, k=0,+1,£2,..;

Question 19.17 Check the identity

1+ tg?x 9 km
— =t —, k=0,£1,4+2,..;
1+Ct92x g &€ x# 2 Y 3 3 3 )

Question 19.18 Prove the formula

sin(a + B) + sin(a + 3) = 2sin « cosf

for all values of angles « i (3.
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19.4.2 Sine and cosine functions of sum and difference of angles

a, 3

We will derive the following formulas for the sum and difference of two angles below

sin(ae+ f) =sin « cosF+sin S cos «,
sin( — 8) =sin a cos 3 —sinf§ cos «,
cos a cos 3 —sinf sin a,

( ) =
cos(a— ) = cos @ cos B +sinf sin a,

4An odd multiple of a right angle (27 + l)g7 k=,4+1,42,43,...;
5 An even multiple of a right angle 2k * % =kmw, k=0,£1,£2,£3,..;

(19.2)
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Let us consider the graph of right triangle C

P, =area AN ACD Py, = axea N\ BCD

A D B
Height b of the triangle AABC

Let us observe that

sin QZM sinﬁ:@
|AC| |BC|’

h h
COS @ = m, COSﬁZ m,

h=]AC|cos o, h=|BC|cosf

The P field of the triangle AABC' is the sum of the P; field of the AADC field and the P;
field of the triangle A DBC

1
P=P +P= §|AC| |BC|sin((a + ) (19.3)
On the other hand, we know that
1 1
P = §|AC| h sin a, Py= §|BC| h sin g3, (19.4)

Comparing the fields defined by the equations (19.3) and (19.4) we get the sine formula of
the sum of two angles a and 3

1 1 1

§|AC| |BC|sin((av + 8) = §|AC| h sin o+ §|BC| h sin 3,

|AC| |BC|sin(a + ) = |AC| |BC| cos 8 sin a + |AC||BC]| cos «,
Hence sinus sum

sin(a+ ) =sin a cosf+sin S cos «,

sin (a+P3)
We derive the remaining formulas using reduction formulas.
sin((a — 8) =sin(a + (=03)) = sin « cos(—03) +sin(—3) cos «

= sin a cosfB —sinf cos «

sin (a—p)

cos(a + ) =sin(90° — (a+ B)) = sin((90° — a) — G)
= sin(90° — ) cos  — sin Scos(90° — «)

= cosacosf — sinasin

cos (alpha+03)
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cos(a— ) = sin(90° — (o« — 8)) = sin((90° — @) + )

= sin(90° — a)cosB + sinBcos(90° — «),

= cosacosf + sin asing .

cos (a—p3)

The tangent and cotangent formulas of the sum and difference of two angles result directly
from the above formulas

sin(a + 3 sin « cos 3 +sinf cos « tga + tgpl
tg(a+8) = o+ h) _ Bk

cos(a + ) cos a cosB—sinfB sin o 1 — tgatgl
—_———

- tg (a+p3)
for a+5§£(2k+1)§, k=0,+1,4£2,43,...;

—— cos(¢+ ) cos acosfB—sinf sin o ctgactgB — 1

C « = = —

& sin(fa+ 3)  sin « cosB+sinf cos a ctga + ctgf
—_———

ctg (a+p)
for a+pB#kn, k=0,+1,42,43 ...

Similarly, we derive the formulas for the tangent and cotangent of the difference of two
angles

sin(a —3)  sin a cos 3 —sinff cos o tga —tgl
~cos(a— ) cos acosB4sing sin a1+ tgatgl
—_———

tg(a —B)

- tg (a—p)
for a—ﬂ;ﬁ(2k+1)§, k=0,+1,42,43,....;

cos(a — 8 cos  cosB+sinf sin o ctga ctgB + 1
ctg(a — ) = -5 _ B2 8

- sin(a — ) sin a cosB —sin3 cos a ctgf — ctga
—_———

ctg (a—0)
for a—0F#kn, k=0,+1,42,43 ...;

19.4.3 Double angle patterns
The double angle patterns follow directly from the sum formulas above, when o = 3
sin2« = 2sin « cos o, for «a € (—o00,00)

cos 2a = cos? a —sina, for a € (—o0,00)

2tga T
tg20[— W’ fOT' a;ﬁ(2k+1) Z, kZO,il,:l:2,:|:3,,
ctg?a —1

—W, fOT' O[;AkTr, kZO,il,:l:2,:|:3,,
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19.4.4 Half angle formulas

1
The half angle formulas are obtained by substituting instead o half angle 3¢ into the above
formulas, then we get
1
sin o« = 2sin 5@ cosgay a € (—00,0),

21 ~21

1
CcOoS (v = COS 504 — sin 50[, cos a =1 — 2sin? 50[, cos a = 2cos?

1
50[—1

a € (—o00,00),

2tg

tgo = 20 for a#(2k+1) 7, k=0,£1,£2+3,..;
1 tg2 2
ctg lo—1

ctgafi, for a£kmr, k=0,+1,4£2 43, ..;
2ctg? 2a

19.4.5 Half of an angle trigonometric functions

The half-angle formulas are directly derived from the above half of the angle formulas.
Namely, calculating cosine and sine from the formulas

1 1
cos a = 2cos? 50[— 1, cos a=1—2sin? 504

we get cosine and sine formulas for half of the angle «
1 1+4cos o 1—cos o
|cos§a|: — | sin = a|

Half of an angle formulas for tangent and cotangent result directly from the definition of
these functions and formulas for sine and cosine

for o € (—00, 00).

Itg af = |

1—cos o
sin = a 1 —cos «
cos%a /1+cosa \/1+cosa

for a# (2k+1) 7w, k=0,+1,42,+3, ..

The cotangent is the inverse of the tangent, therefore

¢ 1 1+cos o
ctg-o =/ ——
g2 1—cos «

for a«#2knw, k=0,+1,+£2,43,..;

1
19.4.6 Expression of trigonometric functions by tgga

Let us denote by

1
t:tgia for a#2k+m, E=0,£1,+£2,43, ...;.
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Then the trigonometric functions of the angle a can be written in the form of rational

measurements of the variable ¢.

. 2t
sin @ = ——
142’
t
tga = ——, t#—
ga=1—0p tF
Indeed, we know that
sin @« =
Similarly, the cosine function
cos o =

L1,

1—¢2

Tl
2

cos « —00 <t <00,

1 —
ctga = t # 0.

1 1

2s1n2a COS 5
1 1

2s1n2a COS 5

sin? %a + cos? %a

2sin 504 CcoS 504

2
COS™ —«
2 2t

1 1
sin? 504 + cos? Za

2

Ty

COS2 -

2

2 %a —gin?la

[¢0)] 2

21, 21
S —sin” s
21
2

[¢0)]

cos? % +sin® 2«

2 %a —gin?la

COos 2

1t
BRE

21
Cos® S

cos? 1 +sin” 1

50[

21
cos” s«

For the tangent and cotangent functions, the angle fawn formulas result directly from their
definition and the above-mentioned formulas for the sine and cosine functions

2t
sin « 14 ¢2 2t
tga = = = t#—-1,1
8= osa 1-£ 1—t2’ 7L
142

Cotanges is the inverse of Tangnsa. So the formula for the cotangent
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19.4.7 Sum and difference of trigonometric functions

Here are the following formulas for the sum and difference of trigonometric functions

sina + sin § = 2sin O‘Jrﬁ cos O‘—;ﬁ,
sina — sin 8 = 28in O‘;ﬁ cos O‘Jrﬁ
cosa + cosf3 = 2coswcos ﬁ
_ s atp a—3
cosa — cos f = —2sin 235 sin 5=,
tga + tgl = sin(a + 6) (19.5)
cos acosf3
tgor — tgf = sin(a — )
cos acosf3
ctga + ctgf = M
sin asin 8
ctga — ctgfh = M
sin asin 8

The above formulas are given by the formulas (19.4) for the sine and cosine of the sum and
the difference of angles. Namely, we introduce new variables

a+f _a-—p
2 3 y_ 2 3

xr =

azx_"ya 5:33—%

Using the formulas (19.4) for the sine and cosine of the sum and the difference of angles we

notice that

sin a«+sinff = sin(z +y) +sin(z — y)

= (sinzcosy + sinycosx) + (sinz cosy — siny cos )

a+f
2

sin(x 4+ y) — sin(z — y)

= 2sinzcosy = 2sin

sin « —sinf =

= (sinzcosy+sinycosz) —

= 2sinycosz = 2sin 5

cos a+cosfB = cos(z+y)+cos(z—y)

a—p
cos

a—f
cos .

2

(sinz cosy — siny cos )

a—+p
5

= (coszcosy —sinzsiny) + (cosz cosy + sin x sin y)

= 2cosxcosy = 2cos O‘Jrﬁ

cos a —cosfB = cos(z+y) —cos(z —y)

= (coszcosy —sinxsiny) —

= —2sinzsiny = —2sin O‘Jrﬁ

COs

aﬁ

(cosz cosy +sinxsiny)

Sln ﬁ
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The formulas of the sum and difference of the tangent and the cotangent result directly from
the definition of the above formulas for the sine of cosine.

sina  sin

tgattgl = cos o cosf3’
_ sin acos B +sinfBcos o sin(a + )
n cos acosf3 ~ cos acosf3 (19.6)
sina  sing '
tga —tgl8 = -

cos a cosf3’
sin acos 3 —sinfcos a  sin(a — )

cos acosf3 "~ cos acosf3

Similarly, we introduce the formula for the sum and difference of cotangents

sin(a + )
Cth[ + Ctgﬁ = m
sin(a — )
ctgar — ctgfi = sin arsin 3

19.5 Trigonometric equations

Let’s start with the simplest trigonometric equations, the solutions of which are part of
solutions to more complex equations.

Example 19.4 Find all solutions of the equation
(1) sine=0, (i) |sinz|=1.

Solution (i). The main roots of this equation, i.e. the zeros of the sine function in its
period from 0 to 360° or in the arc measure in the range 0 < o < 27 are the solutions

r=0, or z=m.
These solutions are marked on the graph y = sinx.
WY

graph of thel; function y + sinx

We can get all solutions by adding to the root a multiple period 27. Thus, all solutions have
the following form:

xk =2km, or xp =7+ 2kr = (2k+ D)7,
for integer k. Then all solutions are multiples of the number 7,

zp=km, k=0,£1,+2 ..;
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Solution (ii). Principal roots of the equation
|sinz] =1, or sinz=1 or sinz=-1.
are real numbers
37
=5
We can get all the solution by adding to the principal roots a multiple of the period 2.
Thus, all solutions have the following form:

T
xzi, or

3
xk:g—i-ka, or xk:§+7r+2k7r

or integer k. This means that all solutions are of the form:

xk:g—i-kﬂ, k=0,+1,+2, ..

Example 19.5 Find all solutions to the equation
(1) cosz=0, (i) |cosz|=1.

Solution (i). The main roots of this equation i.e. the zeros of the cosine function over its
period from 0 to 360° or in the arc measure in the range 0 < o < 27 are solutions

us 3m
= — O = —.
z=73, roz=g
These solutions are marked on the graph y = cosx.
WY

graph of function cosx

1

................................................................ B
3 - bxm in interval [O/{
VA 2 =

We will get all the solution by adding the multiple of the period of the cosine function to
the principal roots. Thus, all solutions have the form:

xk:g—i-ka, or xk:7+2k7r,

This means that all solutions are of the form:

s

wp=(2k+1) 3, k=0,£L%2 .

Solution (ii). Principal roots of the equation

|cosz| =1, or cosxz=1 or cosx=—1.
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are real numbers
r=0, or z=m.

We will get all solutions by adding to the roots that are multiples of the period of the cosine
function. Thus, all solutions have the form:

xk =2km, or xp =7+ 2kr = (2k + D)7,
This means that all solutions for even and odd k are of the form:
zp=km, k=0,+,%£2,..;

Note that the sine and cosine of the angles aj, = k7 or ax = (2k +1)% can be written as a
power of minus one:

sin(2k + 1)% = (=1)%, coskr=(-1)F, k=0,41,+2, ..
Example 19.6 Find all solutions to the equation
(1) tgx=0, (i) |tgz|=1.
(13i) ctgr =0, (iv) ctgz|=1.
Solution (i). Since the period of the tangent function is equal to 7, the main root of the

equation
tgx =0,

is equal to zero x = 0.

Y
graph of function tgx
forze(=%,%)
1
tgx
_r _r 0 = s x
2 1 4 2

We will get all solutions by adding a multiple of the period of the tangent function w =«
to the main root of the equation. Thus, all solutions have the form:

rp=kmr, k=0,£1,+2 ..

Solution (ii). Within the period of the tangent function from —g to g there are two roots

of the equation
[tglz=1, or tgz=1, tga=-1.
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T T
These roots are x1 = ——, 19 = —

4 4’

We will get all solutions by adding to the main root a multiple of the period of the tangent
function. Thus, all solutions have the form:

xk:—g—i-kw, xk:g—i-kﬂ, k=0,+£1,+£2,..;

or written as one pattern

o = (2k + 1)%, k=0,+1,+2 ..

7r

Solution (iii). Note that z = 3 is the root of the equation
ctg x =0,

This main root is marked on the function graph

y=ctgzx

in the range (0, 7)

Y
graph of function ctgx
in interval (0, )
1
ctgdw for x€(0,m)
* * ¢ ¢ ¢ T
T _r 0 =
2 Y 1

We can get all the solutions by adding to the main root a multiple of the period of the
cotangent function. Thus, all solutions have the form:

o= g thm= k41T, k=0,£142,

Solution (iv). Principal roots of the equation

|ctga| = 1,

or equivalent equations
ctg x=1, ¢ ctgr=—-1

there are real numbers

3m
Xro = —.

77T
= 1
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All solutions can be obtained by adding to the principal roots a multiple of the period of
the cotangent function.
So, all solutions have the form:

xk:%—i-kw:(élk—i-l)g,

or

37 T

for k=0,£1,£2,..;
. . . m 3m
Checking. Putting into equation xj = 1 + k7 or zp, = E + k7 we get
m m
ctgxk:ctg(z—i-kw):ctgzzl, k=0, +1,+2 +3,..;
3

3
ctgxk:ctg(zw—i-kw):ctgzz—l, k=0, +1,+2 +3,..;

The values of trigonometric functions of selected angles are given in the table below.

o sin a | cos a | tga | ctga
a=0 0 1 0 00
_ 1 V3 V3
X765 [ 3 2 V3
a=1 |2 [ 2 [1 |1
_ V3 1 3
=5 |5 2 V3 | g
a=75 |1 0 oo |0
o= [ [ F o1 [
a=T 0 -1 0 —00
_ 5w V2 2
a=7T|-% |5 |1 |1
a:‘%” -1 0 00 0
a=1r | _¥2 | ¥2 -1 | -1
a=2m |0 1 0 00

Example 19.7 Find all solutions to the equation
sinx — cosz = 0.

Solution. First, let us note that D = R is the domain of the trigonometric expression.
From the table, we read the roots of the equation in the range 0 < z < 27. Let us write the
equation as follows

sinx = cosz.

5
Then, we see that the sine is equal to cosine for the angles x = g and r = IW which lie in

the first or third quadrant of the trigonometric circle.
All solutions are obtained by adding w = 27 to these solutions

T = g +2kw, or xp = %T +2km k=0,£1,%£2,...;



289

We find the solution to this equation, in another way, by decomposing the trigonometric
expression into factors. Namely, let’s write the left side of the equation as

sinx — sin(g —xz)=0.

Applying the formula for the difference sins, we get the product

T _ — T _ +
sinz —sin(§ —x) = 2sin (3 ? T cos (2 Dt
= 2cos%sin(g — )

= ﬁsin(g —xz)=0.

Here the principal roots in the interval [0.27] of the period of the sine function come from

s s
——xz=0, or ——z=m

4 4

Let us add w = 27 to the sine function, then we get all the solutions

o = g+2lm, or Tk = g+ 2k —V)m, k=0,%1,£2,..;

Example 19.8 Find all solutions to the equation
tgr + ctgr = 2.

Solution. From the values of the table of tangent and cotangent, we can see that the sum

5
of the tangent and cotangent is equal 2, when tgz = 1 and ctge = 1 for x = Tora= Iﬂ

We will obtain all solutions by adding a multiple of their period to the main roots.
It means

xk:g'i_kwa or xk:%—}-kﬂ, kZO,i1i2,,

We get the same solutions in a different way. Namely, let’s write this equation in its

equivalent form
sinx  cosx

- =2.

cosr sinz
Note that the domain of the trigonometric expression in this equation is the set of real
numbers x € R for which sin x # i cos x # 0

km

_a}

D={zeR: z# 5

for integers k = 0, +1, £2,...;
We transform this equation using the trigonometric one and the double angle formula for
sine

sinx =~ cosw cos? x + sin® 1

cosxr sinx sinx cosx sinx cosx

Hence, we get the equation

2sinx cosx =1, or sin2z =1.
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From the trigonometric function values in he table, we remember that sin2z = 1 for the
T om . . . . . .
root x = — or £ = — in the trigonometric circle. Adding to the principal roots a multiple

of the period w = 7 of the function sin 2z, we get all solutions of this equation.

xk:g—i-kw, or xk:%—i-kﬂ k=0,%£1,42,..;

Note that the above roots of the equation are the same as in the first solution method and
belong to the domain of equation.

Example 19.9 Solve the equation
2sin*z — 3sinz +1=0.

Solution. We solve this equation by substituting a new unknown ¢ = sinx to get the
quadratic equation
2t =3t +1=0.

The discriminant of this equation A = (—=3)2—4%2x%1 = 1. Thus, solutions of the quadratic

equation are
o 3-1 1 S 3+1

t1=—=— — =1
1 4 2; 2 4

Going back to the unknown z, we find all the solutions
sinx = %, xp = § + 2k,
or
sinz =1, z, =5 + 2km,

for integer k = 0, +1, +2..;

Question 19.19 Solve the equation

2cos’x +cosz — 1 =0.

One effective way to solve trigonometric equations is to factorize the trigonometric expres-
sion. Here is an example of such a method.

Example 19.10 Solve the equation
cosx + 3 cos 3z + cosbx = 0.

Solution. Let’s apply the formula for the sum of cosines

5 -2
(cosz + cosbx) 4+ cos3z = 2cosx—; T eos T 5 T 4 cos 3z

= 2cos3z cos(—2x) + cos3x

= cos3z(2cos2z + 1) =0.

We have broken down the trigonometric expression into two factors that we equate to zero

1
cos3x =0, 1 2cos2zx+1=0, cosx—a



Solving the above simple equations, we get the following series of solutions: When
cos3x =0,

we get the solutions

1 2
32 =~ 4 2km, xp= w4+ +okm, k=0,+1,42, ..

2 6 3
3 1 2
3x:§7r+2k7r, xkziw—i-gkw, k=0,£1,£2,..;

1
When cos 3z = 5 then we get the solutions

2
So= g4 2km @G ghn k=0ELAD

2
3r = gw+2k7r, T = %T + gkﬂ, k=0,+£1,+£2,..;

Example 19.11 Solve the equation

sin?z + 2sinz — 3 = 0.
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Solution. Denote by ¢t = sinz. Then, we get the quadratic equation for the unknown ¢

2 +2t—-3=0,

whose solution is t; = —3 and to = 1. Since —1 < sinx < 1, therefore t = —3 must be

thrown. The value of ¢ = 1 remains. For that value

sing =1, WMnxp:g+%m k=0,+1,+2, ..

19.5.1 Questions
Question 19.20 Solve the equation

(7) szn% =0, (it) cos% =0.
Question 19.21 Solve the equation
(aw%zam)@%:o

Question 19.22 Solve the equation
(1) sinz+cosx =0, (i) sinx=cosuw.
Question 19.23 Solve the equation
(1) tgx—ctgz=0 (ii) tgz=sinz.
Question 19.24 Solve the equation
2cos’x —5cosz +2=0.
Question 19.25 Solve the equation

3¢ —sin?z — 2sinz +1=0.

2sin
Question 19.26 Solve the equation

tg3x 4 3tg’r — 3tgx = 1.
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19.6 Trigonometric inequalities

Like trigonometric equations, we solve trigonometric inequalities using reduction formulas,
sum formulas, and difference of trigonometric functions.

19.6.1 Fundamental inequalities for sine functions

Example 19.12 Solve the inequality in the range [0.27].
() sine<g, (i) sine>
i) sinz < = i) sinz > .
-2’ 2

1
Solution (i). The sine function gets sinz = 3 for angle x = % in the first quadrant, or for

5
T = Fﬂ in the second quadrant. So the inequality is true in the interval [0.27] for

T

o
IN
IN

m
6
or
5T
6
Let’s see this solution in the graph of the sine function.

IN

xr < 2.

IN

Y
A
1
1 \
| 1 . 1
sin SE sinz<3
3 Ay
T s 7'r s 51
3 Im . _r ™ jus sm 3
= 6 - 2 0 6 2 6 5 2m
—1

Note that the solution of sinz < % on the whole line of real numbers is those = € R points
that belong to the segments

x € lag, br] = [% + 2k, %T + 2kn], when k=0,+1,£2, +3..;

where aj = %—l— 2km, by = %T + 2k,
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(#¢)  Similarly, we find the solution to the opposite inequality sin z > %

-1
Solving the inequality sinz > %, on| the whole line of real numbers, are segments

5
[ax, b] = [% + 2%, % 1 o%kn], k=0,+£1,+£2 +3.. (19.7)

5
starting at ag = % + 2km and ending at by = % + 2km.
19.6.2 Fundamental inequalities for cosine function
Example 19.13 Solve the inequality

(1) cosx< -

Al Y=

(i) cos x>

1 m
Solution (i). The cosine function becomes cosz = 3 for the angle x = 3 in the first quart

o
of the trigonometric circle or for the angle z = 5 in the fourth quadrant of the trigonometric

circle. So inequality

cos r <

N~

is true in the range [0, 27] for the values of the angle x € [g, 5—]

Let’s see this in the function graph y = cos x

WY

Solving the inequality cos z < %, on the whole line of real numbers are segments

[ak, bu] = [g 1 2%, 5?” +2%kn], k=0,£1,+£2, £3..; (19.8)
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5
starting at ag = g + 2km and ending at by = 771' + 2km.
1
Solution (ii). The cosine function goes to cosz = 3 for kata o = — in the first quadrant

om
of the trigonometric circle or for kata x = 3 in the fourth quadrant of the trigonometric

circle. So inequality

- 1
cos T > =
2
is true in the range [0.27] for the angle value
m om
0,z]U[+,2
@ € [0, 5]V [5, 27]

Let’s see this in the function graph‘ Y= COS T

The solutions of the inequality cosxz > %, on the whole line of real numbers are the intervals

lan, b] = [2k, g +2%n], k=0,£1,£2, £3..;

5
at the beginning at ap = g + 2k7 and ending at by, = ?ﬂ' + 2km.
or intervals

[ck,dk]:(%+2kw,2kw], k=0,+1,+2, +3..;

at the beginning at ¢, = g + 2k and the end at dj, = 5% + 2km. 6

19.6.3 Fundamental inequalities for tangent and cotangent

Tangent. As we know, the tangent function is specified for the argument

v # (2k + 1)%, k=0,+1, £2,..;

6Index k € C = {0,41, £2, 43, ... :} runs the whole set of integers.
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s

different from an odd multiple of a right angle 7.

Y
graph of function tgx
forze(=%,%)
1
tgx
—_F _I 0 jus s T
2 1 4 2

The tangent function is increasing. It means for greater values of the argument z the values
of the tangent function are greater, write

if 1 < 9 are tg x1 < tg x2. The tangent function is periodic with the limit w = 7,
we write

2k + 1)m

tgx =tg(x+ ) dla kazdego x # 5

, k=0,+1, £2, £3,..;

Let us consider the graph of the tangent function on the whole number line except the points
oy (2k+1)g dla k=041, +2 +3,..;

which the value of the tangent function is undefined.

Moving the graph of the function

T
=t €(—=. 3

y=tgx for z€(-3,3)

by the period w = 7 we will obtain plots of the tangent function in successive intervals of

specificity

T T T 3w 3m 5w S5t Tw
.Ie(——,—), xe(ia?)a .IE(—,—), xe(_ Y

The values of the argument x of the tangent function are marked below on the graph, for
which the values of tg x are greater than or equal to one, i.e. the inequality is satisfied
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tgx > 1.
Y
// //' /
gr>1 tgr>1 tgr>1 tgr>1
A R~ S R <= S R
*”'*5*%?01 L ot R e A
I
/
Example 19.14 .
(1) Find the solution of the inequality
tgx >1
in the open range (—g, g)
(i) Find all real solutions of inequalities
tgx > 1,
for x # (2k — 1)%, k=0,+1, £2, £3, ...
. . . .. . . . ™ T
Solution (7). The function y = tg x is increasing in the interval (—5, 5)
The value 1 is reached by the tangent function at z = g, means that tg % =1.
So inequality
tgx >1
is true in the range (—g,g) for x € (g,g) -
Solution (7i). From the graph of the function y = tg =, we can see that in the range (—5, 5)
T
tgxr <1 €(—=,—).
gr<1 Jorze(-27)

All the real solutions of the inequality tg x < 1 can be read from the graph. Namely, the
value of the tangent function is less than one tg x < 1 for all real argument values belonging
to the ranges

—z—i-kw,z—i-kw , dla k=0,pml, £2,...;
2 4

Question 19.27 Solve the inequality
(i) tgx > /3, (i1) tgx <3
or all real values x # (2k+1)%, k=0,%1, £2,...;
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The cotangent function. As we know, the cotanges function is specified for the argument
x#£kr, k=0,£1, £ 2, ..;

different from the semi-double angle multiple 7.

graph of function y = ctgx

in interval (0,7) :

1 S AN S S
I S B G ¢ - °F

The cotangent function is descending and periodic with the period w = 7. That is for greater
values of the argument = the values of the cotanges function are smaller, write

if x1 < x9 are ctg x1 > ctg xo
The cotangent function is periodic with the period w = 7, we write

ctgx =ctg(x +7m) foreveryx #kn, k=0,£1, £2,..;

Example 19.15 .
(1) Find the solution of the inequality

ctgxr > 1

in the open interval (0, 7).
(i) Find all real solutions of inequalities

ctgx > 1,
dla ©# kn, k=0,+1, +£2, £3,...:

Solution (7). The function y = ctg = decreases in the range (0, 7). The value of ctg z =1

reaches for x = 7.

Therefore -
ctgx >1 for z € (0, Z)

Solution (7). The function y = ctg = decreases in the range (0, 7). The value of ctg z =1

reaches for x = 7.

Therefore

(kr, g tkr), dla k=0,+1, £2, ..
where the inequality of ctg x > 1 is true
Question 19.28 .
(1) Find the solution of the inequality
1

ctgr < —
=73
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in the open interval (0, 7).
(i) Find all real solutions of inequalities

ctg x >

Sl

for z € (0, 7).

Question 19.29 .
(1) Find the solution of the inequality

ctng\/g

in the open interval (0, 7).
(i) Find all real solutions of inequalities

ctg x > \/g,
for £ kn, k=0,£1, £2, £3,...:
Question 19.30 .
(1) Find the solution of the inequality

ctgxr > tgx

in the open interval (0, g)

(i) Find all real solutions of inequalities

tgx > ctg x,
km
for x;ﬁT, k=0,£1, £2, +3,...:
Question 19.31 .
Find the solution of the inequality
thx —1>0

in the open interval (—g, g)

19.7 Theorem of sines

Theorem 19.1 In any triangle, the ratio of the lengths of the sides to the sines of the angles
lying on the opposite sides is constant and equal to the diameter of the circle circumscribed
on the triangle. Thus the following equalities hold

a b c

=2R (19.9)

sin @« sinf  sinvy

There are some proofs for the theorem of sines. Here we give two proofs relating to a
relationship between an inscribed circle and a center angle that are based on the same arc.
Proof I. We consider a circle described on the triangle AABC with radius R. From the
vertex A we lead the diameter of the circle to the intersection with the circle at point D.
Note that the angles inscribed in the circle ZABC = @ and LADC = ¢ are based on the
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same arc AC. So they are equal to 8 = §. The triangle AADC is right-angled because the
angle ZDC A with vertex C' on the diameter is straight.

A circle encircled by a triangle AABC

AC b b
sin5—ﬁ—ﬁ, and sinﬁ:ﬁ dla =90
Hence we calculate .
- =2R (19.10)
sin B

Similarly, we prove the thesis for the angle a of the triangle AABC. We only change the
position of the diameter, as in the picture

For the angle o we lead the diameter C'D from the vertex C' of the triangle AABC to the
intersection with the circle at the point D. Note that the angles inscribed in the circle
LCOAD = o and LADB = § are based on the same arc BC. So they are equal to a = 4.
The triangle ABCD is right-angled because the angle ZDBC' with the vertex B based on
the diameter is straight.

A circle encircled by a triangle AABC

From this right triangle ABC D, we find the sine of the angle 6. Namely
|BC| _a

. - a . 71 -
sind = and sin a—2R dla =96

ICD| ~— 2R
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Hence we calculate a

= 2R (19.11)

sin o
For the angle v we lead the diameter BD from the vertex B of the triangle AABC to the
intersection with the circle at the point D, as shown in the picture

A circle encircled by a triangle AABC

Note that the angles inscribed in the circle ZBCA = v and ZBDA = ¢ are based on the
same arc AB. So they are equal to 7 = 0. The triangle ABDA is rectangular because the
angle ZDAB based on the vertex A based on the diameter is straight. From this rectangular
triangle ABC D, we find the sine of angle §. Namely

AB
sin5—ﬁ—ﬁ and sin*y:ﬁ for v=194
Hence we calculate c
- =2R (19.12)
sin 7y

From the equality (19.10, 19.11, 19.12) follows the thesis (19.9)

a b c

=2R (19.13)

sin @  sin 3 - sin 7y
Proof II. Consider the triangle AABC. Let us lead the height h from the vertex C of the
C

triangle AABC to the base AB.

h=a sin «
h=bsinp
hence we get

a sina=>bsin 3

a b

sina  sin (8

By making simple calculations

h=">sin «
h="bsinp

bsina=a sin B, we divide both sides by sin a * sin (8
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So we get the expected equality

= (19.14)

sin a  sin g

Equality is obtained in a similar way

c b
sin v sin f3

Namely, In the triangle AABC we lead the height h from the vertex B to the base AC

C

h=asin~y
h = c sin a
henced we get

a sin vy =csin o
a c

siny  sin a

By making simple calculations

h=a sin~y
h = c sin a
bsin a =a sin 3, we divide both sides by sin o * sin 7y

get the expected equality

: _ = (19.15)

sin & sin vy

Comparing the equations (19.14) and (19.15) we get double the equality

a b c

(19.16)

sin @ sin 164 - sin 7y
It remains to prove that the ratio of the lengths of the sides of the triangle AABC to the

sines of the respective angles is constant and equal 2R, that is

a b c

=2R

sin @ sin 8 sinvy

Consider once again the triangle AABC and the circle inscribed on this triangle with radius
R and center at the point O. From the center of this triangle, let’s take the radii to the
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vertices A, B, C and the height h = |OD| of the triangle ABCO, as in the picture

C

D
The circle is circumscribed by a triangle AABC

Note that the triangle ABCO is isosceles with the length of the legs equal to the radius of
the circle R
|OB| =|0C| =R

So the point D, is the end of h = |OD]|, divides the side BC' in half
From the theorem about the center angle and the angle inscribed in a circle based on the
same arc widehatBC' it follows that the central angle is twice the inscribed angle,

angle inscribed in circle LBAC = «a and the angle with vediz in center LBOC = 2«

The height h of an isosceles triangle ABCO divides the median angle ZCOB = 2a by half.
Thus, the angle ZCOB = « in a right triangle ADCO with the hypotenuse CO and the

side h = |0D| i |DC| = g

From a right triangle ADCO we find

) a
sin o= ——
2R
From where we get equality
¢ _9R (19.17)
sin «

From the equality (19.16) and (19.17) follows the thesis theorems (19.9)

a b c

sina  sin 8 sinvy

=2R

We use the theorem of sines to find the sides and angles of a triangle on the basis of given
1. of two sides and an angle in one of them,

2. of a side and two angles adjacent to that side,

Example 19.16 Calculate the sides and angles of the triangle AABC, having the lengths
of two sides |AB|=c=41i|BC|l=a=2kta= % opposite [BC].
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Solution. Select the data and the unknown éides and angles in the drawing

triangle AABC

From the theorem of sines we calculate the radius R of the circle circumscribed by the

triangle
2
¢ _9R,

sin « sin %

= 2R, =2R, R=2.

INEIRN

Then also from the theorem of sines we calculate the sine of the angle v which lies opposite
the side |[AB| =c=2

c . c 2 1
=2R, siny=

2R 4 2

From where we find the angle v = & and angle § from the sum of the angles in the triangle

sin 7y

3

™
at+f+y=m f=m-—a—-7= 6 8- 3"

The remaining side |[AC| = b is calculated from the theorem of sines

2
- 2R, b:2Rsin6:2*2*sin§:4§:2\/§

b
sin 3
19.8 Theorem of cosines

Like the theorem of sines, we use the theorem of cosines to calculate the sides and angles of
any triangles.

Theorem 19.2 In any triangle with the sides and angles marked in the drawing below,

C

A c D B
Triangle AABC
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There are the following relations
(i) a®>=0b*>+c*>—2bccos a
(ii) b* = a®+ c* — 2a ccos 3
(iii) ¢ = a® + b* — 2a beosy

Proof. We will prove the first of the above equations. Note that in the case of a right
triangle, when o = g formula (i) is true, because then cos o = 0 and uses the Pythagorean

theorem. For o < g Point D, saucer of h, divides the side of [AB] into two parts |AD|

and DB/, where 7
|AD| =bcosa, i |DB|=a cosp.

Applying the Pythagorean theorem to the triangles AADC and ADBC, we compute
h? =]AC|?* — |AD|?
and

h? = |BCJ? — |BD|?

Comparing the right sides of the above equations, we get the following equality
|AC|? — |AD|? = |BC|* — |DB|? (19.18)
Then substituting for equality (19.18)
a = |BC]|, b=|AC], c=|AB],
|AD| =bcos a, |DB|=c—|AD|, |DB|=c—bcosa
we will obtain the relation (7), in a simple form, between the sides and angles of the triangle

AABC

b2 — (beos @) =a® — (c—bcos a)?

|[AC|?—|AD|? |BC|>—|DBJ?

(19.19)

Simplifying the above algebraic expressions
b2 — (bcos a)? = a? — (c® — 2b ¢ cos a + b*cos? )
we get the first thesis (7) the theorem of cosines
a’>=b*+c*—2bccosa

We prove the other formulas (ii) and (iii) similarly. Namely, in order to derive the formula
(i), one should plot the height h from the vertex A to the side of BC. On the other hand,
for the proof of thesis (ii7), one should plot the height h from the vertex B of the triangle
AABC aside AC.

"Remember that |AD| is the length of the segment [A, D]
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Example 19.17 In the triangle AABC, the lengths of the side |AB| = 3 and the side

|AC| = 3 are given, and the value of the angle between them o = g, as in the picture,
calculate the side length a and the value of angles 3, .
C
v 7?
b=3 a?
a=3 57
A c=3 B

triangle AABC

Solution. Calculate from the theorem of cosines
a?=b>+c%2—2bccos a = 32—1-32—2*3*3*%
= 949-9=09.

Hence side length a = V9 = 3.
Given the sides of the triangle, a, b, c we calculate the cosines of the angles 3 and ~.

a? 4+ c? —b? 732—1-32—32 1

S = T T T3x3x3 O
o8 7a2+b2—02732+32—327 1
7T T 24 2#3%3 2

1 1
Ifcosﬁ:§icosvz§thenthaangleﬁ:gik@tﬂy:g.

19.8.1 Questions
Question 19.32 Cualculate the sides and angles of AABC having the lengths of two sides

|AB| =5, |AC|=5 i kat ./ ABC =30°

Question 19.33 Find the sides of the triangle AABC' having the side length |BC| = 25
and angles

LCAB =30°, [ ABC =60°
Question 19.34 Find the angles of the triangle AABC having the side lengths

|AB| = 15m, |BC|=30m, |AC|=45m



306

19.9 Cyclometric functions

Cyclometric functions or circular functions

y=arcsinx, T € (—5, 5) y=arccosz, x € [0,m)
T
y=arctanx 1 € (—5, 5) y=arcctgz, x¢€ (0,m)

are inverse functions to trigonometric functions in intervals, where the trigonometric func-
tions are monotonic i.e. increasing or decreasing.
For example, the inverse function to x = sin y is ;y = arcsin x specified in the range,

where the function sine is monotonic i.e. when z € (—5, g) In general
™ ™
when xe(—§+2k7r,§+2k7r), k=0, £1 £2, +3,..;

The inverse function to x = cos y is y = arccos z, which is specified in the the open
interval @ € (0, 7) or in general

when € (—g 1 2k, g L 2%km), k=0,+1,+2, 43, ...

Similarly, the inverse functions of x = tg y and =z = ctg y are y = arctg + and
y = arcctg x, specified in open intervals
tangent for

re (_g Tk, g +kn), k=0,+1,42 43, ...

and cotangens for
a€ (kr,(k+1)m), k=0,%1,42,4+3,...;

19.9.1 Arcsine
v

The function y = sinz is increasing in a closed interval [—g, 5] The set of values of this

function is the interval [—1.1]. Thus the inverse function
T = arcsiny

to the function y = sinx exists and is defined in the closed interval [—1,1]. That is, the
domain of the inverse function x = arcsiny to the function y = sinx is the set of function
values y = sinz.

So for the inverse function x = arcsin y the independent variable is y € [—1, 1], and the

dependent variable is
rel-2, 5
2727

On the graph the arcsine function, we change the roles of z, y as below

y = arcsin x, Y€ [%ﬂ,g], when  z € [-1,1]



s

SIE]

& i aresin 1l =

M|

graph of the flunction
y =arcsinz dlax € [—1,1

arcsin 0 =0

|
SIE]

arcsin(—1) = —

SIE]
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The values of the function y = arcsin x for the selected values of x are given in the array

x° radian | y =sinx || z = arcsiny
0 0
—90° _Z 1 _Z
90 > >
oo | T | V2 o
3 2 3
e | T V2 i
4 2 4
e | 7 | I i
6 2 6
0° 0 0 0
o T 1 m
450 - —
b 4 0 4
60 | ” V2 T
I ;
o _ 1 _
90 5 5

Note that the following identities hold

x <

<

(i) arcsin(sinz) =z, dla —F <
(#i) sin(arcsinz) =2 dla —1<z
Indeed, let
=sinz for zx¢€ [—E z]
Y 22

—_

S

Then the function sinz is ascending and the function inverse x = arcsiny exists and is

defined for y € [-1,1].
Substituting (i) y = sinz to the left, we get identity (i).
Likewise, let

y =arcsinx for xel[-1,1].
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Then the function arcsin x, isincremental and the function inverse = =sin y exists and
is defined for y € [—1,1].
Substituting y = arcsinz, into equality x =sin y, we get the identity (ii).

19.9.2 Arccosine

The descending function y = cos z in the interval [0,7]. The set of values of the cosine
function is the interval [—1,1]. The inverse function x = arccos y to the function y =
cos z, exists and is defined in the interval [—1.1]. Thus the domain of the inverse function

T = arccos y
to the function
Yy =coszw

is the set of values of the function y = cos x. On the other hand, the set of values of the
function x = arccosy is the interval [0, 7].

Below on the graph in the arccosine function we change the roles of the variables z, y
assuming

Yy = arccos x, ye[0,7n], when x€[-1,1]

arccos(—1) =g ... ) SRR

graph of function y = arccos x dla x € [—1,1]

SIE]

arccos 0 = 5 i

arccos 1 =0
-1 0 1

Table of values function y = arccos x
for the selected values of =«

° radian

x Yy =COST | T = arccosy
0 0 1 0
50 | T V3 m
G 2 G
o | T V2 m
1 2 1
° s s
60° | 3 2 3
90° | = 0 il
2 2
1350 3_7T _ﬁ 3_7T
1 2 1
1500 5_7T _ﬁ 5_7T
G 2 G
180° | = -1 T
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There is a simple relation between arcosine and arccosine, namely
. s
arcsin x + arccos r = 5 (19.20)

Indeed, we notice that the inequality

™

0< 5~ arcsinr < mistrue.

From the inequality
T T
—— <arcsinz < —.
2~ -2

and with equality
T
005(5 — arccos x) = sin(arcsin x)

follows the identity (19.20).

19.9.3 Arctangent

The function tangent y = tg « is periodic with the period w = 7. This function is specified
for an argument different than an odd multiple of a right angle 7.

1

v # 2k + g, k=0,£1,£2, .5

The interval of the values of tangent is the set of real numbers R = (—o0, 00).
The function y = tg z increases from —oo to co in the open interval

T
z € (—=,=).
(=3:3)

Therefore, there is an inverse function

T = arctg vy,

to the function y = tg x in the open interval (—g, g) Without changing the properties of

the arctangent function we can replace x by y as below

y = arctan x.

Values of the arctangent function belong to the range (—g, g), we write

m m
—§<arctgx<§, —o00 < & < 0.

Let us consider the graph of the function tangent . Note that the plot of arctangent function
to function tangent is obtained by rotating the plot of tangent counterclockwise looking at
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the plot from the reverse side.

Y
graph of function tgx
forze(=%,%)
1
tgx
_r _r 0 = s x
2 2
-1

From the plot below we see the interval —co < & < oo for which the arctangent is specified
and the interval —g <y < g of values of the function

y=arctgx for x € (—00,00).

Y
graph of function arctglx
s
for z € (—o0,00) 5 Lo
""""""""""""""""""""""" @ - e e e e e e TLTLTLTLT T
. .
4 _ arctgl = 7
-1 o 1 z
_ T
4
............................................. L
B, O o o e e e
T
2

Function arctag x has two asymptots L1 i L1 parallel to exis x

19.9.4 Arcotangent

The function y = ctg x is decreasing over the open interval (0, 7) and its set values are all
real numbers —oo < y < 0o. So the inverse function z = arcctg y exists and is specified for
all reales —oo < y < co. However, its set of values varies from 0 to 7, that is

0 < arcctg y <, —00 <y < 00.

As in the case of the arcu tangent function, without changing the properties of the arcus
cotangent function, we replace the x,y variables with places, writing

y=arcctgx, for —oo<x <0
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Consider the graph of the cotangent function again. Note that the inverse cotangent plot
is obtained by rotating the cotangent plot counterclockwise looking at the plot from the
reverse side.

Y

graph of function y = ctgx
in the interval (0,7)

Let us use the plot above of the cotangent function to draw a graph of the inverse arccotan-
gent function

y=arcctgzx, for —oo<z <0

graph of function arcctg x

vl

arcctg 1 = %

el

0 1

Ly

Function arcctg x has two asymptots L1 to jest os x i Lo rownolegla do osi x

The following relationship between the arctangent and arcus cotangent holds

arctg  + arcctg x = g (19.21)

Indeed, we notice that the angle given by arccontangent satisfies the inequality

T
0< 5~ arctgx <,
T T . .
Because —3 <arctgr < 5 thus we have the identity

ctg(g — arctgr) = arctgx

Hence shows the identity (19.21).
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19.10 Questions

Question 19.35 Calculate the value of the expression

o1 n . V2
arcsin= + arcsin—
2 2

Question 19.36 Calculate the value of the expression

1
CLTCCOS§ + CLTCSCOST

Question 19.37 Calculate the value of the expression

1
arctg— + arctg\/i

V2

Question 19.38 Provide a graph of the function
f(z) = sin(arcsin x)
for x € [-1,1].
Question 19.39 Provide a graph of the function
f(x) = cos(arcsin x)
for argumentu x € [—1,1].
Question 19.40 Solve the equation
arcsin x — arccos x =0
Question 19.41 Solve the equation
2aresin T — arccos T =T
Question 19.42 Solve the equation
arctg x —arcctg x =0
Question 19.43 Solve the equation

3arctg x — 2arcctgx =T



Chapter 20

Combinatorics

Combinatorics includes terms such as factorial of a natural number n, permutations, varia-
tions without repetition and variations with repetition, combinations.
A description of these concepts with examples and exercises is preseted below.

20.0.1 Factorial of a natural number 7!

The product of consecutive natural numbers up to and including n is called the factorial of
n and denoted by the symbol n!. So we have

nl=1%2%x3%---x(n—1)xn

It is acceepted that 0! =1
Let us list a few factorials of consecutive natural numbers

ol=1
=1
20=1%x2=2

3'=1%2%x3=6

41 =1%x2x3x4=24

5l =1%2%3%x4%5 =120

6! =1%2%x3x4*5%x6="T720
TN=1%2x3%x4*x5%6x7 = 5040

(n—1)!'=1%x2%x3x4*5%---x(n—1)
nl=1%2%«3%4%x5%6%xTx---x(n—1)xn

20.0.2 Examples

We explain the calculation of the factorials on the following examples
Example 20.1 Calculate the value of the fraction

5! % 7!
4! x 6!

313
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Solution
We can easily simplify this fraction by writing

Sl=4lx5, Tl'=6!%7
5! 71 4lx5 x 6!x7

T=6 - .o TR
Example 20.2 Simplify the fraction
n! |
(n—1)
Solution
We can easily simplify this fraction by writing
(n—=1)! = 1%2%3%4%5%6%xT%---x(n—1)
n! = 1%2%3%4%x5%6x7*---x(n—1)*n
n! 1%2%3%x4%5%6x7*---x(n—1)*n
- = =n
(n—1)! 1%2%3%4%5%6%T*---x(n—1)

Zasanie 20.1 Calculate the value of the fraction

31 % 5!« 7! 9!
2! % 4! % 6! % 8!

Zasanie 20.2 Simplify the fraction
2n!

(2n — 3)!

20.0.3 Permutations

A permutation of elements of a set is to put them in a certain order. Two permutations
that consist of the same elements are different, if they differ in the order of the elements.

For example:

Permutations of digits of a two-digit number 23 consist of the same digits 2 and 3 but create
two different permutations

23 @+ 32 number ofpermutations 2! =2
Note that there are no other permutations of 2 and 3.

Similarly, let’s list all permutations of digits of the three digit number 257

257 275
527 572 number pf permutations 3! =6
725 752

Example 20.3 List all permutations of the two-element set a,b
ab  ba ilosc permutacji 2! = 2

Note that there are no other permutations of the letters a and b.
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Similarly, let’s list all permutations of the three-element set a, b, c

abc acd
bac bca number of permutations 3! =6
cab cha

Generally, the number of permutations of an n-element set is n!
Zasanie 20.3 List all the digit permutations of a three-digit number 391

Zasanie 20.4 List all permutations of the elements of the set
four-item ABC'D

20.1 Variations

A set with k-elements selected from an n-element set (n > k) is called variation k elements
selected from the n-element set. We distinguish between variations with repetitions and
variations without repetitions

If in a k-elements variation occure the same elements then this variation is called with
repetations, otherewise variation without repetitions.

In variations with repetitions or without repetions is important order of their elements. It
means that two variations are different if they consist of the same elements but differ in the
order of their elements.

20.1.1 Variations with repetitions.

The concept of variations without repetitions or with repetitions is well illustrated by a
game, to chose k elements from an n-element set that contains only different elements.

Namely, we create variations with repetitions in such a way that we throw the drawn element
back into the urn before choosing the next element. We contnue the game until we select
k-elements. In this way, we get a sequence of k-elements i.e. variantion with repetition.

Similarly, we create k-element variations without repetition, with the difference that we do
not throw the drawn element back into the urn before drawing the next elements. This way
we get a k-element variation in which all elements are different, i.e. there are no repeated
elements.

The number of possible k-element variations with repetitions formed from the set of n-
elements is calculated from the formula

k_ k
Vi=n

20.1.2 Examples

The concept of variations with repetitions we illustrate and explaine in the following exam-
ples

Example 20.4 List all two-digit numbers made up of the {1,2} set of digits.

Solution:
In this example, two-digit numbers are 2-element variations with repetitions from a 2-

element set. We find easily
11 12
21 22
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Answer. The number of two-digit numbers made up of digits 1 and 2 is the number of
variations with repetitions V3 =22 =4

Example 20.5 List all two-digit numbers made up of the {1,2,3} set of digits.

Solution
In this example, two-digit numbers are 2-element variations with repetitions from a 3-
element set. We find these numbers easily

11 12 13
21 22 23
31 32 33

Answer. The number of two-digit numbers formed digit 1, 2, 3 is the number of variations
with repetition V§&=3%=9

Example 20.6 List all three-digit numbers made up of a set of digits {1, 2, 3}.

Solution.
In this example, three-digit numbers are 3-element variations with repetitions from a 3-
element set. We can easily find three-digit numbers

111 122 113
121 122 123
131 132 133
211 212 213
221 122 123
231 132 233
311 312 313
321 322 323
331 332 333

Answer. The number of three-digit numbers formed digit 1, 2, 3 is the number of variations
with repetition V3 =33 =27

Zasanie 20.5 List all 2-element variations with repetitions created from a 3-element set
{a, b, c}.
Zasanie 20.6 List all 3-element variations with repetitions created from a 3-element set
{a, b, c}.

Zasanie 20.7 List all two-digit numbers made up of a set of digits {2, 5, 7, 9}.

20.1.3 Variations without repetition
A k-element variation without repetition is a sequence of different elements selected from
n-elements set (1 < k < n).
The number of all k-element variations without repetition selected from the n-element set
is given by the formula:

n!
(n—k)!

or by writing the product in the reverse order of its factors, we have the formula

wh = =n—k+D)xn—-k+2)x---x(n—1)%n

Wk n!

n m:TL*(n—l)*...*(n—k)*(n_k_i_l)'
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20.1.4 Examples

The concept of variations without repetitions and the calculation of the number of k-element
variations without repetitions selected from the n-element set are illustrated and explained
on the following examples

Example 20.7 List all two-digit numbers with different digits made up of the set of digits
{1,2}.

Solution.
In this example, two-digit numbers are 2-element variations without repetition, selected
from a 2-element set. We find these numbers easily

12 21

Answer. The number of two-digit numbers with different digits made up of the numbers 1
and 2 is the number of variations without repetition. In this case it is equal to the number
of permutations W = 2! =2

Example 20.8 List all two-digit numbers with different digits made up of the set of digits
{1,2,3}.

Solution.
In this example, the two-digit numbers are 2-element variations without repetition selected
from a 3-element set. We find these numbers easily

12 13
21 23
31 32

Answer. The number of two-digit numbers with different digits created digits 1, 2, 3 is
the number of variations without repetition
3! 6
2
P B-2) 1
Example 20.9 List all three-digit numbers with different digits made up of the set of digits
{1,2,3}.

Solution.

In this example, three-digit numbers are 3-element variations without repetition, selected
from a set that also includes 3 elements. We easily find these three-digit numbers with
different digits

123 132
213 231
312 321

Answer. The number of different-digit three-digit numbers made up of the digits 1, 2,
3 is the number of variations without repetition. In this example, this is the number of
permutations W3 =3!=6

Zasanie 20.8 List all 2-element variations without repetition created from the 3-element

set {a, b, c}.

Zasanie 20.9 List all 3-element variations without repetition created from a 3-element set

{a, b, c}.
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Zasanie 20.10 List all two-digit numbers with different digits made up of the set of digits
{2, 5, 7, 9}.

Zasanie 20.11 List all 2-element variations without repetition selected from thea 4-element

set{a, b, ¢, d}.

20.1.5 Combinations

A combination of a k-elements selected from a set of n-elements is a k-element subset of
the set of n-elements. Thus, in a combination, the order of the elements is not important.
Therefore two combinations are different, if they are different at least by one element.

We calculateThe number of combinations from the following formul

or using the Newton symbol we write

(1) = w6

Thus, the number of combinations consisting of k elements selected from a n-element set is
equal to the number of subsets of the set.

20.1.6 Examples

The concept of combinations and the calculation of number of k-elements combinations
selected from the n-element set, we explain on the following examples

Example 20.10 How many chess pairs can be made in a class of 20 students so that each
student plays only once with each selected student?

Solution.

The number of pairs selected of 20 students is equal to the number of 2-element combinations
from a 20-element set,

Each student may select a chess partner from 20 —1 = 19 others So the number of differe.nt
pairs is equal

The number of 2-element combinations from the 20-element set is also calculated from the
formula

200 19%20
2120 —2)! 2

Example 20.11 There are 15 students in a class. How many ways can you choose

2 _
C3 =

(i) three representatives

(ii) four representatives

Solution (i) The nummber of representative consisting of three students is equal to thenum-
ber of combinations consisting three chosen of 15.

15! ~ 13%14%15
31(15—3)! 6
Answer. The number of possible student representatives in groups of 3 is 455 threes
The solution (i7) is similar

CPs = =13%7%5 =455
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Example 20.12 How many possible outcomes are there in the number game game if we
choose sixz numbers outoff forty nine numbers?

Solution.

The number of possible outcomes is equal to the number of 6 element combinations selected
from the 49 elements of the set.

So, we calculate of te using the formula

49!  A3%44 %4546 %47+ 48 % 49

= = 13983816
6!(49 — 6)! 1%2%3%4%x5%6

6 __
C149_

Answer. In the number game possible quantity of outcomes 13, 983, 816.

Example 20.13 Siz points are marked on the circle p1, p2, ps, P4, P5, D6
P4

ps p3

D6 D2

P1

Polygons with vertices on the circle

How many different polygons can you draw?
(a) triangles
(b) quadrilaterals
(¢) pentagons
(d) hexagons
with vertices at points of the circle p1, p2, s, P4, P5, Pe

Solution.

Two polygons are different if they differ at least one vertex. Likewise, two combinations are
different if they differ at least one element.

So, the number of triangles is equal to the number of 3-elements combinations selected from
the 6-elements set. The number of possible triangles equals

o3 6! C 1%2%3%4%x5%x6  4x5x6

ST 3I6-3)  1+2:341x2x3 1x2x3 *0=%

Similarly, the number of quadrilaterals is equal to the number of 4-element combinations
selected from the 6-element set. The number of possible We calculate quadrilaterals with
vertices on the circle using the formula

o 6! 1%2%3%4%5%x6  5x%6

67416 —4))  1x2%%3%4x1%x2 1%2 g

The number of pentagons is equal to the number of 5-element combinations selected from
the 6-element set. The number of possible We calculate pentagons with vertices on the circle

using the formula
oo 6!  1%2%3x4%5%x6 6

ST BIG-_5)  1#2+3%dxprl 1O
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The number of hexagons is equal to the number of 6-element combinations selected from
the 6-element set. The number of possible we calculate hexagons with vertices on a circle
from the formula

o 6! 1%2%x3%x4%5%6

ST G6-0)  1:2+3+dxbs6r0l 1 9w 0

20.2 Questions

Question 20.1 Simplify the arithmetic exprssion

3% 51(5 —2)!
91—

Question 20.2 How many permutations can you get from the sequence
{1,2,3,4,5,6,7}
uestion 20. ow many variations with repetition can you get from the sequence
tion 20.3 H y variati ith repetiti you get th
{1,2,3,4,5,6,7}
uestion 20. ow many variations withOut repetition can you get from the sequence
tion 20.4 H. y variati ithOut repetiti you get th
{1,2,3,4,5,6,7}
uestion 20. ow many combinations can you get from the sequence
tion 20.5 H Yy binati you get th
{1,2,3,4,5,6,7}
Question 20.6 Calculate the value of the fraction

4! % 5!+ 3!'x 4!
5! x 6!

Question 20.7 Simplify the fraction

n!+5!|
(n—3)

Question 20.8 List all permutations of the set 5ab
Question 20.9 List all permutations of the digits of the three-digit number 987
Question 20.10 List all distinct numbers formed from the digits

Question 20.11 List all 3-element variations without repetitions selected from the 5-element

set {a, b, ¢, d}e.

Question 20.12 How many chess pairs can be formed in a class of 25 students so that each
student plays only once with each other student?

Question 20.13 How many possible outcomes are there in a numbers game if we choose
Snumbersfrom4d numbers?
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Descriptive statistics

The first and important stage of statistical studies is data collection and thei interpreta-
tion. The most important statistical data are provided each year by the Central Statistical
Office (GUS) with its seat in Warsaw. They concern information about the population
in Poland, data about the models in industry and agriculture, in economic and financial
matters. These data constitute important part of information for the planning and admin-
istration of the state. In addition, statistical data are collected in polls with questions of
particular importance. For example, in polls and forecasts in elections to the Sejm and
in important administrative decisions in which the voice of the public is important. The
collected statistical data are presented in tables and illustrated in diagrams. Various forms
of diagrams are used. The most common diagrams are in the form of bars or circles with
an indication of colors or numbers or percentages.Thus, diagrams are a simple method of
presenting statistical data.

21.1 Examples of statistical data and diagrams

We write statistical data in tables with a description of their meaning and numerical values.

Example 21.1 The school complex include a kindergarten, primary school, middle school
and high school. The table below summarizes the number of students

Type of school Number of students | Part of total Percent
Kindergarten (KG) 125 1/8 z 1000 12.5%
Primary School (PSCH) 250 1/4 z 1000 25%
Junior High School (JHS) | 375 3/8 z 1000 37.5%
High School (HSCH 250 1/4 7z 1000 25%
Total 1000 stits+i=1]100%

In the diagrams below, in the form of bars and circles, there are charts of girls, boys and
students in Kindergarten (KG), Primary School (PSCH), Middle School (JHS), and Liceuam
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(HSCH).
Legend: Girls are in the first column, boys are in the second column and the number of
students is now in the third column. The charts are replicated for each of the four schools.

BARCHART PIECHARD

BT5 PSCH=25%

250

JHS=37.5%

KG PSCH JHS HSCH

21.2 Mean value and median

Important parameters of statistical data are the mean value and the median value.
Arithmetic average. The arithmetic mean value of n of numbers aq,as, ..., a, is the

number
ar+az+ - +an

Mean arithmetic =

n
Weighted arithmetic mean. A more general concept of the mean is the concept of a
weighted arithmetic mean. Namely, let the weights be positive numbers p1, p2, - - -, pn such

that the sum
p1+P2++Pn:1a p’L>Oa 121,2,,?1

Then we call the weighted average the following sum of products
Mean arithmetic weighted = pia; + p2as + -+ + ppan

Indeed, in a special case when the weights are equal

1

p1:p2:~~~:pn:—
n

Then the arithmetic mean is simply the arithmetic mean.

Median. For statistical data, we find their median, that is, the value that lies in the middle
of the data. Namely, we first sort the data by ordering it from the smallest to the largest
or from the largest to the smallest. Then the number equidistant from the beginning and
the end of the ordered data is called mmedian. It may happen that there is no such single
number, but there are two numbers next to each other that lie at the same distance, the
first from the beginning and the second from the end. Then the median is their arithmetic
mean.

Below, we explain it with examples.

Example 21.2 Let us consider the following data:
(1) 2,1,6,8,3,2,10,12,11
(#) 9,4,2,7,5,1,3,10,15,17,16

Find the median of above deta



323

Solution. The data of 2,1,5,8,3,2,10,12,11 should be ordered in an ascending direction

from the lowest to the larges
1,2,2,3,6,8,10,11,12

We notice that the number 6 is four positions away from the beginning and also four
positions from the end. So the number 6 is the median of the data (i).
Solution (ii). The 0,-1,9,4,2,7,5,1,3,10,15,17.16 data is ordered in the ascending di-
rection from the lowest to the highest

-1,0,1,2,3,4,5,7,9,15,16, 17

Note that the number 4 is five positions away from the start, and the number 5 is five
positions away from the end. So we have two numbers in the middle of the data 4 and 5.

4+5 = 4.5. Answer. the median of the

Then the median is their arithmetic mean, that is

data (ii) is the number 4.5

21.2.1 Statistical data correlation
Consider two data sequences
a:{al,ag,...,an}, b:{bl,bg,...,bn},

with the same number of n elements.

Definicja 21.1 Correlation of statistical data
a:{al,ag,...,an}, b:{bl,bg,...,bn},
we call the quotient

ay by +az by +---+ay, by

Cor(a,b) = 5
Vai+ai+-+a2yb?+ b3+ + b2

We also write statistical data in their standardized form. Namely, let

. N ) {a1, a2, ...,an}
a:{a1;a25"'aan}: 3 ) 5
\/CL1+CL2+-~~+CL" (211)
PN . {b1,ba,....,b,} ’

l; = {bla b25 s bn}

Vb b2

where

o a1 l; b1

ay = ) 1= ’
Vai+ad+-+a2 VO3 + b3+ b2

. a A b

az = 2 21 2 by = D) 22 2’
Vait+ai+---+ap CRE R

~ (07 7 bn

a

= s b =
YV rai a2 Rt 402
Note that the statistical data (21.1) in normalized form meets the following conditions:
a24al4--+a2=1,; BP+bi+---+02=1

Then the coArrelation between the data a and b and the correlation between the normalized
data a and b is the same and determined as follows
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Definicja 21.2 Correlation of statistical data
a={a1,a, ..,an}, b={b1,ba, ..., 00}
we call the sum of the products
Cor(a,b) = Cor(ab) = ay by + dg by + - - -+ an by,
Example 21.3 Calculate the correlation between the data
a=1{2,1,5,8}, b={4,3,9,3}

Solution. Substituting the data into the formula

ar =2, as=1, az3=>5H, a4 =2,

b =4, by=3, b3=9, by=3

we calculate the correlation coefficient

o B — a1 by +ag bs+---+ay by
orlet) = Vai+a+-+ a0+ 3402
! 2*24+1*3J:5*b+82*3 !
_ = 0.769444,
V22 124+ 52 + 8242 + 32 + 9% + 32

21.3 Variance and standard deviation

Variance o2 of the statistics
a={ay,as,...,an},
is related to their arithmetic mean
ar+as+ -+ ay

n

with the following formula:

o (a1 —95)?+(az—s)*+ -+ (an —5)?

n

We read sigma.
Standard Deviation o is the square root of the variance

oc=Vo?
Example 21.4 Calculate the variances and standard deviation of the following data:
(1) a={3,-1,8,4}, (i) b={12,4,8,6}.

Solution (i). The solution is a simple and direct substitution of data into formulas. First
we calculate the mean value

_artat+-ta, 3-1+8+4

= - 1 3.5

then we calculate the variance

2 _ (a1 —3)? + (az — 8)% + -+ (a, — 5)?

_ B35+ (-1-352+(8-35)°+(4-35) _ o
= 4 - '

g
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and standard deviation

oc=vo?=1+v10.31 =3.21131

Solution (ii). Similarly, the solution of example (ii) is a direct substitution of data into

formulas. First we calculate the mean value

Caitas+-4a, 12444846 30
B n B 4 4

Solution (ii). Similarly, the solution of example (ii) is a direct substitution of data into

formulas. First we calculate the mean value

7.5

o2 — (a1 —3)? + (az —s)2 + -+ (a, — 5)?
(12— 7.5)2 + (4 —7.5)2 + (8 — 7.5)2 + (6 — 7.5)2

= ) =8.75

and the standard deviation

o=vVo?=1+v10.31 = 2.95804

21.4 Questions

Question 21.1 Students from biology 20 students, chemistry 40 students, physics 50 stu-
dents, computer science 50 students and mathematics 40 students signed up for the lecture
in mathematics.

The table below presents information on the number of students

Subject Number of students | Part of the total Percent
biology (BIO) 20 1/10 of 200 10%
chemistry (CHEM) | 40 1/5 of 200 20%
physics(FI1Z) 50 1/4 of 200 37.5%
IT (INF) 50 1/4 of 200 25%
math(MAT) 40 1/5 of 200 12.5%
Total 200 Gts+i+ti+s=1][100%

Use a ruler and a compass to draw diagrams in the form of bars and circles for students of
biology (BIO), chemistry (CHEM), physics (FIZ), computer science (INF) and mathematics
(MAT).

Also provide a description of the diagrams in the form of a legend.

Question 21.2 Calculate arithmetic average of the following data
(1) 2,11,16,18,13,12,10,12,11
(#d) 29,24,22,27,25,21,23,10,15,17,16
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Question 21.3 Let us consider the following data:
(1) 2,11,16,18,13,12,10,12,11
(i) 29,24,22,27,25,21,23,10,15,17,16

Find the median of the obove dat
Question 21.4 Find the correlation between data
{2,1,5,8,9,10}  and {1,2,3,4,5,6}
Question 21.5 Calculate the variances and standard deviation of the following data:
(1) a=1{4,-3,8,9}, (i) b=1{2,5,8,7}.

Question 21.6 For the following data

(1) 4,6,8,10,12,14, 16, 18, 20,22

(#4) 19,17,15,13,11,9,7,5,3,1

calculate the arithmetic mean the weighted arithmetic mean p = 11—0 and the median
Question 21.7 Calculate the correlation between the data
a=1{21,15,8,8}, b=1{1,3,6,9}
Question 21.8 Calculate the variances and standard deviation for the following data:

(1) a=1{5,1,6,4}, (i) b={10,6,2,1}.



Chapter 22

Introduction to the calculus of
probability

22.1 Introduction

The foundations of the calculus of probability wewre created by Pascal (1623-1662 CE) and
Fermat (1601-1665 AD) in the mid-17th century. In the eighteenth and nineteenth cen-
turies, as important discovery was the law of large numbers by J. Bernoulli. Also works of
A. Moivre, P. Laplas and S. Poisson. Chebyshev, Brown and Kolmogorov.

The theory of probability concerns the laws governing random phenomena, that is, phenom-
ena whose course or result cannot be unequivocally predicted. This is because the course
of a random phenomenon is usually influenced by many reasons, only some of which can be
controlled.

The results of random phenomena (experiences) are called random events.

If we repeat n times and in these n experiments exactly k times we observe the result of A,

then the number .

n

is called frequency of the A random event in a series of n experiences.

In mass phenomena, the frequencies of the occurrence of each random event have the prop-
erty that with the increase of the number n, these frequencies ”stabilize” more and more
”close to” a certain number characteristic for the experiment.

Generally, in an experiment repeated under the same conditions for each event the ”char-
acteristic” number in case of two results experiment , as in the amonet tossing, is equal to
1

3 In this case the frequencies

kr

— —
n

5 n:152737"';

N =

1
approach to 3 when the number of experiences n — co goes to infinity.

Example 22.1 For example, tossing a symmetrical coin of n = 100, 200 or more times,
we will see about half tails and about half heads.
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The following results in 100 and 200 coin tosses indicate a stabilization of frequency the

1
”near” 3 for the n > 200 experience.

Table (22.1)
Number of toss | Number of tails | Number of heads | Frequency | Frequency—
Z k = : =
100 61 39 0.61 0.39—
200 102 98 0.51— 0.41

22.2 Elementary random events

In each random experiment we can distinguish the simplest results called elementary events.
The set of all elementary events is called probability space marked with the letter €2

Example 22.2 By tossing a coin, two results are possible tails or the heads and there are
not other options. In this example the probality space

Q= {wl, (.«)2}
consits of two elementary events wy, wa,

Heuristic definition of probability. The probability is the number around which the
frequency stabilizes when the number of random experiences increases.

Below on examples we will explain the frequency stabilization around the probability num-
ber.

Coin toss. We start with the simplest coin toss experience. When tossing a coin, there are
two possible tails results, or there are no other possibilities for an head.

We ask what chances we have for tails to appear?

Of the two possible results one is for tails and other for heads. Thus, the chance of a tails

1 1
to appear is 3 and an head to appear is also equal to 3

If the result of the appearance of tails is denoted by the letter A, and the result of the
appearance of heads with the letter B, then the probability of the appearance of tails is
denoted by the symbol P(A), and the probability of the appearance of an heads with the
symbol P(B).

We write

1
The probability of 5 means that we expect half tails and half heads in a large number of

casts.

Example 22.3 Count how many times tail appears, and how many times head appears, in
10 coin tosses
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Suppose tails appeared on the first, fifth, eighth and tenth flushes, 4 times in total, and the
head appeared 6 times.

We denote the event of the appearance of tails with the letter A, the event of the appearance
of the heads with the letter B.

Calculate the frequency of tails appearing

P (4) 4 events favorable 4 2
requenc = =—_— ==
1 4 10 possibleevents 10 5

Similarly, we calculate the frequency of the appearance of head as the ratio of the 6 favorable
events to all 10 possible events

6 favorableevents 6 3

F B) = S0
requency(B) 10 events possible 10 5

Example 22.4 There were 20 students in the class. FEach student tossed a symmetrical
coin 50 times. Below in the table the frequencies of tails falling in 100 and 1000 throws are
given.

Number of toss | Number of tails | Number of heads | Frequency | Frequency—
n k n-k % "T*kf
100 54 46 0.54 0.45—
1000 517 483 0.517— 0.483
Table (22.2)

We can see that the frequency of tails appearing per 100 coin tosses is 0.54, while tails
appearing on 1000 tosses is equal to 0.517. The number of 0.517 per 1000 flips is closer to
the characteristic number of 0.5 than the number of 0.54 per 100 coin flips, in this example.
This observed regularity that the random event frequency is ”stable” around some constant
value when the number of repetitions of the random experiment is large, underlies the con-
cept of probability.

Below we explain the following concepts concerning random events
e disjoint random events
e certain random events
e impossible random events
e The probability of events

Let’s denote the event of the appearance of tails with the letter A, the event of the appear-
ance of the head appearing in the coin toss with the letter B. These events A and B are
disjoint.

The A and B events are mutually exclusive, because A event excludes B event.

We write alternative of A or B in formula

AUB
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Let us calculate the frequency of the alternative of disjoint random events

2
Frequency(A U B) = Frequency(A) + Frequency(B) = R g =1

Thus frequency of the alternative of A and B events is equal to the sum of the frequencies.

Similarly, we calculate the probability of the alternative of disjoint random events A and B.

P(AUB):P(A)—l—P(B)z%—i—%:l

It means the probability of alternative of the disjoint random events A and B equals sum of
the probabilities of A random event and B random event.

In a coin toss, the appearance of a tails or a head is a certain random event, the probability
of which is equal to 1.

On the other hand, the event that no tails or heads appear in the coin toss is impossible.
Therfore probability of the impossible random event is equal to 0

Example 22.5 Let us consider the experience of throwing a dice in the shape of a regular
cube, on the sides of which there are meshes from 1 to 6.

Visiable meshes on sides of the dice in the shape of cube

In a dice throw there are possible the following readings:
1 meshe, 2 meshes, 3 meshes, 4 meshes, 5 meshes and 6 meshes

which corespond to the following elmetary random events

wy event, when there is 1 meshes
wso event, when 2 meshes appear
ws event, when 3 meshes appear
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wy event, when 4 meshes appear
ws event when 5 meshes appear
wg event, when 6 meshes appear
Thus, in one dice roll there are 6 possible outcomes

1 meshes, 2 meshes, 3 meshes, 4 meshes, 5 meshes, 6 meshes

FEach side of a dice have the same chance of appearing one of 6 possible outcomes. Their

1
probability are equal to 5 as we write.

P(wl):é, P(WQ):é
Plos) =3,  Pla)=g¢
P(w;,):é, P(WG):é

Suppose we throw N = 100 times dice and we recod the results below.

The event w; appeared 17 times, i.e. 1 meshes appeared 17 times
The event wy appeared 16 times, i.e. 2 meshes appeared 16 times
The event ws appeared 17 times, i.e. 3 meshes appeared 17 times
The event w4 appeared 18 times, i.e. 4 meshes appeared 18 times
Event ws popped 15 times, it would get 5 meshes popped 15 times
The event (g appeared 17 times, i.e. 6 meshes appeared 17 times

In this experience, the frequency of one out of six results are below:

17 favorable events 17
Frequency(w) = 100 events possible 100 0.17
16 favorable events 16
F = =—=0.1
requency(ws) 100 events possible 100 0.16

17 favorable events 17

. _ =—=0.1
requency(ws) 100 events possible 100 017
18 favorable events 18
. _ =_— =0.18
requency(ws) 100 events possible 100
15 favorable events 15
. _ =— =0.1
requency(ws) 100 events possible 100 015
1 t 1
Frequency(s) = 7 favor events _ _7 —0.16

100 events possible 100
The probability space
Q= {wla W2, W3, W4, Ws, WG}
is the set of all disjoint - exclusive elementary random events.
Therefore, the alternative to all elementary events
A=wi Uwy UwszUws Uws Uwsg

is a certain event.
The probability of a certain A event is 1, we write

P(A):P(wl ULUQUW3UW4ULQ5UW6):1
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Also, the frequency of a certain event is equal to 1 because it is equal to the sum of the
disjoint elementary frequencies

17 16 17 18 15 17

F _ir 1 17 18 15 17 _
requency(w) = 755+ 755+ 705 * 100 T 100 T 100

22.3 Equally probable events

Let us observe that probability of appearence of tails or heads in the toss of a coin is equal

to % Also, in the dice roll results of

1 meshes, 2 meshes, 3 meshes, 4 meshes, 5 meshes, 6 meshes

1
are equally probable and their probability of appearence is equal to 5

Below we present Laplace definitions of probability for equal-probable random events.

Laplace definition of probability. If for a given experience the set of elementary random
events consists of N equally probable events then the probability of A random event is equal
to

where n is the number of events favoring A. ! Let us consider the following egzample

Example 22.6 One card was drawn at random from the 52-card deck. Calculate the prob-
ability of P(A) of the following random events:

(i) The A event is to pull an ace.
(ii) The A event is to pull a spades.
(#ii) The A event is to pull a spades or clubs.

Solution (i). The set of elementary events consists of N = 52 equal events.

1
The probability of drawing each card is the same and equal to 5k

Since there are 4 aces in the deck, the number of events that favor an ace is n = 4. So the
probability of drawing an ace is

Solution (ii). The set of elementary events consists of N = 52 equal events,

The probability of drawing each card is the same and equal to —.
Since there are 13 spades in the deck, the number of events favoring a spades is n = 13.
Thus, the probability of removing a spades is

13 1

Solution (iii). The set of elementary events consists of N = 52 of equal probability. The

More general concept of probability then Laplace’s one, is stated in the axiomatic definition which
includes of equally and not equally probables elementary events. Axiomatic concept of probability is beyond
scope of this text.
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1
probability of drawing each card is the same and equal to —.

Since there are 13 spades and 13 clubs in the deck, the number of events that favor drawing
a spades or a clubs is
n=13+13 =26

So the probability of drawing a spades or a clubs is

26 1
PA)= = =3

Let us consider one more example of random events.

Example 22.7 There are 250 girls and 200 boys on the school list. One name was randomly
selected from the list. What is the probability of A that this is

(a) a girl, (b) a boy
Solution (a). Total on the list is 250 + 200 = 450 students. The probability space

O = {w1,wz,ws, -, w450}

consists of N = 450 elementary random events. Each of these elementary events w;, i =
1,2,3,---,450 consists of pulling one first and last name from a list of 450 students.
The number of events conducive to the fact that it is a girl is equal to n = 250. Probability
of being a girl 050 5

P(4) = 450 9
Solution (b). We similarly calculate the probability of selecting a boy’s name from the
list. Total on the list is 250 + 200 = 450 students. Set of all elementary events

0 = {w1,wz,ws, -, w450}

consists of N = 450, elementary events. Each of these elementary events 1, 1 =1,2,3,- -,
450 consists in drawing one name from a list of 450 students.
The number of events favoring this being a boy is n = 200. The probability that it is a boy

200 4

PA=550"5

22.4 Elementary and composite random events

Results of operations such as alternative, conjction, and difference performed on on random
events we call composite random events
Thus, by performing these operations on the set of elementary events, we obtain composite
random events.
For example, in a dice roll experiment all elementary events are listed in the probability
space below

Q = {w1, w2, w3, w4, ws, we }

In the probability space 2 we distinguish subsets as composied random events:

e Certain random event specified as the set

Q == {(,()1,(.()2,(4)3,(4)4,(4)5,(.06}
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Of course each of elementary random events w;, 1,2,3,4,5,6 in dice rolling occurs
with probability

1
P(wi):a 1=,1,2,3,4,5,6
Therefore the probability of the alternative is equal 1, we write

Plw Uws Uws Uwg UwsUwg) =1

e The expected result of random event A is number of meshes. This random event
occurs if we or wy or wg occurs. That is, when the alternative

wo Uwyg Uwg

is true Thus, A is determined by the subset

A = {ws,wy,ws} CQ

Elementary events ws, wy, wg favor the occurrence of the A event.
The probability of this event
PA)=-=-
e The expected result of A is a number of meshes less than 3. This random event occurs
if the dice roll is one or two if the alternative is true

w1 U wo
So the A event is determined by the subset
A={wi,wa} CQ

Elementary events wi,ws favor A
The probability of this event happening

P(A):%:

e The expected result of random eventA is the number of meshes greater than 3. This
random event occurs if it occurs wy or ws or wg when wy U ws Uwg Thus random event
A is specified by the subset

A = {wy,ws,ws} C Q

Each of the wy, ws, wg events favors the random event A
The probability of this event

22.5 Operations on random events

The random event opposite to the given random event A is the set of those elementary
events of the probability space which do not match the random event A. The random event
opposite to the random event A is denoted here by the symbol A'. The relation that the
element x belongs to the set €2, we write z € Q. Also the relation that x does not belong to
the set €2, we wrte = ¢ Q.

We understand random events as subsets of the set of elementary events 2. Operations such
as sum, product and difference on sets are also applied to on random events, because they
are operations to subsets of the set of all elentary events.
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22.6 Opposite random event

The opposite event to the A event is marked with the symbol A'. The opposite of A" occurs
when no random event A has occurred.
For example, let A result in an even number of dice being rolled.
Then
A = {ws,wy,we}

is a subset, of the set of elementary events

Q= {wr,ws,ws,ws, ws,ws}, ACQ
The opposite of A’ will occur if there is an odd number of meshes

A = {wr,ws, ws}

The A" subset is also a subset of the set of elementary events

Q = {w1,ws,ws, wy, ws,ws }, A ca
Note that the opposite event is equal to the difference of the set of all elementary events

Q = {w1, ws,ws, wy, ws, we }

and rando event wydarzenia A
Hence we have

!’
A =Q—A={w,ws,ws,ws,ws,ws } — {wa,ws,ws} = {w1,ws, ws}

22.7 Alternative of random events
Alternative to A and B random events is event
C=AUB

which happens if and only if either A or B occurs.
For example, in a dice roll let let A be a result greater than 5 and B be a result less than 2.
Sure, the event

A= Wwe

while the event
B = w1

An alternative to these events is a subset
C=AUB= {wl,wg}
a set of elementary events 2. we write

C=AUBCqQ
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22.8 Conjaction of random events

The event of A and B is the event
D=AnNB_B,

which occurs if and only if the A event occurs and the B event occurs simultaneously.

For example, let A be a number of meshes greater than 3, let B be a number of meshes less
than 5.

Sure, the A event specifies a subset

A = {wy,ws,ws} C Q,
and the B event specifies a subset
B = {w1,ws,ws,ws} CQ
The conjaction AN B is an event
D =ANB = {ws,ws,ws} N{wr,ws,ws,ws} = {wa}

which consists of the same elementary events simultaneously belonging to A and B.

22.9 Disjoint random events

The A and B events turn off if their conjunction is the empty set. That is, AN B = 0.
For example, in a die roll experiment, let an event

A = {wi,we}
means appearance of one or six stitches, while event
B = {ws,wy,ws}

means there are three or four or five stitches to appear.
These events are disjointed as they have a conjunction

ANB = {wi,we} N{ws,ws,ws} =0

is the empty set of events.

22.10 Difference of random event

The difference between random events A and B is the random event
E=A-B

which happens when A occurs and B does not occur.

For example, let in dice rolling random event A be an even number of meshes and random
event B be a number of meshes divisible by 3.

Sure, the A event happens when we pull an element of the subset

@ = {wa, wy,ws} C Q
However, the B event does not occur unless an element of the subset is selected of the set 2

{L(J3,w6} c N
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Thus the difference of A and B random events is the random event
E=A-B

which occurs when we select an element of the A subset and at the same time we do not
select an element of the B subset. Thus the difference of random events A — B equals to
random event E given by formula

E=A—-B={ws,wy,ws} — {ws,ws} = {wa,ws} C Q

22.11 Examples of random events
Below we present examples of operations on random events.
Example 22.8 Consider the set  of twnety natural numbers
0 ={1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15, 16, 17.18, 19, 20}
Calculate the probability of drawing a number from this set that is divisible by 5.

Solution Collection €2 is the probability space of N possible random events.

Favorable random events of drawing a number divisible by 5
A= {5,10,15,20}

consists of £ =4 numbers.
Thus, the probability of drawing a number divisible by 5 from the set 2 of all possible events
is equal

k 4 1

N 20 5

1
Answer. The probability of drawing from the set {2 a number divisible by 5 is equal to 5
Example 22.9 We choose two numbers at random from the set
{1,2,3,5,7,9}.

Calculate the probability of getting two numbers where at least one is divisible by 3.

Solution (22.9). In this example, the space of elementary events consists of all pairs of
numbers given in the array

L1, (L2), (1L3), (L5, (L7, (1,9),
(2,1), (2,2), (23), (25, 7, (29,
(3,1, (3,2, (.3, (3.5, 3.7, (39),

9= 6 5.2, (5.3), (5.5, (5.7, (5.9),
(M1, (7,2), (7.3), (7.5, (7.7, (7,9,
(9.1, (9,2), (9.3), (9,5, (9.7), (9,9),

N=6 x 6
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Thus, the set of all elementary random events consists of N = 36 possible events.
The favoring random events are those pairs of numbers selected from the array (22.9) in
which at least one number is divisible by 3 are listed in the array

(1,3), (1,9)

(2,3), (2,9),

(3.1, (3.2, (.3, 3.5, (.7, (3.9)

A= (5,3), (5,9),
(7,3), (7,9).

(9.1, 9.2, (9.3), (9.5, (9.7), (9,9,

k=20
which consists of £ = 20 pairs where at least one of the numbers is divisible by 3.

Thus, the probability of drawing two numbers from the set of {1,2,3,5,7,9} of which one
is divisible by 3 is equal to

k 20 5
PA=5=3%"7%

Example 22.10 From the set of numbers
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17.18,19, 20}

we choose randomly one number. Find the probability of getting a number that is divisible

by 2 and by 3.

Solution (22.10). Set of all possible random events

Q=1{1,2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15, 16, 17.18, 19, 20}

consists of N = 20 elementary random events.
The set of random events favoring the

A ={6,12,18},

that a drawn number is divisible by 2 and by 3, consists of k = 3 numbers.
Therefore probability of a number divisible by 2 and by 3 in the set €2 is equal to

3
P(A)= < = o

Example 22.11 From the set of numbers
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17.18,19,20}

we choose randomly one number. Calculate the probability to obtain a number smaller than

6.
Solution (22.11). Set of all possible random events

Q=1{1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15,16, 17.18,19.20}
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consists of N = 20 elementary random events.
The set of random events favoring the

A = {]" 2’ 3’4’ 5}’

that the drawn number is less than 6, consists of £k = 5 numbers.
Therefore the probability of drawing a number less than 6 from the set (2 is equal

k 5 1
P A = —= — = —
(4) N 20 4
Example 22.12 .
(7) Give the set of all elementary random events in the experiment by throwing two dice.
(44) Calculate the probability of random event A when tossing two dice to get sum of

meshes that is even
(#it)  Calculate the probability of random event A when for one toss two dice to get sum
of meshes that is odd.

Solution (i) By throwing first and secound dice we get 36 pairs of meshes as all possible
results listed in the array below

L1, (L2), (1L3), (L4), (1,5), (16),
(2,1), (2,2), (2,3), (2.4), (2,5), (2,6),
(3,1), (3,2), (3,3), (3.4), (3,5), (3,6),

) @, @2, 4.3), (44), (45, (46)
(5,1), (5,2), (5.3), (5,4), (55), (5,6),
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6),

N=6x6
Solution (ii). In a two dice roll, the total of meshes is even number in two cases
1. If both the first and the second results are even numbers
2. On both the first and the second dice are uneven numbers of meshes.

In the space of all possible random events there are N = 6 x 6 = 36 pairs.
Let us observe that there are
k=3x6=18

of favorable random events which are listed in the array below

(1,1), (1,3), (1,5),
(2,2), (2,4), (2,6),
(3,1), (3,3), (3,5),

YT 42, (4,4, (40,
(5,1), (5,4), (5,5),
(6,2), (6,4), (6,6),

Now we can calculate the probability of to occure random event A’

k 18 1
P =5 =33
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Solution (iii). In a two dice roll, the total of meshes is odd number in two cases
1. If on the first dice there is an even number of meshes but on secound dice thre is odd
number of meshes
2. If on the first dice there is an odd number of meshes but on secound dice there is an even
number of meshes
In the space of all possible random events there are N = 6 * 6 = 36 pairs. (see solution (i))
Let us observe that there are

k=3x6=18

of favorable random events to event A’ which are listed in the array below

3 3 3

(1L,2), (1L,4), (1,6)
2.1, (2.3, (2.5)
(3,2), (3,4), (3,6)
SN @, (43, @),
(5,2), (5,4), (5,6)
6,1, (6,3), (6.5)

6,1), (6,3), (6,5

3 3

The number of all favorable random events to A’ is equl k = 3 % 6 = 18, that is equal to
number of elements of the array w.

Thus, the probability of the random event A’ that the sum of meshes on two dice as result
of one toss of two dice is odd number is equal

k18 1
N = — = — = —
P(A) = N 3 2
Example 22.13 (i) Calculate the probability of drawing in a number lottery from the set
of numbers {1,2,...,49} (i) siz numbers, (ii) five numbers, no repetition.

Solution (i). Let us consider random event A as a set consisting of six natural numbers

A == {nla n2,n3, N4, Ns, TLG}

where numbers n; € A, i = 1,2,3,4,5,6 are elements of set A.

In this exercise, the elementary event space is the set of all six-element different subsets of
the set of forty-nine number lotteries. Note that these subsets of numbers are six-element
combinations selected from forty-nine lottery numbers. The number N of all six-element
combinations is calculated from the formula 2

N= (%) 2 49! _ 13983816
S \6/) 6! x(49—6)! 6! x43!

Because only one of 13983816 random events win, therefore probability of win is equal to

PA)=
"~ 13983816

2Two combinations or subsets are different if and only if they differ with at least one element

= 0,00000007151 = 0,0000071%
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Solution (ii). Let the six numbers {k1, ko, ks, k4, k5, k6 } be the result of a lottery draw.
We know from solution (i) that the set of elementary events

Q= {(4) = {n1;n2;n3;n4;n5an6}; 1 <n; < 49; 1= 15253545556'}

contains N = (4) = 13,983, 816items.
Let us denote by A the event that the player selected the numbers {s1, s2, $3, S4, S5, S6}
among which five numbers are hit. That is, in this set of numbers

{Sla 52, 83, S4, S5, 56}

five numbers are from the set {k1, ko, k3, ka, ks, k¢ }.

Now let’s count how many events favoring A. First, note that one number missed could be
k1 or ko or k3 or k4 or ks or kg. Thus, one of the five hit numbers can be replaced with a
missed number to get another five hit numbers. This conversion can be done for (?) = 6 six
ways.

Thus we find six different sixes as events favoring the A event.

Also, the remaining 43 numbers were not drawn from the lottery ticket. Each of these 43
not picked in the game can be exchanged for one of the six missed by the player. Thus,
the event favoring A draws the correct five number is 6 * 43 =k= 258. This means that the
probability of drawing the correct 5 numbers out of the drawn six numbers is equal to

k 258

PA) =~ =——2
(A= = 13083816

= (,00001845

22.12 Questions

Question 22.1 If you toss a coin 100 times, heads appear 45 times and tails appear 55
times. Calculate the frequency of heads and tails.

Question 22.2 The random experiment involves tossing two coins. Calculate the probabil-
ity of two heads appearing in 50 tosses.

Question 22.3 A random experiment involves rolling the dice. Calculate the probability of
getting a sum of 4 in 100 throws.

Question 22.4 Winning in a numbers game involves drawing four numbers out of forty
numbers from 1 to 40. Calculate the probability of winning.

Question 22.5 .

Make 50 coin tosses and count the number of heads in 10, 20, 30, 40, 50 throws.
Calculate the frequency of occuring tails and heads for 10, 20, 30, 40, 50 in throws.
Find probability of appearing tails and heads.

Question 22.6 Make 10 throws with two of the same coin.
Calculate the frequency of the appearance of heads and tails in 10 throws.

Question 22.7 Consider the probabilistic model of tossing two coins once.
(1)  Calculate the probability of two heads.
(i) Calculate the probability of the appearance of head and tail.

Question 22.8 Consider the probabilistic model of throwing two dice only once.

(1)  Calculate the probability of two identical numbers of meshes.

(i)  Calculate the probability of the occurrence of the number of meshes the sum of which
18 4.

(#i1)  Calculate the probability of the occurrence of the number of meshes the sum of which
s 12.
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Question 22.9 From the set of numbers
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17.18,19, 20}

choose randomly one number. Calculate the probability to get a number that is divisible by

4.
Question 22.10 From the set of numbers
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17.18,19, 20}

choose randomly one number. Calculate the probability of getting a number that is divisible

by 3 and by 4.
Question 22.11 From the set of numbers
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17.18,19, 20}
choose randomly one number. Calculate the probability to obtain a number less than 9.
Question 22.12 Consider the elementary space of random events
Q = {w1, wa,ws, Wy, ws, we }
(1)  Calculate the alternative and conjanction of random events
A= {wi,ws}, B = {wsq,ws}

(i1) Find the opposite random events of A" and B' to random events A and B.
(#i1) Calculate the probabilities of appearing of random events A" and B'.



